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Until his untimely passing in September of J953, 
Earl Payne poured his energy into a wide variety 
of activities with a zest that few could help but 
admire. This seemingly boundless drive was 
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fellow man and was marked by a spirit of con- 
tagious enthusiasm. In memory of his friendship 
and unstinting assistance in the preparation of 
this book — as well as many other publications — 
we dedicate these chapters. 




PREFACE 


Instrument En gineering describes and Ulustrates methods for finding solu¬ 
tions to measurement and control problems. These methods are drawn together 
into a generalized pattern of procedures, plots, and tables designed to reduce 
greatly the time and effort required to produce effective results in practical 
situations. The material is intended for engineers who are concerned with work- 
Ing "gadgets" of all degrees of complexity, at any point from the initial stages 
of preliminary design through all the succeeding steps untU production and suc¬ 
cessful use are accomplished facts. To this end, elegance in mathematical anal¬ 
ysis and the forced application of any particular method are subordinated to the 
goal of providing a maximum amount of help on typical problems. 

The organization of the material in Instrument Engineering is primarily for 
reference purposes, but the book is also well suited for use as a text by students 
and teachers. Principles and procedures are illustrated by means of examples, 
but no practice exercises are included. In any given situation, this omission 
leaves the instructor free to build up his own set of problems in those areas that 
hold the greatest interest for his students. 

Instrument Engineering describes several commonly used mathematical 
procedures for finding solutions to practical problems, and stresses the equiva¬ 
lence of the information available in all cases. For the purpose of mathematical 
manipulation, working variables with the simplest possible symbols are used. 
These working variables are associated with the operations of formal reasoning 
without being specifically connected with physical quantities of any kind. 

The necessary physical associations for particular situations are made in 
terms of self-defining symbols that are adapted for transferring information 
rather than for use in the manipulations of analysis. Self-defining symbols are 
more cumbersome than working-variable symbols, but they do convey complete 
physical information directly, without forcing the reader to consult a glossary of 
symbols. It undoubtedly requires more effort to set up equations and plots in 

self-definingsymbolsthaninthesimplerworking-variablenotation. On the other 

hand, it is just as evident that the sense and meaning of equations written in self¬ 
defining notation is more readily grasped and remembered. The difference in 




usefulness between self-defining symbols and working-variable notation in trans¬ 
ferring information becomes more important as the situation under consideration 
becomes more complex. 

By presenting all formal reasoning in terms of nondimensional variables, 
Instrument Engineering makes available to the reader much useful quantitative 
information in theformofequationsandcurvefamilies. The information is easily 
interpreted for specific physical situations by means of equivalent definitions in 
working variables and in self-defining symbols. The equivalent definitions are 
repeated frequently in the text. The object is to eliminate the need for reviewing 
previous material when the Information on any particular page is to be applied to 
a given problem. This repetition of symbols increases the effort required in the 
original preparation of the text and may appear unnecessary to a superficial 
reader. However, the repeated material can be disregarded if the definitions are 
already familiar, and it saves time and effort when Instrument Engineering is 
used for reference purposes. 

Formal results in generalized terms are useful in practice only if the mathe¬ 
matical relationships upon which they are based actually correspond to the phys¬ 
ical facts of the situation under consideration. When such a correspondence 
exists, engineering results are immediately available by a simple association of 
working variables with the symbols that represent physical quantities. In this 
method of attack, employed in Instrument Engineering , there is no advantage in 
using an intermediate set of analogous quantities once the necessary associations 
are established for describing the solution of any given situation. In fact, the 
use of analogs is likely to hinder the search for solutions to complex problems; 
it is often more difficult to prove the validity of analogs than to find the desired 
results directly in terms of the physical quantities actually involved. 

Instrument Engineering is comprised of three volumes. The subject matter 
of Volume I is concerned with the description of physical situations by means of 
mathematical and graphical forms. Volume n gives the theoretical background 
for generating solutions for these forms. Volume ni contains examples in which 
the theory, methods, and techniques described in the first and second volumes 
are applied to typical cases. Part 1 of Volume in covers measurement system 
applications, while Part 2 deals with control system applications. 

Useful methods for solving measurement problems are built up in Part 1 of 
Volume ni by means of typical examples, beginning with thermometers that have 
the simplest possible performance equations. The discussions that follow deal 
with instruments and measuring systems of increasing complexity, including elec¬ 
tromechanical measuring devices, pressure-measuring systems, integrators and 
differentiators, analog computers, and vibration-measuring equipment. The 
concepts, symbols, and methods developed in this pattern are equally effective 


vill 



for handling the theory of systems that include feedback loops. APPl^^^^^ions of 
this type naturally foUow the measurement examples of Part 1, an m e up 


subject matter of Part 2 of Volume ffl. 

As in the case of the two earlier volumes of I_nstrument E ngineer ^, many 

students and colleagues have helped with the preparation of Part 1, Volume III. 
The contribution of Mr. Henry B. Brainerd is acknowledged by placing his name 
on Chapter 30. In a slmUar fashion, Dr. Yao T. Li is given credit for his work 
on Chapters 33 and 35. Credit is also due to two others who were kind enough to 
contribute individual sections: Dr. Morton Finston wrote the section on tempera¬ 
ture measurement in high-speed flow at the end of Chapter 31. Dr. Robert K. 
MueUer wrote the section on the Microsyn angular displacement receiver in 

Chapter 35. 

The assistance of Mr. Lawrence H. McNeiU in preparing some of the material 
in Chapter 34 is also appreciated and gratefuUy acknowledged. SimUar credit is 


due to Mr. James E. Forbes and Mr. Theodore Kaslow for their work on the test 


data of Chapter 32, as well as Mr. James L. Stockard for the test reports of 
Chapter 35. Mr. John Barley, Mr. Arnold I. Klayman and Mr. George W. 
Masters, Jr,, were invaluable in assembling and maintaining the test setups. 
The curves and data associated with displaced cosine pulse functions and cor¬ 
responding system responses in Chapters 32 and 35 were computed by Dr. Jere¬ 
miah M. Stark and Mr. Richard C. Hutchinson, 

Part 1, Volume HI, of Instrument Engineering is a textbook and reference 
for students and engineers Interested in the theory and applications of measuring 
systems. Since Volume III is written with considerable repetition of the funda¬ 
mentals of Volume 1 and the mathematical principles of Volume n, this makes 
Part 1 of Volume III useful as a self-contained text and reference book on meas¬ 
uring Instruments and systems. The necessary Information is presented in the 
form of mathematical results plotted as nondimensional curve families. In every 
case, references are given to the more extended treatments of Volumes I and n. 

In preparing Volume HI, stress has been placed on the complete treatment 
of fundamentals, supplemented by numerical data in nondimensional plots. Lack 
of time has prevented the development of polished examples of all the possible 
applications that exist for the material. However, these applications will appear 
naturally as the available information is applied to problems encountered in 
teaching and engineering. 


Cambridge, Massachusetts 
January, 1955 
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problems and that the confusion and lack of coherence among references is pri¬ 
marily due to variations in terminology, symbols, mathematical procedures, and 
presentation of results. These variations stem from differences among the educa¬ 
tional backgrounds and personalities of individual writers rather than from basic 
characteristics of the physical situations to be handled. 

3. A considerable effort by individuals and engineering organizations* to 
establish a common system of concepts, terminology, and notation began some 
years ago and is still in progress. The difficulties that must exist in the path of 
a project of this kind are apparent when it is noted that definite proposals for 
standard systems are just now appearing in engineering journals. This amount of 
progress is certainly a great step forward, but it is also probable that much dis¬ 
cussion remains before any scheme of terminology and notation wins the same 
universal acceptance that is accorded, for example, to the symbols of electrical 
circuit analysis. In any case, it is only possible to establish a general pattern 
for representing physical situations that has sufficient flexibility to be applied 
easily in cases with any degree of complexity. One of the objectives of Instrument 
Engineering is to develop a pattern of this kind and to show in a general way the 
relationships of this pattern to other schemes for representing the behavior of 
measurement and control systems. 

4. Volume in of Instrument Engineering is made up of two parts. Part 1 
illustrates the problems of indication and measurement by self-contained unit 
instruments and by systems formed of open chains of operating components. 
Part 2 is concerned with applications of feedback, including servomechanisms, 
process controllers, and systems for the control of the motion of platforms and 
vehicles with respect to inertial space. 

5. Both parts of Volume III are made up of chapters that individually deal 
with a single phase of instrument engineering. In effect, the "case method" of 
presentation is used, with the individual cases treated as particular applications 
of the generalized pattern described in Volumes I and n. The methods and quan¬ 
titative results from these volumes are used freely in all the chapters of Parts 1 
and 2 of Volume III. The sequence of subjects chosen not only brings out informa¬ 
tion on particular problems but also develops the pattern for working out solutions 

to situations with all levels of complexity. 

6. The first chapter of Volume m, Chapter 28, contains a review of the 

concepts and notation used by various authors to describe operatmg components 
and operating systems. The agreements and differences among commonly used 
terms and symbols are discussed with particular reference to the self-defining 
symbols and working variables of the comprehensive pattern developed for the 
purposes of Instrument Engineering . 

-ri;7AIEE(A3). ASME(A4), (A5). Behar (B2), Ivanoff (12). Philbrick(Pl). Poa« (P2). and Trimmer(Tl). 
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7. Chapter 29 gives a discussion of the generalized concepts of indication 
and measurement. Particular attention is paid to concepts and symbols for de¬ 
scribing the static and dynamic performance of measuring instruments. 

8. Chapter 30 is a summary of information about many of the physicai prm- 
ciples and devices that may play important roles in measurement and control 
equipment. For convenience, this information is presented in readily avaUable 

tabular form. 

9. Chapter 31 is an engineering treatment of temperature-measuring instru¬ 
ments. It is shown that typical thermometric instruments have performance 
functions matching the relating function form of the first-order differential equa¬ 
tion. This makes it possible to use thermometer theory as the vehicle for de¬ 
veloping practical applications of the first-order nondimensional curve famUies 

derived in Chapter 18. 

10. Chapter 32 builds up the theory of electromechanical measuring instru¬ 
ments to show that typical examples have second-order performance functions. 
The background for applying the nondimensional curve families of Chapter 19 is 
developed for use with electrical instruments as well as all other instruments 
associated with second-order performance equations. Nondimensional plots for 
instrument response to displaced cosine pulse forcing functions are also included. 

11. Chapter 33 uses pressure measuring as the engineering problem for 
developing the theory of open-chain systems. Specific examples are treated in 
terms of component performance functions and the frequency response method 
described in Chapter 24. 

12. Chapter 34 describes and develops the theoretical background for a 
number of typical integrators and differentiators. These results are reduced to 
specific nondimensional curves that may be immediately applied to actual com¬ 
ponents. Chapter 34 also includes atheoreticaldiscussion of analog computers. 

13. Chapter 35describesanddiscussesthetheory of instruments and systems 
for measuring mechanical vibrations. Because of the close relationship between 
thetheoryofvibration-measuring instruments and the theory of vibration isolation, 
the latter subject is included as a part of the discussion. Nondimensional curves 
from Chapters 19 and 26 are given specific applications to vibration problems in 
Chapter 35. The information provided includes not only transient and frequency 
spectrum results but also pulse function response data. A number of examples 
based on actual tests are included to demonstrate applications of the theoretical 
results. 

14. An outline of the subject matter covered in Part 2 of Volume III, which 
starts with Chapter 36, is given in the introduction to that part. 
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CHAPTER 28 


CONCEPTS, DEFINITIONS, DIAGRAMS AND NOTATION FOR 
DESCRIBING OPERATING COMPONENTS AND OPERATING SYSTEMS 


OPERATING COMPONENTS 

28.1. Operating components under the definition of Chapter 1 establish func¬ 
tional relationships among physical quantities. In the generalized situation, some 
of the physical quantities involved are inputs, in the sense that their variations are 
independent of the action of the operating component, while others are outputs, in 
the sense that their variations are dependent on the operating component. The 
concept of the operating system is identical with the concept of the operating com¬ 
ponent except that the entity considered is some combination of operating compo¬ 
nents. Because of this similarity, discussions carried out in terms of operating 
components may also be applied to operating systems. 


TRANSDUCERS AND CODUCERS 

28.2. Operating components may be classified in many ways. One of the basic 
characteristics that may be used for classification purposes is the energy flow in¬ 
volved. When the essential input variations are associated with energy that is 
"carried over" so that (except for losses) it appears as the output, the operating 
component falls into the class known as transducers .* The essential feature of the 
transducer is that all the energy in the output actually comes from the input, al¬ 
though certain ambiguities may appear in connection with devices that require ex¬ 
citation power. For example, a loud-speaker that uses direct-current excitation 
for its field receives power from a source other than the input. However, because 
the excitation power does not go directly into the output and is actually unneces¬ 
sary when a permanent magnet field is used, the loud-speaker - which receives 
electrical power as its input and (except for losses) produces sound-wave power as 

its output - is definitely a transducer. 

28.3. Any device that depends not upon the input but upon an auxiliary source 
of energy for the power associated with the output may be classified as a coducer,” 


• W.bs«,’s N.W Coll.gia.. Dic.i..a,y gi...l°r T.nsduc j;: "[La.in 
A dcvic7r;;;:iredTy po.« l-on. and supplying po.a. «■ a second system. By pernuss.on. 

^s ' 

over or across, and duccre, to lead. » 

.. Co^is I,n';;:;;rL,.in c.. combining lo,m ol cum, wi.hi and d^e, to lead. Compare ...1, 
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Although the input determines the output, the power associated with the output comes 
from a supplied power source that either is free from variaUons or has varia¬ 
tions that do not have a primary effect on the power output. In the coducer concept, 
some part of the output power may be derived from the input, but it is implied that 
power from this source is relatively unimportant. 

REPRESENTATION OF TRANSDUCERS AND CODUCERS 

28.4. Section a of Definition Summary 28-1 represents the transducer as 
receiving energy from an input supply system and delivering this energy to an out¬ 
put receiving system. As shown in section b of the summary, the coducer receives 
its input (without regard to the energy involved), together with energy from an 
energy supply system, and produces an output functionally determined by the input 
and supplied with the necessary energy by the energy supply system. 

28.5. Definition Summary 28-2 gives conventional block diagrams thatmay be 
used to represent transducers and coducers. In each case, arrows drawn from 
left to right show the direction from the independent variable toward the dependent 
variable so far as the operating component is concerned. The input quantity, or 
input, is represented by the lower-case letter q, for quantity, with (in) as its sub¬ 
script. Similarly, the output quantity, or output, is represented by q with the sub¬ 
script (out). Supplied power for the coducer is represented by an arrow drawn 
toward the rectangle of the diagram in a direction at right angles to the input- 
output direction. The symbol for supplied power is the capital letter P, for power, 
with (sup), for supplied, as its subscript. Because the important characteristics 
of the coducer are normally determined by the input-output relationships it estab¬ 
lishes, rather than by its power consumption, the arrow representing supplied power is 
generally omitted from coducer diagrams. This means that, from the standpoint 
of representation, the conventional operating component diagram (similar to that in 
Fig.l-2bof Chapter l)may be used for either the transducer or the coducer, with 
no necessity for specifying which is involved. 

28.6. Section a of Definition Summary 28-3 represents a telephone receiver 
as a transducer that receives an electrical voice signal as its input and produces 
sound energy asitsoutput. The symbol for the inputis(Sg), for signal, with (voice) 
as its identifying subscript. The output symbol is (E),for energy, with (sound) as 
its subscript. These two representations are simple illustrations of the conventions 
described in Chapter 1 for using self-defining symbols. 

28.7. Sectionbof Definition Summary 28-3 shows the amplifier as a coducer. 

New Collegiiite Diciionary : co-"... signifies in general with, together, in conjunction, jointly." (By permis¬ 
sion. From Webster’s ^ CoUegiate Dictionary , copyright, 1949. 1951, by G.&C. Merriam Co.) The word 

“coducer" is based on a suggestion by Henry B. Brainerd of the Instrumentation Laboratory, Massachusetts 
iDscinite of Techoologya 
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Input Supply 
Sy steal 


Transducer 


pucput Receiving 
System 


The transducer receives an ii 4 >ut associated with energy from one system and supplies its output associ^ 

ated with this energy (or this energy reduced by losses in the transducer) to a second system. 

Note: Ener^ that is supplied to molntoin tronsdueer operation but does not directly oppear in the output Is 
immaterial as lor os the trmisducer definition Is ccncemed. 

a) Definina diogrom (or transdocers 


Input 


«I I ■ 1/ y 

Energy y 
Supply y 
System ^ 
vWVIW///^ 


Coducer 


Output Receiving 
System 


The coducer receives energy from an energy supply system. This energy is supplied with the output to 

the output receiving system. Output variations are determined by input variations. 

Note: ReloUvely smoll omounts of energy supplied to the output from the input ore immaterial as tar as the 
coducer definition Is ccncemed. 

b) Defining diagram for coducers 

Definition Summary 28*1. Defining diagrams for tronsducers ond coducers. 
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b) Co/)veftfiono/ diogroms for coducers 


Definition Summary 28-1 Convenlionol diagrams for tronsducers and coducers. 
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Receiver 
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(sound) 
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The energy compooencs associated with the input, the supplied power, and the output power ol the ampli' 
Get have the same physical lonn. 

hj The amplifitr os a coducer 
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The servo output quantity is a mechanical position (A4). The command signal is either a mechanical 
posicioD or some quanticy (hat may be associated with a mechanical position* The supplied power may be 
mechanical power or any other suitable form of energy. 

c) The servomechonis/n os o coducer 


Control System Input 
^(In) 


Supplied p 
Power M3up) 



Control System Output 


^(out) 


Input, supplied power, and output are (except for special cases) ditterent physical 


quantities. 


d) The confro/ system os a coducer 


Definition Summary 28-3. Transducer ond coducer exompl 


es. 
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The noteworthy characteristic of the amplifier is that the input, the supplied power, 
and the output have the same physical form. Section c of the summary shows the 
servomechanism as a coducer whose output quantity is mechanical position. 
The control system of section d is a coducer in which (except for special cases) the 
input, the supplied power, and the output are all different physical quantities. 

REPRESENTATION OF OPERATING COMPONENTS 

28.8. Definition Summary 28-4 gives eight block diagrams that represent 
essentially similar physical situations. The first seven diagrams illustrate the 
operating component concept as it is used by various authors in the field of meas¬ 
urement and control. Eckman,^^^^ Oldenbourg and Sartorius,^ ^ Ahrendt and 
Taplin, Behar, and the authors of this book either leave the rectangle of 
the block diagram blank or write in a name. On the other hand, Brown and Camp- 
bell^®^^ andChestnut and Mayer^^^^ identify the blockwith mathematical symbols. 

28.9. Section h of Definition Summary 28-4 is a functional diagram for the 

diaphragm-type pressure receiver of the pressure gage described in Chapter 2. 
In this special case of the generalized operating component diagram of section g, 
the input symbol becomes for input pressu^ , and the output symbol 

^(ooo becomes d,pj, for pressure receiver output displacement . The name withm 
the block is accompanied by (pr) for pressure receiver , as the identifying symbol. 


REPRESENTATION OF SYSTEMS FORMED BY COMBINATIONS OF OPERATING 
COMPONENTS 

28.10. Operating systems are made up of combinations of operating compo¬ 
nents that form either open-chain or closed-chain patterns as these concepts are 
defined in Chapter 1, As noted in the previous section, the rectangles of the func¬ 
tional diagram for an operating system may be labeled with names or mathematical 
expressions. When names are used, several methods for generating terminology 

may be applied; 

1) operating components may be named on the basis of their unportance in 
the system. When this plan is used, one component may be called the 

primary component; another, the secondar y compon ent; etc. 

2) ^^nT^^^nts may be named on the basis of their position in tte 

chains of the system. When this plan is used, one component may be the 
initial component, while another is theHnal compone nt or the end compon ent. 

3 ) ^ting components may be given descrip^ H2P££ 5B55S- 

ample, the pressure receiver of the pressure gage of Fig. 2-2 in Chapter 2 

is also called the diaphragm^. 

4) Operating components may be given functi onal nanies that describe their 
action in relating outputs to inputs. For example, the diaphragm unit of 
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o) Physical system representation. [Redrown by permission from D.P» Eclcmon, Principles of Industrial 

Process Contml, 1945, John Wiley & Sons, Inc. (E2).] 


Input 
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b) Diaqram of a linear transfer system. [Redrown by permission from R. C. Oidenbourg and H. Sartorius 

The Dynomics of Automotic Confro/s, 1948, The American Society of Mechonicol Engineers (01).] 


Single Time 

*2 


CoDstanc System 



cj Piogrom 0 /Q si'ng/e time consfonf systam. (Redfown by permission from ^ufomotic Fe edback Control 
by W.R. AhrenJt or^d J.F. Toplin. C^right, 1951, McGraw»Hill Book Company, Inc. (A1),] 
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d) Oiagramofa moasoiing system. [Redrown by permission from M.F. Behor et ol. Th e Handbook of MeoS' 
uremenf ond Control, 1951, The Instruments Publishing Compony, Inc. (B2).] 
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ej Blockdiagramofa mechmism. [Redrown by permission from G.S. Brown ond D.P. Campbell, Principles 

of Servomechont'sms, 194$, John Wiley & Sons, Inc.(B4).] 
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f) Open-loop control system. [Redrown by permission from Horold aestn uf and R.W. Moyer, Sorvomoch- 
anisms and Regviating Systtm Design, 1951, John Wiley & Sons, Inc. (Cl).] 
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9 ) Oporofing component diogrofn using the conventions of Instrument Ei 
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(See Ch^ter 2) 


h) Diaphragm-type pressure receiver as an operating component 

Defimlion Summary 28-4. Comparisor, of conventions for operating component diogroms. 
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Fig. 2-2 is a pressure input - deflection output transducer , or a pressure 
receiver . 

28.11. Section a of Definition Summary 28-5 is the functional diagram for an 
open-chain system after Behar.' ’ It will be noted that a combination of methods 1 
and 2 is used, with the first component of the open chain called the primary element, 
and the last component called the final element. Section b of Definition Summary 28-5 
shows the combination of a block diagram and a schematic diagram as given by 
Eckman. The schematic diagram is labeled with descriptive proper names, while 
a combination of "importance" names and "functional" names is used on the block 
diagram. Sections c, d, e and fof Definition Summary 28-5 are based on Figs.2-2, 
2-3, 2-6 and 2-8 to illustrate the use of proper names and functional names, 
with the corresponding symbols, to describe the essential features of a diaphragm- 
type pressure gage as an operating system. A further discussion of this example 
is omitted here because of the detailed treatment available in Chapter 2. 

CONCEPTS, TERMINOLOGY, AND SYMBOLS FOR DESCRIBING STATIC PERFORMANCE 
OF OPERATING COMPONENTS 

28.12. The concepts of static and dynamic operating conditions are defined 
and discussed in Chapter 4. By definition, static conditions exist for an operating 
component when both its input and its output are constant. Under static conditions, 
the concept o f static sensitivity defined and discussed in Chapters 4 and 5 describes 
the performance of an operating component.* Static sensitivity for an operating 
component is defined in Chapter 4 as the ratio of a small change between constant 
output levels to the corresponding small change between constant input levels. 
This definition follows the context of the definition given for sensitivity by Web¬ 
ster's New Collegiate Dictionary : " sensitivity ... 1. Qualityor stateofbeingsen- 
sitive. 2. Psychol. The capacity of an organism or of a sense organ to respond to 
stimulation; irritability; also the degree of such responsiveness. 3. Radio. The 
degree to which a receiving set responds toincomingwaves."** Thus, sensitivity, 
as the term is used in Instrument Engineering , implies that the component or 
system to which it is applied has the "capacity of responding" to inputs (corres¬ 
ponding to stimulation in psychology). Quantitatively, the numerical measure of 
sensitivity for a given instrument describes the "degree of responsiveness" of the 
instrument. For example, if under static conditions one indicator has an index 
angle of ten degrees for the same input that gives twenty degrees index angle on a 
second indicator, the second indicator has a sensitivity twice as great as the sen¬ 
sitivity of the first indicator. 

• Actually, static sensitivity docs not completely describe static performance unless the operating 
component considered is an i^ component. TTiis matter is discussed in later chapters. 

•• By permission. From Webster’s New Collegiate Dictionary , copyright. 1949, 1951, by G.&C. Mcrriam Co. 


10 



Sources of Error 
(always present) 


The 

Measurable 


The 

Selected 

Method 

whence the 
Utilized 
Effect 


Primary 

Element 


Intermediate 

Elements 


Final 

Element 


The 

Indication 

'Intelligence’, 
'Output’, or 
'Signal’ 


a) Tha self-operating measuring instrumtnt. [Rodfown by permission from M.F. Behor el al, The Han dbook 
of Measurement and Control, 1951, The Instrument Publishing Company, Inc. (B2).l 




bj Elements of an instrumonte [Redrown by permission from D* P. Eckmon, Principlos of Indostrial Process 


Control, 1945, John Wiley & Sons, Inc. {E2).] 
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c) lllustrotive pictorial schematic diagram for a diaphragm-type pressure gage 


Definition Summary 28*5. Conventions for representing measuring instruments. (Poge 1 of 2) 
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Definition Summary 28*5. Conventions for representing measuring instruments. (Page 2 of 2) 























28.13. The defiaition of static sensitivity given in Chapter 4 is in complete 
agreement with the definition of the same term listed among the basic terms 

in "Automatic Control Terminology. of the Terminology Com¬ 

mittee of the Industrial Instrument and Regulators Division of the American Society 
of Mechanical Engineers (ASME). This reference states: 


SENSITIVITY is aspecifitdchiwgein 

For example, an automatic temperature controller haying a net outpw 
pressure of 15 psi and a full scale range of 0 degree to 150 degrees F 
would have a sensitivity of 0.1 psi per degree F. Where nonlinear rela¬ 
tionships are Involved, the point or points at which the sensitivity is 

given should be stated. 


28.14. Definition Summary 28-6 gives the basic defining equation for static 
sensitivity in physical representation terms and also in working variable terms . 
In this summary, information on the physical representation terms is placed above 
the conventional functional diagram for an operating component, and the same in¬ 
formation in corresponding working variable terms is placed in a "mirror image" 
position below the diagram. 

28.15. The basic equation of static performance in section a of Definition Sum¬ 
mary J8-6 states that the input multiplied by a coefficient is equal to the output 
multiplied by another coefficient . The definition of static sensitivity given in 
section b shows that this concept is the ratio of small changes between static levels 
of the output to the associated small input changes. The corresponding equation 
in section a shows that the sensitivity reduces to the ratio of to Qq . Section b 
also summarizes the conventions used to form identifying subscripts for the main 
symbol S» used to represent sensitivity. The subscript (id) associates the sensi¬ 
tivity with a given operating component, the input-output bracket shows the input 
and the output considered, and the subscript (st) associates the sensitivity with 
static conditions. 

28.16. As already described, the sensitivity symbol makes it possible to read 

off immediately the component with which the sensitivity is associated, the input- 
output combination on which the sensitivity is based, and the operating conditions 
considered. This information is only part of the data that may be supplied by a 
generalized performance-describing symbol formed under the conventions de¬ 
scribed in Chapter 10. These conventions make it possible to write self-defining 
symbols for any characteristic of an operating component, subsystem or system, 
however complex, by the application of a few simple rules and a properly drawn 
functional diagram with names and symbols assigned to the essential parts and 
quantities. For example, the pressure input - displacement output static sensi¬ 
tive for the pressure receiver of section f of Definition Summary 28-5 has the 
symbol . In physical terms, this sensiUvity is the ratio of the diaphragm 

output displacement to the corresponding pressure input. 
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PHYSICAL REPRESENTATION TERMS 


Under static conditions (i.c., all deriyatiyes of and zero), the static perforiDance equa¬ 


tion IS 






= ^ = S 




(In) J{SX) 


where 


^Ud)[q -q ](8t) ~ input quantity-output quantity static sensidyity 
(See Qtapters } and 4*) 

The concept of stadc seosidvity is similar to 

Gaio, (symbol G) (T1)(B4XA1XC1) 

Scale Factor , (symbol SF) (Zl) 

Gradieoc, (symbol Gr)* 

SeostcWity Factor, (symbol K) (64) 

Proponiooality Factor, (symbol 1/^) (01) 


Input 

or 

It^ut Quandry 
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u 

Independent Variable 
or 

Forcing Funcdon 

(See Volume Ih Incroducdoa, 
Chapter 14, and Chapter 17) 


Idendfied Operaung Component 

(id) 


Output 

or 

*1 Output Quantity 

V 

J Dependent Variable 
or 

Response Funcdon 

(See Volume 11: Introducuon, 
Chapter 14, and Chapter 17) 


WORKING VARIABLE TERMS 


The stadc performance equadon in working yariable terms is 


Yo^ “ 


(See Definition Summaries 14*1 and 18-1 •) 
tthen *> 1 and <5 - <r, 

where 

<r « dimensional similarity factor 
(See Definition Summary 14-1.) 


V « <ru 


o) Diagram, symbols ond forms for describing oporofing componenf performance 
* In Held theccy, ihs symbol lor grodtont Is grad <x V (F2L 

Definition Summory 28-6. Desaiption of operating component static performance in physical 
representation terms and In corresponding working vorioble terms. {Page 1 of 2) 
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Note: 

1. By defiQition, static sensitivity (see Fig. 4-1 of aapier 4) is the ratio of small changes between con¬ 
stant levels of the output quantity to the corre^onding small changes between constant levels of the 

input quantity. 

2. This relationship is a special case in which the output is a linear function of the input. 

}. a) The main symbol S represents sensitivity . 

b) The first subscript parenthesis symbol identifies the opetating component whose static performance 

is described by the complete symbol. 

c) The square subscript bracket is the i^t^ou^^ (racket 

d) The subscript symbol inside the square bracket nearest the main symbol represents the input quantity . 

e) The subscript symbol inside the square bracket separated from the input quantity symbol by a semi- 
coloQ represents the output quaoticy. 

f) The subscript (st) following the iopu^output bracket identifies the sensitivity as being associated 
with static cwQditioos r 

4. The preseot application of the term seositivlty is a special case of n much broader definition given later 
in the book. 

W Definition of stotic sonsifivify 


Definition Summery 28-6. Description of operating component static performance in physicol 
representation terms and in corresponding working variab(« terms. (Page 2 of 2) 


TANGENT. CHORD. AND SECANT DEFINITIONS OF SENSITIVITY 

28.17. The concept of sensitivity may be generalized so that it applies under 
d 3 rnamic conditions by defining sensitivity (without the qualifying word "static") as 
the ratio of the time rate of change of the output to the corresponding time rate of 
change of the input. This interpretation of sensitivity is illustrated in Fig. 4-2. 
InChapterl3, sensitivity is identified with the input-output dynamic amplitude ratio 
for steady-state sinusoidal variations. When it is considered that sensitivity de¬ 
scribes only the magnitude effect associated with sinusoidal response, it appears 
that the representation illustrated in Fig. 4-2 is consistent with the dynamic am¬ 
plitude ratio definition given in Chapter 13. 

28.18. For engineering applications, several sensitivity definitions are use¬ 
ful, depending on the nature of the relationship thatfexists between small output 
changes and the corresponding small input changes for-various input levels. When 
the input-output relationship is linear in the sense that ifmay be represented by a 
single straight line passing through the origin, sensitivity may be represented by 
a single constant. On the other hand, when the input-output characteristic 
is a curved line, three definitions of sensitivity are possible. These three definl- 
tlons are Ulustrated in Fig. 28-1. In this diagram, tangent sensiti vity corresponds 
to the slope of the input-output characteristic at the point for which the sensitivity 
is specified. When the characteristic is a curve passing through the origin, the 

se nsitivity is represented by the slope of the chord drawn from the origin 
through the point at which the sensitivity is defined. For any type of input-output 
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^(In) 


Operating Compooeot 
(id) 


‘’(out) 


^(out )3 


Elztendfrd ^ord 
bom orlqln to point 2 


point 2 


i Tencent ot 

%x 2 point 2 

/ Socant between 


'(outl 2 >7 1 / 

point I 7 *^ I 


I 

^ T- 7 / 

^(out)l^ / 


points 1 and 3 


Curved static ^oracterlsUc 
for (id) IdentiUed operating 
component 


'’(In)l 


'’{ln)2 


‘’(Ui )3 


Input, 


Tangent definition of sensitivity: Tangeoi seosiciTtcy at poiot 2 

^(ld)[q,i„j:<l,^„,j]|tan )2 = = slope of curved atatic characteristic at point 2 

Oiord definition of sensitivity: Chord sensitivity at point 2 

•loP'■>'ft”" "isi"'» P»“‘2 

Secont definition of sensitivity: Secant sensitivity between points 1 and 3 


^(ld)[q(i„,:q{,,„t,l(a.c)l.3 


*l(out)3 *’(out)i ^ sl^ of secant between points 1 and 3 
‘Idnis ” ‘Idn)! 


Fig. 28-1. Tangent, chord, and secont definitions of sensitivity for on operating component 

with a egrved input-output characteristic. 


characteristic curve, the secant sensitivity associated with the region in the vicin¬ 


ity of two points on the curve is defined as the slope of the secant drawn between 
the two points. It is obvious that the secant sensitivity approaches the tangent sen¬ 
sitivity as the two points approach a single point. Similarly, the secant sensitivity 
approaches the chord sensitivity when one of the two defining points approaches the 


origin of the characteristic. 

28.19. Figure 28-2 illustrates the simplifications that appear when the input- 
output characteristic becomes a straight line passing through the origin. In this 
situation, the tangents, chords, and secants for any point on the characteristic re¬ 
duce to the same single line that is coincident with the characteristic itself. This 

means that a single constant may be used to representsensitivities of all three types. 
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‘’(In) 



^(oul) 



dq 


{Oui)2 


« ^(out) 2 


‘^‘J(ln)2 ‘^(ln)2 

^(out)3 ~ ^(out)l 
^(ln)3 “ ^(ln)l 


Straight line input^output characteristic passing through zero gives constant sensitivity. 

Chord sensitivity, tangent sensitivity and secant sensitivity are identical and ate constant, if input-output 
characitfristic is a sdaighc line. 

When sensitivity is consiant the subscript designations (ch)» (tan), or (sec) are unnecessary and can be 
ODiicted, so the symbol for sensitivity becomes 

where 

^(out) _ 


s 




- constant 


^(in) 


Fig. 28-2. Sensitivity definitions for a linear input-output chorocteristic passing through the origin. 


28.20. The illustrations of Figs. 28-1 and 28-2 have been drawn in terms of 
generalized input and output quantities. It is obvious that the sensitivity definitions 
m ay be applied to any given operating component or operating system by substituting 
the proper identifying subscripts in the sensitivity symbols. 


WORKING VARIABLE SYMBOLS FOR DESCRIBING STATIC PERFORMANCE 

28.21. In section a of Definition Summary 28-6, working variable terms are 
placed below the functional diagram to show the correspondence with the physical 
representation terms discussed above. The symbol u for the independent variable 
corresponds to the input, ; the symbol v for the dependent varia^ corresponds 
to the output, ; and the symbol a for the dimensional similarity factor cor¬ 
responds to the static sensitivity. For any given practical case, all mathematical 
procedures would be carried out in the working variable symbols, which are de¬ 
liberately chosen to be as simple as possible. In general, only one set of working 
variables appears in the formal procedures for finding solutions to any given problem 
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A few loosely applied conventions are used to give some assistance in identifying 
patterns that may appear in solutions. When mathematical reasoning is to be em¬ 
ployed for any given physical situation, a necessary step is to set up a table showing 
the working variable symbols that correspond to the physical representation symbols 
used in the formation of performance equations and the interpretation of results. 
For example, the working variable equation for the pressure receiver illustration 
would have u corresponding to corresponding tod^p^j, and cr corresponding 

to the pressure-deflection static sensitivity. For convenience in relating the con¬ 
cept of static sensitivity to the terminology used by various authors in the field of 
measurement and control, a list of equivalent names and symbols, with references 
to the Bibliography, is included with the physical representation terms in section a 
of Definition Summary 28-6. 

REPRESENTATION OF GENERALIZED PERFORMANCE OF OPERATING COMPONENTS 

28.22. The concepts and methods for representing the generalized performance 
of operating systems in physical terms are discussed in Chapters 3, 4, 5, 6 and 10. 
The working variable terms corresponding to these physical terms and the mathe¬ 
matical procedures for associating solutions with the common forms in which they 
appear are the subject matter of Volume U. Definition Summary 28-7 gives a sim¬ 
plified picture of the basic relationships among physical representation terms and 
working variable terms. The pattern used is generally similar to that of Definition 
Summary 28-6 for static performance, with the simple algebraic performance equa¬ 
tion forms replaced by generalized integro-differential equations. In physical rep¬ 
resentation terms, the static sensitivity corresponds to the inp^ quantity - output 
quantity performan^ function, which under proper restrictions completely represents 
the meaning of the performance equation in describing the input-output functional re¬ 
lationships established by the operating component. The performance function sym¬ 
bol is[PF], with identifying subscripts formed by conventions identical with those 
used in writing static sensitivity symbols. In practice, the performance function is 
especially useful for describing operating component behavior because it appears 
as a coefficient of the input in an expression that is easily combined with similar 
forms. The application of performance functions is subject to certain restrictions 
that are discussed in detail in Chapter 17. As noted in Definition Summary 28-7, 
when no misunderstanding is possible, all subscripts except those required to iden¬ 
tify the operating component involved may be omitted. 

28.23. In working variable terms, an integro-differential equation with q„„, 
and q,„„„ replaced by u and v and with o, and b, replaced by Greek-letter coef¬ 
ficients corresponds to the performance equation. It is a general procedure to re¬ 
duce the working variable equation coefficients to dimensionless forms and to give 
the product v.u the dimensions of v before mathematical processes are started. 
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PHYSICAL REPRESENTATION TERMS 


The performance equation is: 



(See Qrapccrs 7 and 14.) 

Under proper restrictions, the relationships established by the performance equation may be represented 
by the input quantity — output quantity performance function : 

where 

%ni) = 

Uhen no misunderstanding is possible, (he performance function may be written as 

fPF],,., 

(See Chapters 3i 10, I3i 17, 18 and 190 


Input 

or 

Input Quantity 

^(Inl 

U 

Independent Variable 
or 

Forcing Function 

(See Volume 11: Introduction, 
Chapter 14, and Chapter 170 


Identified Operating Component 

(id) 


Output 

or 

Output Quantity 
^(out) 

-1 

V 

Dependent Variable 
or 

Response Function 

(See Volume II: lotroduction, 
Chapter 14, and Chapter 170 


WORKING VARIABLE TERMS 


The workioff variable intearo^differential eouation is: 


E ■’> E ’ll 


Is-r 


J=-s 


(Sec Chapters 14, 15, 16 and 170 

Under special conditions, the relating function 

1 ■ [RF] 

may be used to represent the effect of the working variable equation so that 

V * i/U 

(See Chapters 17, 18 and 19.) 

When the working variable differential equation is nonlinear, the procedure discussed in aapter 27 mav 
be applied. 

Note: The petformance function ond the reiatlnq function may be functions either of frequency or of 
the Laplace transform variable (see Chopter 17). 

Definition Summary 28-7. Description of operoting component generalized performance in 
pKysical representation terms ond in the corresponding working variable terms; 

performance functions ond relating functions. 
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A system of conventions for making this reduction and for transforming performance 
equations into working variable equations is described in Chapter 14. The relating 
function (whose working variable symbol is the lower-case Greek letter eta, tj) is 
the working variable form that corresponds to the performance function. The theo¬ 
retical background of the relating function and the conditions under which it maybe 
used to represent the relationships established by integro-differential equations 
are discussed in Chapter 17. Chapters 14 through 25 discuss methods for associat¬ 
ing response functions with forcing functions when the working variable integro- 
differential equation is linear and has constant coefficients. Chapter 26 describes 
procedures for finding solutions for a special nonlinear form of the working vari¬ 
able equation. Chapter 27 gives anumber series procedure that may be used with 
equations that are nonlinear and have nonconstant coefficients. 

REPRESENTATION OF STEADY-STATE SINUSOIDAL PERFORMANCE FOR OPERATING 
COMPONENTS 

28.24. Because of its general usefulness for forming Fourier series or inte¬ 
gral representations for arbitrary functions (see Chapter 12), the sinusoidal varia¬ 
tion is a very important forcing function form. The corresponding steady-state 
response function may be conveniently expressed as the product of the sinusoidal 
performance function and the sinusoidal input variation. The corresponding steady- 
state sinusoidal relating functions are derived and discussed in Chapters 17, 18 


and 19. 

28.25. Sectionaof Definition Summary 28-8 lists several forms of the steady- 
state sinusoidal performance function in physical representation terms and in work- 
ingvariable terms. Section b of Definition Summary 28-8 gives interrelations and 
definitions for the symbols appearing in section a. A more complete tabulation of 
sinusoidal performance function expressions is given in Chapter 13. That chapter 
also contains a discussion of the physical and geometrical interpretations that may 
be associated with the various sinusoidal performance function forms. 

28.26. The use of steady-state sinusoidal response to describe the action of 


operating components was originated and developed to a high level of effectiveness ^ 
by scientists and engineers* working in the fields of electrical circuit analysis, 
communications, and servomechanisms. The literature on this subject has pro¬ 
duced several names and symbols for a concept that is generally identical with the 
steady-state sinusoidal performance function or the sinusoidal relating function. 
Section a of Definition Summary 28-9 shows the sinusoidal performance function 
representation of operatingcomponent action. Section b of this summary lists the 

names and symbols associatedwilhsinusoidalperformance-describingconcepts by 

a number of writers in the fields of communications, servomechanisms, and controls. 


• See Ahrendt and Taplin (Al), (A2), Bode (B3). Brown and Campbell {B4), Chestnut and Mayer (Cl), 
Gardner and Barnes (Gl), James. Nichols and Phillips (Jl). Lauer, Lesoiclc and Matson (H). MacColl (Ml). 


aod Porter (P2)a 
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PHYSICAL REPRESENTATION TERMS 

Under steady-state sinusoidal conditions (see Chapters 15, 17, 18 and 19), 


q(oat) = 

^(out) 




%n 


V.hen no misunderstanding is possible, input*outpuc brackets may be omitted; i.e., 4 may be written* 

9,c„o = s„.H,.„[s(RS)R],.d, V) 


(See De/inicion Summary l}-6 and Chapter 13*) 


Input 

or 

Input (^antiry 


^(In) * ^(ln)a 


u « u^e 


JWat 


Output 


( Output Quantity 

l(w,t + (DRA)] 
^lout) ~ ^(out)q . 


(id) 


V « Vg€ 


)(W|t + 0) 


WORKING VARIABLE TERMS 

The steady*state sinusoidal response forms in working variable terms are: 

1) V s iju ; in Laplace transform terms y(A) * ;;(A)u(A) (see Chapter 16) 

2) V = p^TjjU I 

3) V = p€*^u > (See Definition Summary 13-6 and Chapters 17, 18 and 19.) 


V - 


where 


7^ 8 relating function 
8 frequency function 
p 8 dynamic amplitude ratio 
Pg 8 reference dynamic amplitude ratio 
p 8 dimensionless amplitude ratio 
<t> 8 dynamic response angle 


oj Sfeody^sfqfe sinusoidcl response chorocf erisf/cs 
♦ For convenience, (S(RS)R] may be represented by (SR) s dimensionless serwitlvlly rotlo. 

Definition Summary 28-8. Description of operoting component steady-state sinusoidal performance 
in physical representation terms and in corresponding working variable terms. {Page 1 of 2) 
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1 - iaput-oucput performance furtcuon of (he (id) idencified I 

* I HIiKi.'.J 

* ' Operating: component 

p = (DAR)__ = (DAR)^„(, j 3 input-output dynamic amplitude ratio of the (id) identifieu 

Hr.) ;>ut/ operating component (this symbol appears on the dimen¬ 
sionless curves of Volume II) 

P ^ ^(id) * ^(id)fa *3 1 * input^output sensitivity of (he (id) identified operating component 

Pr - (RAR),;.> = (RAR),..i, . j s inpu(*ou(pu( reference amplitude ratio of the (id) identi- 

■•a?;)* (eun operating component (this symbol appears on the 

dimensionless curves of V'olume 11) 

Pt * ^(idUref) " ^(i< 3 )[q :q j(fei) * input-output reference sensitivity of the (id) identified 

operating component 

,, . (FF)„„ = (FF),„„,, « = input-output frequency function of the (id) identified 

operating component 

' ■ ■ *"..... 

3 input-output sensitivity - reference sensitivity 
ratio of the (id) identified operating component 

« (5R)(id}= x-.q, .)* dimensionless sensitivity ratio 

Ilf) I ^(ou*i (OAR) * 

.. KDARXRARiR],,, = [,DAR)(RAR)R]„„„,,, ^ (RAR),j;;;|;^;:2;: !;; 

a input-output dynamic amplitude ratio —reference amplitude 
ratio ratio of the (id) identified operation component (this 
symbol appears on the dimensionless curves of Volume II) 

o » (DRA)^j^) « -q ) * input-output dynamic response angle of the (id) identi- 

fied operating component (this symbol appears on the 

.c rk 11 ) dimensionless curves of Volume II) 

(Sec Chapter I >) 

Note; TV*e sinusoidol perlcrmanw tuncticn sr.d ir.e ccrresper.ding reliUr.g funcUcr are generally expresseni as 
fur.cticr.s al lreg>j«?ncy ratia cc Icrcing frequency (see O.ap'er 17). 

bj Definifions of symbols for sfeot^-sfofe stnusoidat rtspons^ rtprtsentofion 

• Per ccnvcraonce, ((DAR)(RAR)R) moy be represented by (DAR) s dlmensicnless omplltude rotlo. 

Definition Summary 28-8. Description of operating component sleodystate sinusoidal performance 
in physicof representation terms ond in corresponding working vorioble terms. (Poge 2 of 2) 

From the standpoint of practice, all of the symbol conventions are satisfactory if 
the involved concept and its applications are clearly understood and properly used. 


DIAGRAMS FOR DESCRIBING OPERATING SYSTEMS 

28-27. Concepts, terminology, and notation for describing systems made up of 
operating components have received considerable attention during the past few 
years. In particular, organizations within the American Institute of Electrical 
Engineers,*^^^ The American Society of Mechanical Engineers, ^ and the American 
Standards Association have submitted reports proposing standard systems for gen¬ 
eral adoption. Definition Summary 28-10, which is included here for reference pur¬ 
poses, is a reproduction of terminology and symbol lists prepared by the AIEE Com¬ 
mittee on Feedback Control Systems and published in Electrical Engineerin g for 
October, 1951.^^^^ Although certain differences do exist, the definitions given in 
these tabulations are generally similar to the corresponding definitions presented 
in the report of the Terminology Committee, Industrial Instruments and Regulators 
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Input (^antity 

IdcntUied Opetating Component 

Output (Quantity 

'l(ln) 

(id) 

^(©u() 


The pcrfonnancc funcuon form of the perfonnance equation for the identified operating component is 

*1(0^1)= ‘'(in) 

rppj r 1 (FR) * input quantity-output quantity sinusoidal petformance function for the 

identified operating component (see Chapter 3) as a function of the fre- 


where 


( 2 ) 


quency ratio 

or ‘((out}'' ‘^{In) 

The correspoDdiog working variable form is 

V s u (3) 

The performance function corresponds mathematically to the relating function discussed in Chapter 17. 

The sinusoidal form for the perfonnance function may he written as a function of the frequency ratio (see 

Derivation Summary 17-3), where the frequency ratio is given by 

fl a FR * _ 2g X (forcing frequency) ( 4 ) 

^ ^(rel) 2g X (reference frequency) 

a) Stead ystotesinusoidoiperformonco function in terms of >fie convenfions used in Instrument Engineering 

Relationships similar to Eq. (1) are applied by many writers using various names for the input and output 
quantities and for the concept corresponding to the perfonnance function; e.g., 


r 


PF] . 


Y(p) 

G 

FOo.) 


KG(j4 


transmissioQ ratio; MacColl(Ml) 

transfer function; Chestnut and Mayer (Cl), Ahrendt and Taplin (Al) 

gain ratio (for steady^stace sinusoidal response); Trimmer (Tl) 

complex frequency-dependent transference or transference (for steady-stare 
sinusoidal response); Oldeobourg and Sartorius (01) 

transfer function (for steady-state sinusoidal response) 

where K ■ constant or frequency-invariant portion of transfer function 

0{\<oi « frequency-variant portion of transfer function; Brown and 
Campbell (B4) 

Y(s) s system function (when the performance eqjacion terms are written as Laplace 
transforms); Gardner and Barnes (Gl) 

Y(p) s transfer function (when the terms of (be performance equation are written as 
Laplace transforms); James, Nichols and Phillips (Jl) 

Yj ■ transfer admittance, adpedance, or immitance; Bode(B3) 

6) Nomes ond symbols used by venous Qofhors for sfeody-sfofe sinuso/c/of per/ormon ce 

Definition Summary 28-9. Various conventions for describing steody-state sinusoidal 

performance of operating components* 


Division, ASME, publishedin Mechanical Engineering for June,1952.^^^^ Both the 
AIEE and ASME reports suggest patterns of diagrams and terminology for com¬ 
bining operating components into operating systems. These patterns are sub¬ 


stantially identical, and they appear to represent compromises between the "pro¬ 
cess branch" and the "servomechanisms branch" of the measurement and control 
field. In both patterns, the operation of a controlled system is to be forced into 
some desired pattern by a combination of feedback elements and control elements. 
The controlled system may be a plant or a process , where, by definition, "appocess 
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The following Use of definitions is reproduced from reference (A3) by permission of the American Institute 
of Electrical Engineers. 

1. A Feedback Control System is a control system which tends to maintain a prescribed relationship of 
one system variable to another by comparing functions of these variables and using the difference as a 
means of control. 

2. The Controlled Variable is that quantity or condition of the controlled system which is directly 
measured and controlled. 

3. The Indirectly Controlled Variable is that quantity or cooditioo which is controlled by virtue of its 
relation to the controlled variable and which is not directly measured for control. 

4. The Command is the input which is established or varied by some means external to and independent 
of the feedback control system under consideration. 

5. The Ideal Value is the value of the ultimately controlled variable that would result from an idealized 
system operating from the same command as the actual system under consideration. (The expression 
Ultimately Controlled Variable which is used here is a general term which refers to item 3 or, in (he al> 
sence of a quantity corresponding to item 3* to item 2.) 

6. The Reference Input is a signal established as a standardof comparison for a feedback control sys** 
tern by virtue of its relation to the command. (The term Signal emphasizes that the quantity under consid* 
etation conveys information.) 

7. Primary Feedback is a signal which is a function of the controlled variable and which is compared 
with the reference input to obtain the actuating signal. (This designation is intended to avoid ambiguity 
in multiloop systems.) 

8. The Actuating Signal is the reference input minus the primary feedback. 

9* The Manipulated Variable is that quantity or condition which the controller applies to the controlled 
system. 

10. A Disturbance is a signal (other chan the reference input) which tends to affect the value of the 
controlled variable. 

11. A Parametric Variation is a change in system properties which may affect the performance or oper* 
ation of the feedback control system. 

12. The System Error is the ideal value minus the value of the ultimately controlled variable. (See 
note under Ideal Value.) 

13* The System Deviation is the value of the ultimately controlled variable minus the ideal value. The 
system deviation is the negative of the system error. (See note under Ideal Value.) 

14. The Idealized System is one whose performance is agreed upon to define the relationship between 
the ideal value and the command. 

15. The Controlled System is the body, process, or machine, a particular quantity or condition of which 
is to be conaolled. 

16. The Indirectly Controlled System is the body, process, or machine which detennines the relation¬ 
ship between (he indirectly controlled variable and the controlled variable. 

17. The Feedback Controller is a mechanism which measures the value of the controlled variable, 
accepts the value of the command, and, as (be result of a comparison, manipulates the controlled system 
in order to maintain an established relationship between the controlled variable and the command. 

18. The Control Elements comprise the portion of the feedback control system which is required to 
produce the manipulated variable from the actuating signal. 

19. The Reference Input Elements comprise the portion of the feedback control system which cstal^ 
lishes the relationship between the reference input and the command. 

Definition Summary 28-10. Definitions, symbols, ond terms for feedback control systems. 

(Poge 1 of 2) 
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20. The Feedback Elements comprise <he ponion of the feedback cooirol system which establishes the 

relationship between the primary feedback and the controlled variable. 

21. The Summing Point is a descriptive symbol used in block diagrams to denote the algebraic sumraa 
lion of twT) or more signals. The direction of infonnaiion flow is indicated by arrows and the algebraic 
nature of the surnffiacioo by plus and minus signs. 

22. A Servomechanism is a feedback control system in which the controlled variable is mechanical posi 


uon. 


a) Proposed defmilions of basic fotdbock control sysfem terms 


Proposed Term and Symbol 


Command, v 


Reference Input Elements, o 


Reference Input, r 


Actuating Signal, e 


Control Elements, 


Manipulated Variable, m 


Disturbance, u 


Controlled System, 92 


Concrolled Variable, c 


[odirectiy Controlled System, i 


Indirectly Controlled Variable, q 


Feedback Elements, h 


Primary Feedback, b 


Summing Point 


Idealized System, g^ 


Ideal Value, i 


System Error, 


System Deviation, 


Other Terms and Symbols Used 

Input: desired value : set point : control point. (Jj, d, 
i as subscript 

Conversion elements : primary element : sensing elements 


Input : reference standard : desired value : set point. 

6 , V, d, i _ 


Error : unbalance : actuating error correction : deviation. 

«. u_ 


Amplifier: controller: servo amplifier : relay : error 
corrector, y, kg, h, p, a 



Load disturbance : upset : noise : drift. I, d, n 


Process : plant : load, y, kg, h, p, 0 


Output: regulated variable : measured variable, 0, 
f, o as subscript 


Process : plant : load 


Output : regulated variable. 0^,0, r, o as subscript 


Feedback transfer function, y, kg, g, 0 


Monitoring feedback : feedback. 0^ 


Error detector: error measuring means ; discriminator 


Ideal system : desired system : preferred system : reference 
system 


Desired value 


Error: deviation 


Error: deviation 


b) A glossary of forms and symbo/s. [Reproduced by permission from "Proposed Symbols and Terms for 


Feedback Control Systems," Elecfricof Engineering, VoK 70, No, 10, October, 1951 (A3).) 


Definition Summary 28-10. Definitions, symbols, ond terms for feedbock control systems. 

(Page 2 of 2) 


25 

















8 c 

I ® ^ 

I in M 

I u X 

1 8 f 

I a » 

I 


-n S 

= E 

2 j; 

UJ 


U » iL S u c 

- 6 9 2 g ® 

w 4#i; o*“x 

- — C c 

0 C ^ 5 ^ 

2-^ S I ? 


•- fl 

g E 

1 ^ 


5 


• u ^ -l_ 
£ c w 

0 O c 

V'O tc CL ^ 

|S 3 = 5 « 

C C o 


s - 

g:S 2 

e *9 e 


tl 


S c 


o o ^ 

c t 
0 .£ 


£“ = 
4 o 
E S 

X ± 
^ UJ 


0 S ^ N 

m ^ Li •«« 


V u 

N j; 


^ V ^ Li •«• 

Siw 


" 1 = 


fsi 


I ! 


! ! 


! i 


I 1 


n S. 
£ e: 

u- i: 

UJ 


r——— 
11 
I 

I 5K H 

I 00 -• 

I O A u 

I ^ 1m 

r 'M S 


u ♦ • 

■z .il'a 

3 2 3 -i J 

e A V 

#1 Z ^ M w 

12-S'- 
a-«= 0 

»« 

0 

4 - 4» « 

0 u 0 

* I 'i 

CL Q u 

V 

•J) 

These may 
be differeni 

forms of 
power 



® as'S J| 

loS. irs w « e-,2P 
</5 < yog 5 

V p 


e 

? ^ 
a s 

S.^ 

6 


t: ^ w 

^ 0 s 

a-S 8 

-o g 6 

g ? 2 

^ s e 
< c .= 


■r? 

ff ^ 

•i *: 

«.£ o 

- i{ ^ 

Q. 2 ^ 

Qt E • 

< - £■ 

V5 ^ 

t «" 

O 

g 

a 


o ^ 

^ S 

0 c 
0 


§1? 


? > 
c t 


. 

15 ? 
I 2 s 

I f tt 

:«" 
0 i: c 

g 2 i 

goo 

1=1^ 


51 

0 

9 a 
C 

r 0 

§ I 
II 


■0 i. 


£ I 


I ? 

II 

B| 

II 

H H 


0 ^ 
fi. } 


S 2 
9 K 

i 


J 

H TJ 

_ 9i 


it 0 

t 8 

-2 i 


c 

ii C7 


£ 1 


± O 

A W 

«« 

o c 

1 ■? 
c 0 
o ^ 
y c 


j I 

o 2 
^ 0 ^ 

o 4? * 

C S CM 
0> M 

®‘'o 'T 
«> ^ u 
•£ o ^ 
0 

O 5 § X 

§ 0 
a> 4^ a 
5 ^ £ 

^ % A 

o ?c U 
O K 
U. 

0 

S ! 

<NJ O 

.?J 

Li. * 


26 

















comprises the collective functions performed in and by the equipment in which a 
variable is to be controlled."* The controlled system may also be a ship, an air¬ 
plane, a gun, or any other operating system to which control may be applied. The 
terms listed in Definition Summary 28-10 generally have backgrounds that are too 
extensive to beconsideredhere. However, many of the terms and their associated 
concepts will appear in discussions of various measurement and control systems. 



Fig. 28-4. Diagram of the control loop. 

[Redrawn by permission from R. C Oldenbourg and H. Sartorius, The Dynamics of Automatic Controls, 1948, 

The American Society of Mechanical Engineers (01).] 

28.28. Figure 28-3, drawn after an illustration in Behar's Handbook of 

Measurement and Control , suggests a number of the basic features that appear 
in the generalized control problem. Figures 28-4, 28-5and28-6, adapted respec¬ 
tively from Oldenbourg and Sartorius, Eckman, and Ahrendt and Taplin, 
illustrate the types of diagrams that have been commonly drawn by engineers con¬ 
cerned with the control of plants and processes. Figure 28-7 is a diagram after 
Brown and Campbell, showing the features that often appear in. diagrams 
used torepresentservomechanismsystems. Figure28-8shows the features rec¬ 
ommended in reference to represent the basic pattern for feedback control sys¬ 

tems. The corresponding diagram recommended by the Terminology Committee, 
Industrial Instruments and Regulators Division, ASME is given in Fig 28-9 

It is apparent by inspection that the diagrams of Figs. 28-8 and 28-9 are identical 
except for small differences in terminology and for the omission of the "idealized 
system" and the "indirecUy controlled system" from the ASME diagram. 

28.29. The diagrams of Figs. 28-3 through 28-9 are generally similar. How¬ 
ever, for use in representing systems of arbitrary complexity, the schemes of 


• See ASME (A6), page 8. 
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Fig« 28*5* Anolysis diagram for o controlled system. 

(Redrown by permission from D. P. Ectcman, Princifiles of Indvsiriol Process Control, 1945, John Wiley & 

Sons, Inc. (E2)«l 
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Fig. 28-6. Controlled system diogrom. 

(Redrawn by permission from Automatic Foodbock Control by 
W. R. Ahrendt and J. F. Taplin. Copyright, 1951. McGrow-Hill 

Book Compony, Inc. (Al).] 
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Disturbance or controlled quantity 



Output 


Fig. 28*7. Closed-loop control system. 

(Redrawn by permission from G. S. Brown end D. P. Campbell, Principles ot Servomechonisms, 1948, John Wiley 

& Sons, Inc. (64).] 


Figs. 28-4, 28-5 and 28-6 offer one feature of superiority over the patterns of 
Figs. 28-7, 28-8 and 28-9. This feature is the segregation of the representation 
for the plant, the process, or the controlled system from the control system. In 
general, it is desirable to make this division because the entity to be controlled is 
usually much more cumbersome and difficult to change than any arrangement as¬ 
sociated with it for control purposes. Another strong reason for showing the con¬ 
trolled system as a well-defined and separate branch in the functional diagram is 
that a number of more or less independent control systems are often connected to 
the same controlled system. 

28.30. Figure 28-lOis a functional diagram for the combination of a controlled 
system and a single feedback control system with the arrangement of components 
suggested above. The necessary connections from the controlled system to the 
control system are usually receivers of some type, such as thermometer bulbs, 
acidity (pH) electrodes, and flow meters, that by design are made to have relatively 
small effects on controlled system operation. The connections from the control 
system to the controlled system carry the n^^ input flow adjustor control power, 
which is the essential output of the feedback system. In practice, the flow adjustor 
may be a valve if the input is a liquid, a rheostat or generator if the input is an 
electrical quantity, or the speed control for a conveyor belt if the input is a solid 
of some kind. The system in which the various inputs are brought together under 
the proper conditions may be called the converter . The output from this com¬ 
ponent is the converter output, which is carried out of the controlled system by the 
output coupler . The flow of this output is adjusted by the output coupler in accordance 
with the output demand setting , which may be made to affect the coupler either by 
an open-chain system or a feedback control system. 

28.31. An internal combustion engine may be considered as an illustrative con¬ 
trolled system: the air and fuel flow valves serve as input flow adjustors, the cyl¬ 
inder and piston combination act as the converter, and a clutch attached to the 
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Fig. 28*8. Block diagram for a feedback control system containing all basic elements. 

(Redrown by permission from “Proposed Symbols and Terms for Feedback Control Systems,’’ Electrical Engineering, Vol. 70 

No. 10. October, 1951.(A3).1 











Di scurbance 



Fig. 28*9. Diagram for a feedbock control system. 

[Redrown by permission from “Aulomotic Control Terminology," Mechanical engineering, Vol. 74, No. 6, 

June, 1952 (A5).] 

crankshaft assumes the output coupler function for power from the system. When 
a steam-supplied liquid heater is taken as the controlled system, the steam supply 
valve acts as the input flow adjustor, the heater itself as the converter, and the 
output flow valve serves as the output coupler. 

28.32. Figure 28-11 is a symbol diagram for a controlled system with several 
feedback control systems acting on various inputs. To simplify this diagram, written 
names are omitted, leaving only identifying symbols similar to those of Fig. 28-10 
to represent the various operating components and subsystems. Each control system 
is identified by the number of the input with which it is associated. Short lines with 
identifying numbers in parentheses show connections between the controlled system 
and the control systems. Simple parentheses are used to indicate connections with 
the converter; parentheses with a prime after the symbol show connections to the 
output coupler; primes before the parenthesis identify connections to the flow ad¬ 
justors. The conventions described may be applied to more complicated situations 
in which interconnections exist between input adjustors and control systems. A num¬ 
ber of examples using the pattern illustrated in Fig. 28-llappear later in this volume. 
The reader is referred to the report of the Terminology Committee, Industrial In¬ 
struments and Regulators Division, ASME^^^^for diagrams illustrating various 
automatic control combinations. 

ILLUSTRATIVE SCHEMATIC AND FUNCTIONAL DIAGRAMS FOR A LIQUID HEATER 

28.33. Differences between the diagrams of Figs. 28-8 and 28-9, which are 

recommended by the committees of the AIEE and and diagrams 

formed under the conventions of Figs, 28-10 and 28-11 are actually not so great as 
a casual comparison seems to indicate. A diagram of the first type becomes a dia¬ 
gram of the second type when details are changed slightly and components rearranged 
to separate parts that reasonably belong to the plant from parts that reasonably 
belong to the control system. To demonstrate the equivalence of the two types of 
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Fig. 28*10. Functional diagram for a controlled system and o single feedbock control system, 
diagrams for a specific system, Figs. 28-12 and 28-13 are provided. Figure 28-12 
is a functional-schematic diagram for a steam-supplied heater system that takes 
liquid from a supply main and adjusts its temperature within certain tolerance 
limits about a constant setting; this adjustment of temperature is accomplished by 
means of a feedback control system. Figure 28-13 is a functional diagram show¬ 
ing that the system of Fig. 28-12 falls directly into the pattern of Fig. 28-10 and 
that this pattern contains the essential concepts of Figs. 28-8 and 28-9. 

28.34. Comparison of Figs. 28-12 and 28-13 shows that the first input supply 
is the liquid supply main , and the second input supply is the steam supply main . 
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Note: The symbols of this diagram ote ossoclated with names by the ccnvenllcns Illustrated in Flq, 2$-l0, Intercoiwctlons 
between coitrol systems may be shown as required. In practice, each component or subsystem Is desatbed by o 
diagram showing Internal details. 


Fig. 28-11. Generolized functional diagrom for a control led system with multiple feedback control systems. 
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Fig* 28-12» FunctioftoUschemcfic diogram for a liquid heoter with proper frames for operating components. 
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No flow adjustor appears in the liquid supply line, since the liquid flow is adjusted 
by the valve that serves as the output coupler in accordance with the demand setting 
for temperature-adjusted liquid. A powered steam valve acts as the second input 
flow adjustor . The liquid heater , with its shell and steam coils, acts as the con¬ 
verter . A thermometer bulb placed inside the heater supplies a temperature- 
dependent pressure to the Bourdon-tube type temperature indicator , which acts as 
the control system input receiver . This receiver produces indicated temperature 
as the control system input signal , a specific angular position of the temperature 
indicator output shaft. This angular position is received by the feedback signal 
linkage ,which acts as the feedback signal generating system to produce the tem¬ 
perature feedback signal . This feedback signal is one of the inputs to the command 
signal - feedback signal comparator , which also accepts the temperature command 
signal from the command signal linkage that acts as the command setting receiver. 
The output from the comparator is the feedback correction signal , which is the 
difference between the command signal and the feedback signal. This correction 
signal is the input for the control power signal generating system, which in Fig. 28-12 
is a conventional pneumatic control vane arrangement* that may be associated with 
various integration and differentiation functions as required for the type of con¬ 
trol** to be used, and produces the control power signal as its output. This pneu¬ 
matic signal is the input for the control power output system , which supplies 
pneumatic pressure as the control system power output to the steam inpuj valve. 
The net result of the system operation depicted in Figs. 28-12 and 28-13 is that 
the feedback control system changes the steam flow so that the temperature of the 
output liquid is maintained near the temperature command setting for all liquid 

flows within the operating limits of the system. 

28.35. The relationships between the operating components, names and symbols 
used in the diagrams of Fig. 28-13 and the corresponding components, names and 
symbols used in the diagrams of Figs. 28-8 and 28-9 are illustrated by placing 
symbols and names from the latter diagrams on the former diagram. The cor¬ 
responding quantities and components are listed in Table 28-1. 

28.36. In practice, each new physical situation is likely to present special 
features that must be described by concepts and represented by symbols that are 
unambiguous, understandable, and easily remembered. When attention is restricted 
to a narrow range of problem types, any properly descriptive system of terminology 
will be satisfactory. On the other hand, if a wide variety of problems with many 
interrelationships must be simultaneously considered, the system of self-defining 
notation and the diagram patterns illustrated in Figs. 28-10. 28-11, 28-12 and 28-13 
offers considerable advantages over other systems in common use. It is not to be 

• SfTAhrendi and Taplin (Al). Behar (02), and Eckman (E2>. 

•• See AIEE {A3) and ASME (A5). 
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Table 28-1. Corresponding components, nomes, ond symbols used in Figs. 28-13, 28 9 and 28-8. 

1 

In Fig. 2B-13 

in Fig. 28-9 

In Fig. 28-8 

Command Setting, 

Set Point, V 

Command, v 

Command Setting Receiver, (csf) 

Reference Input Elements, a 

Reference Input Elements, o 

Cotwnand Signal, (Sg)(c,nd) 

Reference Input, r 

Reference Input, r 

Command Signal • Feedback Signal 
Comparator, (csfsc) 

Actuating Signal, e 

Summing Point 

Actuating Signal, e 

Feedback Correction Signal, (Sg) 
or Feedback Signal Coaection, 

Control Power Signal Generating 

System, (q)sgs) 

Coocrol Power Output System, 

(q»s) 

(second) Input Flow Adjustor, ' 

(ifo) 2 

Control Elccnents, g^ 

Control Elements, 

(second) Input Flow, (Fl)(j „)2 

Manipulated Variable, m 

Manipulated Variable, m 

Converter, (c) 

Process, 

Controlled System, 92 

Disturbance, U 

Disturbance, u 

Disturbance, g 

Converter Output, q(out)c 

Controlled Variable, c 

Controlled Variable, c 

Output Coupler, (oc) 


Indirectly Coacrolled System, z 

Output, q(out) 


indirectly Controlled Variable, q 

Conaol System Input Receiver, (csir) 

Feedback Signal Generating System, 

(fbsgs) 

Feedback Elements, h 

Feedback Elements, h 

Feedback Signal, (Sg)(jb) 

Primary Feedback, b 

Primary Feedback, b 


expected that an instrument engineer, who must deal with situations and collab¬ 
orators from various fields of engineering, will be able to restrict himself to the 
use of any one system and set of conventions. He should be so familiar with various 
patterns for describing physical situations that he is able to work in the terms 
that, for any one of many reasons, appear to be most effective in any given case. 
The discussions of later chapters are presented in the notation commonly used for 
the particular problems considered and, in addition, are drawn into a common pat¬ 
tern by use of the conventions described in this chapter. 
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CHAPTER 29 


INDICATION AND MEASUREMENT 


INTRODUCTION 

29.1. Measurement is a term applied to the process of associating numbers 
with physical quantities. Chapter 8 describes this process and discusses the basic 
requirements that must be fulfilled by the measure of any actual quantity. Devices 
designed to meet these requirements by associating numbers with physical quan¬ 
tities are measuring instruments . For example, the pressure gage described in 
Chapter 2 is a pressure-measuring instrument made up of a pressure-indicating 
mechanism and a scale . The mechanism is an operating system that receives* 
pressure as its input and produces a corresponding indication . In this case, the 
indication is the index position in terms of the index angle measured from the 
index reference position . The scale is a disk concentrically placed with respect 
to the axis of rotation of the index and marked with divisions that represent levels 
of the input pressure. The index position, read in terms of the scale divisions, 
gives a measure of the input pressure as the pressure scale reading . This reading 
may also be called the indicated pressure or the pressure reading . 

29.2. All measuring instruments include an indicating mechanism and scale 
combination similar to that illustrated by the pressure gage example. This fact 
makes it possible to develop certain useful generalizations for measuring instruments. 
These principles are especially simple and convenient for ideal instruments , which 
are formed of operating components that behave exactly in accordance with theo¬ 
retical descriptions of their performance. Actual instruments , whose components 
only approximate ideal behavior, are more difficult to describe in theoretical 
terms because corrections and uncertainties must be taken into account. 

29.3. Various systems of terminology and notation are described by writers 
in the field of measurement and control.** The names and symbols used in these 
systems differ among themselves, but the same basic concepts appear in all dis¬ 
cussions. This chapter is devoted to a summary of concepts,methods,definitions, 
and symbols for the description of measuring instrument operation and perform¬ 
ance. The scheme of concepts, definitions, and symbols used in InstrumeiU 

• ]t is also common praciic- to use the word senses as a synonym for receives in situations of this kind. 

•• See ASME (A5), (A6), Hchar (B2), British Standards Institution (B7), Eckman (El), National Research 
Council (Nl), Rhodes (Rl), Trimmer (Tl), and Zimmerman and Lavine (21). 


38 



Engineering has certain conflicts with proposed standard systems,* but it is also 
more complete than any system described in the literature. For this reason, it is 
not possible to make a comparison of each of the concepts developed for the pur¬ 
poses of this book with a corresponding definition in the literature. However, in 
many instances direct parallels do exist and are mentioned in this chapter. 

INDICATING INSTRUMENTS 

29.4. Indicating instruments , or indicators , are operating systems that as¬ 
sociate indications with the levels of an input quantity. Indicators do not carry 
markings in terms of the input quantity and for this reason do not qualify as meas¬ 
uring instruments. Indications have the form of some directly observable quan¬ 
tity, such as the linear or angular position of a mechanical index or a spot of 
light. Components or systems that generate output signals to represent the input 
quantity are receivers , not indicators, unless an indicating system is added to 
produce some directly observable output that may be classed as an indication. 
The indicating instrument mechanism produces an indication that varies with 
changes of the input quantity, but no provision is made for directly associating 
measures of this quantity with the indication. Sections a and b of Definition Sum¬ 
mary 29-1 illustrate schematic and functional diagrams for representing the in¬ 
dicating instrument. 

29.5. Sectioncof Definition Summary 29-lgivesa functional diagram for the 
indicator mechanism (identical with the indicating instrument mechanism) resolved 
into three operating components that very often appear as natural components of 
devices for generating indications. These components are the input receiver, (also 
called the receiver or sensor ), which receives the input quantity and produces the 
inp^t receiver output ; the coupler , which receives the input receiver output and 
produces the coupler output ; and the indicating system , which receives the coupler 
output and produces the indication. 

29.6. The static performance andthegeneralizedperformance(i.e., combined 
static and dynamic performance) for the indicator mechanism and its components 
are listed in section d of Definition Summary 29-1 in terms of static sensitivities 
and performance functions with identifying subscripts formed by the conventions 
described in Fig. 4-1 of Chapter 4, Fig. 10-3 of Chapter 10, and Definition Sum¬ 
mary 28-6. Section d of Definition Summary 29-1 also gives products of sensitiv¬ 
ities and of performance functions, formed in accord with the principles illustrated 
in Figs, 3-3 and 3-4 of Chapter 3 and used to describe the over-all performance 
of the indicator mechanism in terms of the ^t q^tity - indication static sen- 
si^of Uie in dicator and the inpiU quantity - indication performancel^ioTTf 

Equations (2), (4), (6), (8), (10) and (12) of Definition Sum^Ii^-T 

• See AIEE (A5) and ASME (A5), (A6). 
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Index Reference 
Position 


lodication 

(Ind) 


Input 

or 

Input Quantity 

^iin) 


Instrument Mechanism^ 
or Indicator Mechaniso 
or indicating Mechanism 

(im) or (m) 

or 

Indicator 

(i) 



Indicating insmiroents include an indicating mechanism and a scale. Scales for indicating instruments 
may have no markings and in any case nre not marked in terms of the input quantity. Indicating instruments 

may also be called indicators. 

oj Scheffiofic d/egroni for o fypico/ indfcofing 


Input 


^(In) 


Instrument Mechanism 


or Indicator Mechanism 


or Indicating Mechanism 

Indication 

(im) or (m) 

(Ind) 

or Indicator 


(i) 



The indication may be any observable physical quantity; e.g..the linear or angular position of a roe- 
chanical index or light spot. 

bj Sing/e-fefoclt foncfionol Stogram for an indicotmg insfrumenf 
The indicating mechanism may be considered as made up of the three operating components shown below. 


Input 

Quantity 

‘l(ln) 



Input 

Receiver 

Output 

T, 


indicating Mechanism 
(im) or (m) 



Coupler 

Output 
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Indicating 

System 

(is) 


i Indication 
J_ 


I 


(Ind) 


L 


The input receiver may aUo be called the l^ or merely the sensor. 

c) Functionol diagram for on indicoting mechtwiism 


Definition Summary 29-1. Representotion and performonce description for an indicating 

instrument mechanism. (Poge 1 of 3) 
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Using the notational conventions of Figs, 4*1 and 10*3 Definition Summary 28*6, the performance of 


Component or System [ 

Static Perlotmance 

1 Generalized Performance 


Input Receiver 

■ ^(lr)(q,,-j;q,)(st}9ilnl 

9f P^Vr)[q(,„):qj]'^(in) 

(1) 

(ir) 

or 

or 




% - PF](lr)9(in) 

(2) 

Coupler 

9c “ ^(c)(q ;q ]{sll9r 


(3) 

(c) 

or 

or 



9c = ^(c)(stl9r 

9c * PF]c9r 

(4) 

Indicating System 

(Ind) « 

(Ind) = [PF],i„[,^,(i„d)]9c 

(5) 

(is) 

or 

or 




(Ind) . [PF],.„q, 

(6) 

Indicating Mechanism 
(im) 

(Ind) - ^(imllqjj„);(lnd))(st)9(ln) 
or 

(Ind) - [Pf^](lm)[q,^^,;{Ind>l9(lnI 

or 

(7) 


(Ind) -= 

(Ind) - [PF]„d„„, 

(8) 

where 




^UmlU(,„j;(lnd)l(5t) 

or 

^(lr)[q{ln);qrl(st)^(c)[qj;qj.](st) ^ 

(isllqurflndlllsl) 

(9) 


:c)(8ti^as)(st) 


(10) 

and 






f’^^tlsllq^MInd)] 

(11) 


or 


[PF]„ = [PF](,„ PF]^ PF]n„ (12) 

Definitions and names for the symbols of Eqs. (I) through (6) follow the conventions described in Figs. 4*1 
and 10*3« For example: 

* input quantity-indication static seositiTity of the indicating mcebanism 

* input quantity-indication performance function of the indicatbg mechanism 
d} Description of indicating mechanism performance 

As a special example, consider the pressure indicating mechanism of the pressure gage described in 
Chapter 2: 

Pressure Indicator Mechanism 



Delinition Summary 29-1. Representation and performonce description for an indicoting 

instrument mechanism. (Poge 2 of 3) 
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Component ot System 

1 Static Perfoimance 

Generalized Perfoimance 


Pressure Receiver 

^ CD “ ^ pr'[p:d](st !p(in) 

^(pri = f’^](prl[p;dlP(ln) 

(13) 

(pr) 

or 

or 



^(pfi * ^ipr)Pfln) 


(14) 

Coupler 



(15) 

(c) 

or 

or 




J= - PFl-d,,,, 

(16) 

Indicaciog System 

^lp)(tr,3) * ^'is)(a:A](st)'^c 

^(pldndl = P^^dslfd.-Al'^c 

(17) 

(is) 

or 

or 



A - 5 d 

^Ip)(ind) ' P^^dsl^^c 

(18) 


or 

or 



(Ind)p = S(,5,(5,,d^ 

(lnd)p - [PF]u„d^ 

(19) 

Pressure lodicacing 

^(p)(lr<i) = ^(?tro)[p;A](st)P(lr.) 

^(p)(lnd) * PPVlJntfpiAlPdn) 

(20) 

Mechanism 

or 

or 


(pirn) 

^(pHlr.d) “ ^lplm)(s!)p!ln) 

^(pXlnd) ■ PP](pJm)P(lft) 

(21) 


or 

or 




{lnd)p - PFl^Pdnl 

(22) 

u here 




^(pim ](p; A)(st ^ 

^'prl(p;d](stl^lc)(d:d)(st)^{is)(d:A)(st) 




pre$sure«angle stACic sensitivity of the 

pressure indicating mechanism 


s 

^(plroMsO ^ 


(23) 


Pf'J(pr.[p;dl Pn,clld;dl Pf'JdsttdjA) 


(24) 


or 


PF] 


= PF],,,, PF], PF],,, 

« prtssure^aaglc performaoc^ {uoctioo of th« pressure iodicactog mecbanism 


and 


PF] 


(pirn) 


PF] 


.Ti 


(25) 


(26) 


e) Representati on of perfomionce for on iZ/vstrofivt pressure indicator mechanism 

Definition Summary 29*1. Representotion and performance description for an indicoting 

instrument mechanism. (Page 3 of 3) 


illustrate a simplification of symbols obtained by the omission of input-output 
bracket subscripts. This modification becomes possible for situations in which 

the background is so obvious that misunderstanding of symbol meanings is very un¬ 
likely. Section e of Definition Summary 29-1 illustrates an application of the gen¬ 
eralized pattern of sections c and d to the specific case of the pressure gage mecha¬ 
nism represented in Fig. 2-3 of Chapter 2 and in Definition Summary 28-5. 


MEASURING INSTRUMENTS 

29.7. Measuring instruments are indicators with scales marked in terms of 
measures of the input variable. An indicator must have a mechanism and may 
have scale markings, but it does not become a measuring instrument until input 
quantity levels in nu erical terms are associated with the scale divisions. For 
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example, a pressure gage might have a mechanism sensitivity of ten degrees per 
pound per square inch. The scale might actually be marked off in degrees, but the 
device remains an indicator until numbers in terms of pressure are placed on the 
scale. Pressure readings may also be found with the aid of tabulations or charts 
giving pressure readings in terms of indications expressed in degrees, but the 
devices that provide the indications are not measuring instruments. 

29.8. In general, indicator scale markings may be arbitrarily placed without 
regard todegrees,inches, or any other measure of position. Any indicator whose 
scale markings are placed so that input quantity measures are given by products 
of the indications associated with the markings and a numerical factor, falls into 
the class of measuring instruments when the factor is marked on the instrument 
itself. The number by which indications must be multiplied in order to obtain in¬ 
put quantity scale readings is the scale factor . It should be noted that the term 
"scale factor" is also applied by some writers* to a conqept identical with that 
defined in Figs. 4-land4-2 of Chapter 4 as static sensitivity . This usage of "scale 
factor " will not appear in Instrument Engineering except for comparison purposes. 

CALIBRATION 

29.9. The calibration ** of a measuring instrument is the process of associating 
indications with input quantity levels and the corresponding scale readings with 
the indications. Under this definition, an indicator becomes a measuring instru¬ 
ment when it is calibrated in terms of its input quantity . This transition is il¬ 
lustrated in sections a and bof Definition Summary 29-2, where the measuring in¬ 
strument is shown as made up of an indicator and a scale calibrated in terms of 
the input quantity. 

29.10. Equations (1) through (8) of Definition Summary 29-2 describe the 
performance of a measuring instrument in terms of the performance of its mecha¬ 
nism and the performance of its scale. The scale is usually a series of marks on 
a piece of solid material, so that, except for special cases, its performance is 
satisfactorily described by a static sensitivity with the indication as its input and 
the scale reading as its output. 

PERFECT. IDEAL, AND ACTUAL MEASURING INSTRUMENTS 

29.11. A measuring instrument is a perfect measuring instrument when its 
scale readings , which are associated with indications by the scale, are always 
exactly equal to the true measures of the corresponding input quantity levels. A 
measuring instrument is an ideal measuring instrument when perfect observation 
(i.e., observation that gives scale readings exactly matched to indications) pro- 
duces sca le readings that are equal to the true measures of input quantity levels 

• See Frost (F3). 

•• The calibration of aa iodicator is the process of associating indications with input quantity levels. 
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locei Refereoce 
Position 


Output is 


Input 


IflscnuDeot 

.VkcfaaniscD 

(im) 


/^ Scale 

h (s) 

d- q 


Index 

(i) 


Input Quantity 
Scale Readioj: 

% 

or 

Indicated 
Input Quantity 

•^dnd) 


DiTisioos are marked 
in terms of the input 
quantity 


The scale is calibrated to terms of the input quantity, i.e., the scale is given markings and associated 
numbers that represent indications for levels of the input quantity*. 

I 

Ttf oyfput of c m^a$uring instfumtnt is the scale reading 
in terms of a measure of the input quantity. 

(See Chapter 8 for definitions associated with measurement.) 

For example, the scale of a pressure gage is given markings and numbers chat represent the positions the 
index «ill have when the input pressure levels have measures chat conespond to the scale readings. 

a) Schematic diogrom for o measuring instrument 


The functional diagram for a measuring instrument is 


Input Quantity 




Measuring Instrument 

(mi) 


Input Quanuty ^ SCALE READIN3 
Scale Reading 


For example, the functional diagram for the pressure gage is 


Input Pressure 



Pressure Gage 

(pg) 


Indicated Pressure 


Pressure Scale Reading 



b) Sing/e-t/ock functional diagram for o measuring instrument 


Definition Summory 29*2. Functionol diagram ond performance description for 

meosuring instruments. (Page 1 of 3) 
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co„bina.,o.s of u.,.a„en. „cha„,s,.» (Wiccs) and aclas. A generalized 


functional diagram for instruments of this kind is 

Measuring Inscruinenc 


i 

Input 

Quantity 

— — 


(mi) 


Instrument Mechanism 

Indication 

—-1 

‘f(ln) 1 


(im) Of (m) 

(Ind) 1 


Index 

(i) 



SCALE READING 

R_ 


_J 


Input Quantity 
Scale Reading 

% 


Performance for the measuring instrument and its components may be described in the terms defined in 


Chapters 5. 4, 5 and 6. A performance description of this kind for the measuring insgumeot is as follows 


LJiaprers ^ v* 

Component oi System 

1 Static Performance 

Generalized Performance 

Indicating Mechanism 
(im) 

(Ind) = 

or 

(Ind) = 

(Ind) = U) 

or 

(In'* ■ [PFLq(i„) ») 

Scale 

% = ^(s)[{Ind):qlM 

‘W “ S,,,({,„j,.q](lnd) 

(3) 

(s) 

or 

or 



% = S,(lnd) 

q, = SJInd) 

(4) 

Nota: The scoie division markings are generallY not subject to dynomic effects. This means that 



^^^U)((lndl;ql ® « 

^(s)[(Ind);ql(st) 

(5) 

In any situation for which this is not true« scoie performance is given by o performance function 


lPPl(s)({lnd):ql ** **‘’*‘‘= sensitivity S(,,(([„d);q)(st)- 


Measuring Instrument 

^5 * ^(lm)[q:(Ind)](3t)^(*)[(lnd);q]^(ln) * f^^^(lm)[q;(Ind))^s[(Ind);ql'^(ln) 

(mi) 

or 

or 

(6) 


^s ^(ml)[q;ql(8t)^(ln) 

^5 “ ^^^(mU(q;q]^'in) 

(7) 


or 

or 



* ^(ml)(sl)^(ln) 

* P^3(ml)^{ln) 

(8) 


c) Meqsuring insfrumenf performonce in terms 0 / mechenism performonce and sco/e sensifivify 


Under static conditions, any given scale reading of an ideal measuring instrument is (except for errors 
accepted in the calibration) identical with the measure of the input quantity level that produces the index 
position (indication) corresponding to the given scale reading* As a consequence of this condition, an ideal 
instrument under static conditions always gives 

^‘Is^(ldeal) “ (9) 

It follows that 

^(mI)[q;q]{st)(ldeQl) “ ^ (10) 


and 


s 


(s)[(Ind);q](ldeal) “ 


^{Jm)(q;(Ind)](8t)(Ideal) 

» indication - indicated quantity ideal scale 

Definition Summary 29*2. Functlonol diagram ond performonce description for 

measuring instruments. (Page 2 of 3) 
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Equation <li) ^ivcs the basic calibration condition chat represents (he static performance goal for all 
measuring instruments. 

Uhen (he background of the situation defines the input quantity and the stale reading, Eq. (11) may be 
tkritien in the form: 

^tsKldeal) “ "?-^ 

^(mXstKtdeoU 


When It is understood that Eq. (12) is a static performance goal for actual instruments, 

6) /c/eo/ meosur/ng instrum ent sforic per/ormonce in terms of mechonism performance end 

SCo/e sensitivity 

Definition Summery 29-2. Functionol diogrom ond performance description for 

meosufirjg instruments. (Page 3 of 3) 


( 12 ) 


(13) 


except for discrepancies that are known and accepted in the specified calibration. 
An actual measuring instrument has the accepted performance discrepancies of 


the ideal measuring instrument and, in addition, produces scale readings that have 
other differences from true measures of the input quantity. These additional dif¬ 
ference components are not exactly determinable, but they may be estimated with¬ 
in more or less uncertain limits by the use of probability theory, or some other 
method. 


RELATIONSHIP BETWEEN SCALE SENSITIVITY AND MECHANISM SENSITIVITY FOR IDEAL 
MEASURING INSTRUMENTS 

29.12. Perfect observations from any ideal measuring instrument with negli¬ 
gibly small static performance discrepancies give static scale readings equal to 
the corresponding true levels of the input quantity. This fact means that for an 
ideal instrument under static conditions the input quantity scale reading, ,is 
equal to the input quantity, q„„, (the input quantity is considered as meaning the 
measure of input quantity ). The corresponding condition on the mechanism 
and scale static sensitivities is given by Eqs. (10) and (11) of Definition Sum¬ 
mary 29-2. These equations show that the input quantity - scale reading stat^ 
sensitivity for the instrument must be equal to unity and that the indication - scale 
reading sensitivity must be equal to the reciprocal of the input quantity - indication 
static sensitivity. This relationship is the basic rule of measuring instrument 
static performance and is repeated with simplified notation in Eqs. (12) and{13) 
of Definition Summary 29-2. A case in which the relationship between mechanism 
sensitivity and scale s ensitivity is an especially important feature of an instru- 
ment is described in Design Performance Summary 5-1 and Derivation Sum¬ 
mary 5-1 of Chapter 5. 
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PERFORMANCE.QUALITY.DESCRIBING CONCEPTS FOR ACTUAL MEASURING INSTRUMENTS; 
INACCURACY, UNCERTAINTY. AND ERROR 

29.13. From the standpoint of performance qu^, actual measuring instru¬ 
ments differ from perfect measuring instruments because actual scale readings 
are not identical with the true measures for the corresponding input quantity 
levels. Asystemof concepts,definitions, and symbols is developed in this chapter 
for describing the features that determine performance quality. 

29.14. By definition, the algebraic difference between the act^ sc^ read^ 
falso called the indicated scale reading or simply the scal^ reading) and the corre ct 
scale reading, which is equal to the true measure of the input quantity level, is the 
indicated quantity inaccuracy or the scale reading inaccuracy . The discussion of 
Chapter 9 shows that this inaccuracy is a special case of the indicate^ quan^ 
deviation that for the present situation may be defined as the algebraic difference 
between the indicated scale reading and a reference scale reading equal to the 

true scale reading. 

29.15. In general, indicated quantity inaccuracy may be resolved into two 
components. Of these components, indicated quantity uncertainty is not exactly 
determinable except in special cases and must be treated by a statistical procedure 
or estimated within limits by some other method. Statistical methods similar to 
those discussed in Chapter 11 maybe applied to the determination of measures 
for uncertainty when it is possible to take a series of scale readings for the same 
input quantity level. When the input quantity varies with time in a way that makes 
repeated observations for the same input level impossible, the methods developed 
for static quantities must be extended and supplemented by more powerful pro¬ 
cedures. 

29.16. When a series of scale readings of reasonable length is available for 
the same input quantity level, uncertainty effects may be theoretically reduced by 
averaging the readings and treating the resulting average indicated quantity (which 
may alsobecalled the average scale reading ) as effectively free from uncertainty. 
The remaining component of inaccuracy is the indicated quantity error. Fig- 
ure29-l, which is similar to Fig. 9-9, illustrates the definitions of inaccuracy and 
its components, uncertainty and error, in terms of the normal probability distri¬ 
bution* for static observation. In Fig. 29-1, parallel names and symbols show 
that scale reading (symbol Rg) may be considered as an equivalent generalization 
of indicated quantity (symbol ^imd)). 

29.17. The inherent nature of uncertainty precludes the complete removal of 
its effect from any particular scale reading. The best that can be done in practice 
is to provide an estimate of the uncertainty magnitude on the basis of a statistical 
study of performance for the components involved or from some source that 

* A discussioD of the nortx^ probability distribution is given in Chapter 11. 


47 



Occurrence number (Nn^r)q or (N)q (number of tlmcn the level q occur.s) 

(of (hf) ot t Inmo Ryj occurri)| 



[(E)R,.„„, ^ (E)R.] 


(Refer ro Fig. 9-9) 


Fig. 29-1. Definifions for inaccuracy, uncertainty, ond error of indicoted quontily end scale reoding 

when repeoted observotions are possible. 
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provides an estimate of maximum uncertainty. Scale reading er^ is unlike scale 
reading uncertainty because it is systematic in the sense that it is identical for all 
the readings from a particular measuring instrument each time a given input level 
is applied. This fact makes it theoretically possible to determine the error as¬ 
sociated with any given scale reading and to account for errors by means of sca ^ 
reading corrections . In the ideal case, these corrections may be used to find co^ 
rect scale readings by the elimination of error effects. On the other hand, practi¬ 
cal situations do not often provide ideal scale reading corrections, so that the 
actual scale reading corrections that are available produce corrected scale readj- 
ings, which differ to some extent from the correct scale readings. 

29.18. For any given case, the correction is defined as the corresponding 
error with its sign reversed. When this convention is accepted, all the essential 
conventions for error and correction are summarized by two rules: 

1) AJd positive corrections to octual scale readings to find corrected scale readings. 

2) Corrections are equol to errors with signs reversed. 

Deviation corrections may be defined for indicated scale reading deviations by a 
relationship identical with that used for scale reading corrections. 

29.19. All the foregoing definitions represent special cases of the quantity 
comparison concepts defined in Chapter 9. The relationships involved are il¬ 
lustrated graphically in Fig. 29-2, which is generally similar to Fig. 9-11. Self¬ 
defining symbols formed by use of the conventions described in Chapter 9 are 
givenforeach of the quantities illustrated in Fig. 29-2. Parallel names and sym¬ 
bols are used for scale readings and indicated quantities. 

29.20. When input quantities and the corresponding scale readings are varying 
with time, it is impossible to make repeated observations at any given instant,but 
the erratic component in any given continuous record may be reduced by smoothing . 
Smoothing may be of many types and may be introduced either by operation of the 
instrument mechanism or by some mathematical treatment of the data from scale 
reading records. In any case, the smoothed scale reading under nonstatic condi¬ 
tions corresponds to the average scale reading for static conditions. With a sub¬ 
stitution of the smoothed scale reading for the average scale reading, error and 
deviation for continuous variations are similar to the corresponding concepts de¬ 
fined in Fig. 29-2 for static conditions. Inaccuracy at any given instant may be 
defined in the same way for varying conditions as for static conditions. On the 
other hand, simple statistical treatments of inaccuracies are not directly useful 
when repeated scale readings for the same input quantity level are unavailable. 
For this reason, it is convenient to define roughness as basically similar to the 
concept of uncertainty for static conditions. Under this definition, scale reading 
roughness at any given instant is the difference between the scale reading and the 
smoothed scale reading. Figure 29-3, which is similar to Fig. 9-10, illustrates 
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Fig. 29-2. Summary of definitions ond symbols for concepts ossocioted with the description of measuring instrument stotic performance quality. 
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the concepts just defined and gives the corresponding self-defining symbols for 
indicated quantity and scale reading based on the conventions of Chapter 9. 

TERMINOLOGY FOR DESCRIBING THE QUALITY OF MEASURING INSTRUMENT 
PERFORMANCE 

29.21. Imperfections in scale readings determine the quality of measuring 
instrument performance. Thus, an instrument of this class with small scale reading 
imperfections has performance of high quality, while another instrument with larger 
scale reading imperfections has lower quality performance. Performance quality 
is amatterof primary concern in describing measuring instrument characteristics, 
not only to engineers but also to users and others who are interested only in results. 
For this reason, it is important to define a complete system of concepts and terms 
associated with this aspect of instrument operation. In order to facilitate discus¬ 
sions of measuring instrument problems, it is desirable to select commonly used 
names for essential concepts and to assign meanings that fit into the context patterns 
generally associated with the names. The concepts and terminology described in 
this chapter are the result of an effort to develop a system with these characteris¬ 
tics. It is the purpose of this section to outline the background reasons for select¬ 
ing the definitions summarized in Figs. 29-1, 29-2 and 29-3. 

29.22. Writers who discuss terms for describing the quality of measuring 
instrument performance generally agree that three concepts have fundamental 
importance: 

1) The first concept is associated with the difference between the actual 
scale reading and the corresponding correct scale reading. 

It is a commonly recognized fact that this difference may be resolved into two com¬ 
ponents, one nonsystematic and the other systematic: 

2) The second concept is associated with the component of the difference 
between the actual scale reading and the corresponding correct scale 
reading that must be described by a statistical measure of reliability 
or localized within a maximum limit by some other method. 

3) The third concept is associated with the component of the difference 
between the actual scale reading and the corresponding correctscale 
reading that is systematic and can be represented reasonably well 
in exact numerical terms. 

29.23. Definition Summary 29-3 lists the definitions given by Webster's New 
Collegiate Dictionary * for a group of words that might be associated with the three 
basic concepts of measuring instrument performance quality. The words accuracy 
inaccuracy, deviation, variation, variance, and error, which are listed in section a 
of the summary, might be associated with the first concept, since all appear to 
have meanings that fit in with a description of differences between actual scale 
readings and correct scale readings. By definition, the term accurate means 
". . . in e xact or careful conformity totruth, or to some standard, esp. as the result 

• All definitions reproduced by permission from Webster’s New Collegiate Dictionary , copyright, 1949, 
i95I, by G.&C MerrUm Co* 
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Qccurote adj. In exact or careful conformity 
CO truth, or co some standard, esp. as the result 
of care; exact. — Syn. See CORRECT. . .. 

OCCUfOcy —n. State or quality of beiftg ac* 
curate; freedom from mistake or error; precision; 
exactness. 

inaccurate ^ aa). Not accurate; hence, in- 
correct; errorteous. 

Inoccurocy-n. Quality or fact of being in¬ 
accurate; also, a mistake; an error. 

deviate^tM. To turn aside from a course; co 
stray, as from a standard, a topic. . •. 

deviotion —n. Act or instance of deviating; 
a turning aside. 

voriotion-n. t. Actor an instance of varying; 
change in the form, position, state, or qualities 
of a thing; modification, mutation, or deviation, 
or an instance or example thereof. 2. Extent to 
which a thing varies; amount or rate of change. 

VQriance^n. 1. The fact, quality, or state 
of being variable or variant; variation or a degree 
of it; difference; deviation; discrepancy. 2. Dis** 
sens ion; discord; a dispute; quarrel. 3* 

A disagreement between two parts of the same 
legal proceeding, which, to be effectual, ought 
to agree, as the writ and the declaration, or the 
allegation and the proof. 

error •• n. 1. Belief in what is untrue, the state 
of holding such belief, or an instance of it. Z A 
moral offense; sin. 3. An act involving a depar¬ 
ture from truth or accuracy; a mistake. ... 6. 
Math. The difference between an observed or 
calculated value, generally of a physical quan¬ 
tity, and the true value. Syn. Error, mistake, 
blunder, slip, lapse mean a departure from what 
is true, right, or proper. Error is the most com¬ 
prehensive term: it may imply carelessness or 
intention but it may suggest an inaccuracy where 
accuracy is impossible; mistokc implies mis¬ 
conception, misunderstanding, inadvertence, or 
the like, and is seldom a harsh term; blunder 
commonly implies ignorance or stupidit)' and, 
usually, blameworthiness; slip carries a stronger 
implication of inadvertence or accident espe¬ 
cially in a trivial mistake; lopse implies forget¬ 
fulness, weakness, or inattention. 

o) Terms fhof may be as sociated with t/j/ferences 
between indicated q^jantit y reodings and correct 
indicated q^jontity readings 


cer to i n — 1. Fixed; settled. 2. One or more 

specific (things or persons not further described); 
as, a certain town; certain persons. 3. Sure or 
dependable; reliable; as, a certain remedy. 4. 
Assured in mind; sure. ... 6. Not to be doubted 


or denied; indubitable. 7. Destined; sure; - 
followed by an infinitive; as, it is certain to 
happen. . •. 

cerlainly —n. 1. Quality, state or fact of 
being certain; certitude. 2. .A fact unquestionably 
established. Syn. Certainty, certitude, assurance, 
conviction mean a state of being free from doubt. 
Certointy and certitude are distinguished only 
in very precise use, the former implying the 
existence of objective, unquestionable proofs, 
the latter, a faith or belief so strong that it re* 
sists all attack; ossuronce stresses sureness or 
confidence rather than cenainty; conviction, 
though if may or may not imply previous doubt, 
usually implies thaconeisor has been convinced 
and is assured of the truth of something. 

uncertain » ad). 1. Indeterminate. 2. Not 
cenain co occur; indefinite; problematical. 3. 
Not reliable; untrustworthy. 4,a Not known be¬ 
yond doubt; dubious, b Not having certain know¬ 
ledge; doubtful, c Not clearly identified or de¬ 
fined. 5. Not constant; variable; fitful. ... 

uncerta i nty * a 1. Lack of cenainty; doubt. 
Z That which is uncertain. Syn. Uncertainty, 
doubt, dubiety, dubiosity, skepticism, suspicion, 
mistrust mean lack of sureness about someone or 
something. Uncertointy may imply a falling short 
of certainty or so far a remove from ic that one 
can only guess or surmise; doubt suggests not 
only uncertainty but an inability to make a deci¬ 
sion; dubiety and dubiosity suggest uncertainty, 
the former implying wavering and the latter, 
vagueness or mental confusion; skepticism 
suggests incredulity while any plausible evidence 
to the contrary exists; suspicion, a lack of faith 
in the truth, reality, fairness, etc., of someone 
or something; mistrust, genuine doubt based 
upon suspicion. 

precise 1- Exactly or sharply defined 

or stated; not vague or equivocal; as, precise 
directions. 2. Minutely exact; not varying in the 
slightest degree from truth, accuracy, standard, 
etc.; as, aprecise balance. 3. Strictly conforming 
to rule or usage; punctilious, scrupulous; some¬ 
times, overnice; very strict. - Syn. See COR¬ 
RECT. 

precision — n (Quality or state of being pre¬ 
cise; accuracy; definiteness. .. - 

voriotion- ') 


vorionce - I 

J • > see a 

deviotron ^ i 
error - j 

b) Terms that may 6e associalcd with the com¬ 
ponents of (/inferences between indicated guon- 
Hty reodings and correct indicated quantity 
readings thot mvst be represented by statistical 
measures of difference 


By permission. From Webster's Sew Collegiate Dictionary, copyright. 1949. !9'il. by C.&C Memam Co. 

Definition Summory 29-3. Sumtnory of dictionary definitions for terms associated with 
descriptions of the quolity of meosuring instrument performonce. (Poge 1 of 2)_ 
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deviote- \ 

deviolion - / 
voriQtion - / sec a 

vofiance - \ 

error- / 

c) Terms that may be osso ci(Tfe<i with sysfemoTic 
componenfs 0 / d ifferences between mrficofe^ 
quonfity readings one/ correef indicofed quonfify 

readings 

correct — ... adj. K Conformingcoanapproved 
or convencional standard; proper; as, correct 
manners, costume, grammar. 2. Conforming to 
fact or truth; of reasoning, in accordance with 
logical principles; of statements or opinions, 
according with known facts; of a copy, free from 
errors. Syn. Correct, accurate, exact, precise, 
nice, fight mean conforming to fact, standard, 
Of truth. Correct usually implies freedom from 
fault or error as judged by some standard; oc* 
curote implies, more positively, fidelity to fact 
Of truth attained by the exercise of care; exact 
stresses strict accordance with fact, standard, 
Of truth; precise stresses sharpness of definition 
or delimitation; nice, as here compared, stresses 
great precision and delicacy, as in adjustment, 
discrimination, etc.; right comes close to correct 
but throws more emphasis upon conformity to 
fact, truth, or a standard than on freedom from 
error or fault. 


correcjlon-a 1. Act 0 / correcting: amend¬ 
ment; rectification: also, reproof; punishment; 
chastisement. ... 3. That which is substituted 
in the place of what is wrong: an emendation. 
4. A quantity applied by way of correcting: as, 
the index correction of a sextant. 

compensate — i-.t. 1. To be equivalent to; to 
make up for. 2. To make equal return to; to re¬ 
munerate; to requite suitably. ... Syn. (I) Com¬ 
pensate, countervail, balance, offset mean to 
make up for that which is excessive, deficient, 
harmful, helpful, etc., in another. Compensate 
implies a making amends for or supplying a 
recompense for whatever has been suffered or 
lost through another; countervail suggests the 
counteraction of a bad or harmful influence or 
of damage suffered through it; balance implies 
the harmonious adjustment of two or more things 
that are contrary or opposed so that no one out¬ 
weighs the other or others or can exert a harmful 
influence; offset implies the neutralization of 
one thing’s good or evil effect by something 
that exerts a contrary effect. ... 

compensotlon - n. 1. Act or principle of 
compensating; also, an instance of this. 2. That 
which compensates for loss or privation: recom¬ 
pense. ... 

d) Terms fhot moy be ossociofed with the re- 
duefion 0 /effects due to the sy stematic component 
of differences between indicated qyontity read- 
ings and correct indicated quantity readings 


By pcnnissioa From H'ebs/er’s New Collegiate Dictionary, copyngbt, 1949, 195/, by C.&C. Merriam Co. 

Definition Summary 29-3. Summary of dictionary definitions for terms ossocioted with 
descriptions of the quality of measuring instrument performance. (Page 2 of 2) 


of care,” and inaccurate means "not accurate.” By definition, deviate means 

. to turn aside from a course* to stray, as from a standard,” and deviation is 
"a turning aside.” Variation is the” ... act or an instance of varying," and vari¬ 
ance means”. . . the fact, quality, or state of being variable.” Error means” . 

An act involving a departure from truth or accuracy.” The definition for correct 
is . . conforming to fact or truth.” 

29.24. When the correct scale reading is identified with the "true” scale 
reading, the ideas of deviation and error both have connotations that are wrong for 
describing the difference between the actual and correct scale readings as they 
both imply a "turning aside from truth” rather than a difference that contains an 
element of uncertainty. At the same time, variation and variance are both asso¬ 
ciated with "change” rather than "difference." These shades of meaning tend to 
disqualify "deviation," "error,” 'Variation,” and 'Variance" as names to represent 
the difference between the actual and the correct scale readings. With these terms 
eliminated, the remaining possibility for the actual-to-correct scale reading dif¬ 
ference is inaccuracy . This term is used for the purposes of Instrument Engineering. 
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29.25. In the "basic terms" recommended by the Terminology Committee, In- 

du'^trial Instruments and Regulators Division, the concept of inac¬ 

curacy as defined above is called "error in measurement." In connection with this 
term, the correct scale reading is called the "true" value of a measured quantity 
that". . . refers to accepted engineering standards, such as the standard meter, 
gram, etc. It is assumed that a true value always exists even though it may be 
impossible to determine." 

29.26. Section b of Definition Summary 29-3 lists uncertainty, precision, 
variance, deviation, and error as dictionary-defined terms that might reasonably 
be used to describe the nonsystematic component of inaccuracy (with which the 
second concept is associated). The definition for uncertainty is . . lack of cer¬ 
tainty; doubt." The definition for precise is ". . . not varying in the slightest de¬ 
gree from truth, accuracy," and precision is . .Quality or state of being precise." 
The definitions for variance, deviation and error have already been noted. Vari¬ 
ance does not appear to be the proper term to describe a statistical concept or a 
quantity that is known only within limits because it primarily implies change and 
fails to suggest lack of definite knowledge. Deviation is a term that is often used 
to represent statistical differences. For example, in the "basic terms" of refer¬ 
ence (A6), one of the definitions states that " deviation in measurement is a statis¬ 
tical number representing the randomness among independent measurements of 
the same true value." Deviation also commonly appears in the literature of 
probability to describe differences between individual cases and average values. 
The term is used with this meaning in the discussion of probability that appears in 
Chapter 11. Error is often identifed with the statistically treated component of 
inaccuracy. In particular. Trimmer ^uses the term random error to describe 
this inaccuracy component. It has already been noted that the ideas of deviation 
and error imply a "turning aside" from some reference without any specific con¬ 
notation of erratic behavior in the process. On the other hand, the accepted defini¬ 
tion of uncertainty implies a "lack of certainty or doubt," and carries with it a con¬ 
text that is reasonably associated with the nonsystematic component of inaccuracy. 
It is true that this component is generally known to remain within certain limits 
and that, within these limits, the use of probability theory is able to reduce but 
never to eliminate an associated element of uncertainty. It is for this reason that 
the term "uncertainty" is used in Instrument Engineering to represent the non¬ 
systematic component of inaccuracy. 

29.27. The terms random error and erratic error have connotations that fit 
in naturally with the concept of uncertainty. It is not likely that the use of these 
terms to suggest the uncertainty concept will introduce any confusion in prac¬ 
tice. On the other hand, deviation might be used for the same purpose but as a 
term it fits in so nicely for the description of "turning aside" from a reference 
value* that it is used with this meaning throughout this book. In Chapter ll,devi^ 


• This definition is illustrated in Figs. 29-2 and 29-3. 
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tionis given a special meaning to represent the difference between a typical value 
of a random variable, x, and a reference value that, for theoretical purposes, is 
the average of an infinite number of x values. The discussion of Chapter 11 consid¬ 
ers theoretical situations in which the element of "uncertainty" is eliminated by 
the use of functions that are definitely specified and in themselves not at all uncer¬ 
tain. It may be considered that the variable x of Chapter 11 is in effect a working 
variable symbol for the scale reading uncertainty defined in this chapter. 

29.28. Precision , the "quality or state of being precise," does not lend itself 
directly to a description of the uncertainty concept. However, it is natural to 
consider that an instrument having high precision is an instrument with a low 
uncertainty. The relationship is discussed further and given a mathematical defi¬ 
nition in a later section of this chapter. 

29.29. Section c of Definition Summary 29-3 shows that the terms available 
for describing the systematic component of inaccuracy (with which the third con¬ 
cept is associated) have already been noted as deviation, variation, variance and 
error. Of these terms, deviation is reserved to describe the difference between a 
typical value and an arbitrary reference. Variation and variance are rejected as 
suggesting changes rather than differences. The remaining term that may be as¬ 
sociated with the systematic component of inaccuracy is error , which carries the 
connotation of describing a ". . . departure from truth or accuracy; ..." This is 
a proper sense for the present application, if the departure is associated with an 
average and the reference value is taken as the truth or accurate value of the vari¬ 
able for which the error is defined. Under this definition, error is identical with 
the concept that is called determinate error by Trimmer.^'^^^ This concept is not 
mentioned in the terminology recommendations of references (A3), (A5) and (A6). 

29.30. Section d of Definition Summary 29-3 lists dictionary definitions for 
correction and compensation . Correction means ". . . 3. That which is substituted 
in the place of what is wrong; an emendation. 4. A quantity applied by way of 
correcting; as, the index correction of a sextant." Compensate is defined as: "1. 
To be equivalent to; to make up for ... 4. Mech. Toprovide with means of counter¬ 
acting variation." Compensation means"!. Act or principle of compensating; 
also an instance of this." These definitions make it reasonable to assign the term 
"correction" to a value equal to error with its sign reversed. This means that 
erroris "eliminated" if the corresponding correction is applied. When this result 
is accomplished within the instrument mechanism instead of by algebraically add¬ 
ing numbers to scale readings, the process of eliminating error effects is called 
compensation . When correction and compensation are defined in this way, all 
problems of algebraic sign are resolved by the rule: 

Add a positiue correctm. 


57 



29.31. In practice, the concepts and definitions discussed in this section are 
seldom sufficient to describe the performance quality of any given measuring in¬ 
strument. Many additional concepts are often needed to fit the requirements of 
particular situations. It is not feasible to compile a list of all possible terms and 
symbols. However, the principles illustrated in this section and other sections of 
this chapter are effective in suggesting the concepts necessary for describing the 
performance quality of any given instrument. 

ACTUAL MEASURING INSTRUMENTS; ACTUATING INPUTS, INTERFERING INPUTS, AND 
MODIFYING INPUTS 

29.32. The discussion of Chapter 10 recognizes the fact that the inputs for 
any operating system may be resolved into three classes. In terms of measuring 
instrument operation, the three classes are: 

1) Actuating inputs - those quantities that the instrument is designed 
to receive and measure in terms of scale readings. 

2) Interfering inputs - those quantities that produce undesirable scale 
reading components not directly distinguishable from scale reading 
components due to actuating inputs. Scales are not ordinarly cali¬ 
brated in terms of interfering inputs. 

3) Modifying inputs - those inputs that change the relationships among 
actuating inputs, interfering inputs and scale readings. 

Figure 29-4 is a functional diagram for a measuring instrument with an indefinite 
number of inputs of each class. In any given situation, the indication is determined 
by the resultant effect of all the inputs. The scale reading (symbol R^) corresponds 

to this indication. 

29.33. The pressure indicator of Figs. 2-1 through 2-8 of Chapter 2 is an 
example of a measuring instrument with pressure as its actuating input and linear 
acceleration as an interfering input. In general, temperature will be an interfer¬ 
ing input, and possibly a modifying input also, for a pressure gage of the type il¬ 
lustrated. This means that if the temperature of the gage mechanism is changed, 
the reading will show a corresponding change when the input pressure is held con¬ 
stant. In addition, changes in scale reading will have different relationships to 
changes of input pressure for various levels of the gage mechanism temperature, 
which for this reason is a modifying input. 

29.34. Measuring instruments may be designed to receive several actuating 
inputs and to produce readings that represent measures of some quantity that is 
not any one of the inputs directly, but is some function of all the actuating inputs. 
For example, a true air speed meter for aircraft must receive barometric pres¬ 
sure, atmospheric temperature and stagnation pressure, as this quantity is de 
fined in Fig. 5-3 of Chapter 5. The readings of this instrument will be in terms of 
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Note: The scale reading corresponds to the indication 
generated by the resultant ettect oi all the Inputs. 


Fig. 29*4. Functional diagram for on octuol meosuring instrument with multiple inputs, 
true air speed generated as a function of the three input quantities that serve as 
actuating inputs. * 


29.35. It is convenient to separate the quantities that affect the indications 
from any given instrument mechanism into operating inputs , to which the mecha¬ 
nism is designed to respond, and the environment , which is made up of all quantities 
that produce output changes but are not considered as operating inputs. 


CALIBRATION CONDITIONS 

29.36. Calibration is defined in an earlier section of this chapter as the 
process of adjusting instrument mechanism performance and placing scale mark¬ 
ings in positions to give scale readings that are properly related to measures 
of the corresponding actuating quantity levels. Because scale readings are 
affected by changes in the quantities that make up the environment, calibrations 
must be carried out under calibration conditions in order that unique positions 
may be fix ed for scale markings. In any given case, calibration conditions are 

• The use of temperature as an actuating input is one of the distinctions between a true air speed meter 
and a pitot-static airspeed meter. 
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established by the specification of calibration levels for each of the important en¬ 
vironmental conditions. For example, calibration conditions for a voltmeter may 
be established by a specification of the meter temperature under which calibration 
is to be carried out. 

29.37. Calibration levels are the particular levels of the environmental quan¬ 
tities that combine to establish calibration conditions. The instrument mechanism - 
scale combination is adjusted to give correct readings with these quantities at 
calibration levels. These levels may alsobeused to provide known input conditions 
for determinations of scale reading error and scale reading uncertainty. Calibra¬ 
tion levels are fixed by primary calibration standards or by secondary calibration 
standards. Primary calibration standards are established by specified physical 
systems under particular circumstances. For example, the primary calibration 
standard temperature for the zero-degree centigrade point on a thermometer is 
defined as the temperature of a mixture of melting ice and water. Calibration 
conditions for this point on a mercury-in-glass thermometer may be established 
by immersing the thermometer stem in the water to a specified depth with the 
projectingpartof the stem in air at the specified calibration temperature. A typi¬ 
cal arrangement for a thermometer calibration at the zero-degree point with a 
vessel filled with ice and water as the primary standard is illustrated in Fig. 29-5a. 
In practice, a number of primary standard points are usually required for a com¬ 
plete calibration. For example, water boiling under standard barometric pressure 
supplies a thermometer calibration level at the 100-degree centigrade point. In¬ 
termediate points are placed between the primary standard points by using a 
specified number of equal spaces or some other specified rule of division. 

29.38. Figure 29-5b illustrates the use of a secondary standard for calibra¬ 
tion purposes. In this figure, calibration levels are established by scale readings 
of the secondary-standard ammeter, which has itself been calibrated by means of 
primary-standard levels. The secondary-standard meter is connected in senes 
with the meter to be calibrated. With proper calibration conditions established by 
adjustingmeter temperatures,* the process of calibration is to place scale marks 
on the meter under calibration so that the scale readings on this meter are identical 
with the scale readings of the secondary-standard meter for a selected set of cali¬ 
bration current levels. 

SCALES 

29.39. Measuring instrument scales may be classified in terms of the ma^ 
mum scale reading, the minimum scale readi^, the scale ve^ range and the 
location of the zero. By definition, the scale reading range is the algebraic i 
ference between the maximum scale reading and the minimum scale reading. 

. Cal,b,a...,. b. L- standard and ,hn mn... nndn, calibcnuon. 
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AMPERES 


' Scale 


Rg = scale reading (pcs;ts«r of .noe* .n 
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s maximum scale reading 


= minimum scale reading 

I s) I m 1 n 

» scale reading range 
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^(sXraln) * 

= 1-0 ampere 

[RR]g = 1.0 - 0 * 1.0 ampere 
A normal-zero scale has Rfjjjmtn) = 0 



Scale reading 
R. = 0.25 ampere 


o) Normol-zero seals 


R(s)(nln) = 

R(sl{mo*) = +0.5 ampere 

[RR]g = 0.5 - i-0.5) = l.O ampere 
A displaced^zero scale has 

R(s)(mUv) ^ < f^lsXmox) 



b) Dispheed^ztro scale 


R(=)(nln| = 1-0 ampere 
R(s)ln=x) = 2.0 amperes 

[RRls * 2-0 - 1.0 » 1-0 ampere 
A suppressed-zero scale has eicher 

c) Suppressed-zero scale 

Fig. 29-6. Scale chorocterislics. 

29.40. Normal-zero scales have zero as the minimum scale reading. A 
normal-zero scale is illustrated in Fig. 29-6a. Figure 29-6b shows a displacer- 
zero scale, on which the zero is not at the minimum scale reading, but is looted 
^een the minimum scale reading and the maximum scale reading. Figure 29-6c 
illustrates a suppressed-zero scale, on which the zero does not coincide with 
either the maximum scale reading or the minimum scale reading and does not oc- 

cur between these two readings. 



62 



CONCEPTS, TERMINOLOGY, AND NOTATION FOR DESCRIBING UNCERTAINTY COMPONENTS 

29/11. Uncertainty, as the term is applied in this book, describes a component 
of scale reading inaccuracy that cannot be exactly represented by a single number. 
In some cases, it is possible to specify a maximum magnitude for uncertainty 
components, but no method is known for predicting the exact value associated with 
any given scale reading. When repeated observations are possible that would all 
give the same reading from an ideal instrument under ideal circumstances, the 
actual readings may be processed by the methods described in Chapter 11 to 
generate measures for the magnitude of the uncertainty component. To use this 
procedure in its simplest form, it is necessary to assume that uncertainty is a 
random variabU in the sense that the individual uncertainties of a set follow a 
normal probability law* curve like that represented in Fig. 29-7. This curve is 
d^^to represent the idealized situation in which the uncertainties associated 
with an infinite number of scale readings for the actuating input level are avail¬ 
able for plotting purposes. A dimensionless ratio proportional to scale reading 
uncertainty is used for the abscissae, and the ordinates are values of a dimension¬ 
less ratio that is proportional to the relative number of times that a given uncer¬ 
tainty occurs. This normal probability frequency function curve is bell shaped, 
with its highest point occurring at the zero uncertainty point. This fact, in 
combination with the relationship given by Eq. (1) of Definition Summary 29-4, 
means that the most frequently occurring scale readings are near the average 

scale reading. 

29.42. It is noted in Chapter 11 that the area enclosed between the frequency 
function curve and any two lines drawn parallel to the axis of ordinates is proportional 
to the probability that any single scale reading will have an uncertainty corresponding 
to some abscissa within the limits represented by the two parallel lines. Thus, if 
the two lines are drawn at plus infinity and minus infinity, the area under the curve 
will be unity, representing the fact that the uncertainty will always fall between 
these limits. On the other hand, there is zero probability that an uncertainty cor¬ 
responding to any particular line of zero width will ever occur. 

29.43. The normal probability frequency function curve is useful because it 
may easily be applied in making estimates of the probability that the uncertainty 
associated with a given scale reading will be less than or greater than certain 
limits. Various measures of scale reading uncertainty appear when a particular 
limit is specified and the probability information is transformed into the fraction 
of a set of readings that is expected to be less than the limit. For example, the 
probable uncertainty of scale reading has a magnitude so chosen that the uncer¬ 
tainty associated with any new reading has an equal chance of being either less 
than or greater than the probable uncertainty. This fact means that half of the 

• Sec Cramer (C2), Fry (F4), Hocl (Hl)» and Vhitcakcr and Robinson (VI). 
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Reciprocal of modulus of 
precision of scale reading 



Standard uncertainty 
of scale reading 

(SU)R, ^ (RMS)[(U)RJ 



Sc»l« reading uacenaiuy, (U)Rg * Rg ” (Av)Rg 


Note: All relationships of this Ilqure opply directly to indications when the symbol R, (for scale reading) Is replaced 
by (Ind) (for indication). (Refer to Flq. ll-l of Chapter 11.1 


Fig. 29-7. The normol probability frequency function for scole reading in terms of vorious 

uncertointy-describing concepts. 

scale readings in any new set of readings will have uncertainties with magnitudes 
less than the probable uncertainty. 

29.44. Section b of Definition Summary 29-4 gives defining equations and 
symbols for the standard uncertainty of scale reading, the probable uncertainty of 
scale reading, the average uncertainty of scale reading , and the modulus of prec^ 
Sion of scale reading , which are commonly used as uncertainty measures. Sec¬ 
tion b also defines dimensionless ratios formed when scale reading uncertainties 
are divided by the various uncertainty measures. For example, the uncertain^ - 
standard uncertainty ratio of scale reading (symbol [U(SU)R]RJ is the scale reading 
uncertainty divided by the standard uncertainty of the scale reading. The curve of 
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Scale reading uncercaincy , as cliis concept is defined in Fig. 29^1, is the algebraic difference between 
the scale reading, R , and tlie average scale reading, R^s\((iv)» 


(U)R, - R3 - R„„.„ 

where 

(U)R, = scale reading uncertainty 

Rg s actual scale reading, or scale reading 

R^s)(av) “ a%'erage scale reading (frora a series of readings for the same actuating quantity level) 

Comparison of tq. (1) for scale reading uncertainty with the defining equation for deviation from 
Fig. 29-2 show s that uncertainty is a special case of deviation with the average scale reading taken as 
the reference level. The theory of deviations of this type is considered in Chapter 11. The expressions 
developed in Chapter 11 may be immediately applied to the treatment of instrument mechanism indication 
uncertainties when the variable, x, is replaced bytheindicaciony (Jnd), and the deviation symbol, (D), is 
replaced by the uncertainty symbol, (U). The results of Chapter 11 may similarly be applied to scale 
reading uncertainties when x is replaced by R^ and (D) is replaced by (U)» 

0) Indication vnetrioinfies ond sco/e reodiag irncerfoinfies 

The definitions and results given in Chapter 11 may be used to set up the basic framework for creating 
scale reading uncertainty in terms of normal probability theory. The fundamental information is summarized 
in a set of expressions based on Eqs. (IM) through (11-15) to introduce scale reading and uncertainty in¬ 
stead of X and deviation. 

The defining equations and the corresponding concept names are: 

(Av)R^.xg (RJ, (2, 

s average value of scale reading for n readings 

KU)RJ, = (R,)* - (AvIR, (3) 

& typical value of scale reading uncertainty (for scale reading) 

(SU)R, = (RMS) [(U)RJ =V (Av) [(U)Rj“ =y-iEKU)Rjf (4) 

9 Standard uncertainty of scale reading (identical with root mean square of scale 
reading uncertainty) 

Isn 


(AU)R,. (Ay)[(U)RJ [(U)RJ, 


s average uncertainty of scale reading (for n readings) 


[u(su)r]R3 = -M5 

^ (SU)R 


[U(AU)R]R 


= uAcerrainty-Standard uncertainty ratio of scale reading 

(U)R, 

“ (AU)R. 


B uncertainty-average uncertainty ratio of scale reading 
The probability of any specified event is defined as a number between zero (i.e,, impossibility) and 

unity (i.e., certainty) that expresses the expectation that this event will occur. In symbols, the probability 
of a specified event is 

(P)t^ecified event! 

Definition Summary 29-4. Concepts, definitions and symbols for uncerlointy measures 
ossocioted with measuring instrument operolion. (Page 1 of 4) 
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(P) iKLOR,], < (U)R, < [(U)RJJ C9) 

is the probability that the scale reading uncertainty (U)R 5 will be greater than [(U)Rg]j and less than 

[(U)RJ,. 

By definition, the probable uocertaiocy of the scale fcading^(PU)Rg, is that scale reading uncertainty 
magnitude for which the probability of a typical reading haying a smaller uncertainty magnitude is etjual to 

one half; i.e., 

(P)!I(U)RJ < |(PU)R.I! <ii» 

In other words, (PU)R 5 has a magnitude such that one half of the individual uncertainties can be ex¬ 
pected to be smaller, and the other half larger, than (PU)Rg. When R^ obeys the normal probability law 
(described in Chapter 11), it can be shown that (PU)Rg * 0*6745 (SU)Rg; i#e., 

(U) 


(PU)R, = 0.6745 >/(MKU)Rj 


By definition, 

[{U}(PU)R]R3 = 

" (PU)R 


( 12 ) 


= uncenainty-probable uncertaioty ratio of scale readiog 


Also, by defioicioD, 

(MP)R, 


(13) 


(su)R.vr 

s modulus of precision of scale reading 

A generally useful expression that describes the relative frequency of occurrence of scale reading un¬ 
certainty magnitudes when the normal probability law (see Chapter U) holds is 


{NPFF)R 


1 


. -(l/2)l{U(SU)H)R,] 


(14) 


(SU)R3-s/2n 

= normal probability frequency function 

A curve showing the form of the normal probability frequency function in nondimensional terms and the 
relationship of this curve to the concepts just defined is given in Fig. 29-7. which is generally similar 

b) Uncerfainly measures for sing/e scofe reoc/ings bosed on o se f of n reodings 

In practice, scale reading uncertainty information must be based on a finite number of readings. It is 
imponant to have expressions available for relating results from n readings to the theoretical results t at 
would be obtained from an infinite number of readings and to expected results for a single scale reading. 
The following summary of information is taken from Chaplet 11. 

Define 

[(Av)Rj„ = average of n scale readings 

[(Av)Rj = average of an infinite number of scale readings 

scalcLding inlo.ma.ioo is bas.d on .b. average of a considerable oo„be, of 
averages, eaeb of wbieb is ialreo Iron, a se. of o Seale readings, ihe resrd.ao. overage ,s subs.ao.ral y 

equal to the average of an infinite number of readings; i.e., 

(Av)[(Av)Rj, = [(Av)Rj« 

The theory of probability shows that: 

geoerel, ,h. ooerrlofoly merrsores ossoe.oirrl offg ,hf rreerogr /rore 0 sei o o rear/ £ 
are r,aaf ,o ibe rorrespoarliag aoeerfafofy er.asares for forfieidaal rrarffags 0 / fbe se, 
mMplieJ h lb, reciprocal of the s,aare roof of tbe ourrrb.r of rearlrojs. 

Definition Summery 29-4. Concepts, definitions end symbols for uncertointy meosores 
ossociofed with measuring instrument operotion. (rage I ol A) 
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h is to be noted that the factor used by some authorities is n - 1 instead of VrT. From the standpoir^t 
of practice, this difference is generally unimportant* 

In equation form, the uncertainty measures for the average of n readings are: 


where 


(AU) [(Av)Rj„ = 

V n 


(AU)R = average uncertainty for a single reading (one reading in a set of n readings) 


(16) 


(AU) [{Av)RJ, - average uncertainty of the average of n readings 


Also 


(SU) [{/K.)RX = 


(SU)R, 


(17) 


where 


(SU)R s standard uncertainty for a single reading (one reading in a set of n readings) 


(SU) [(Av)R^]^ s standard uncertainty of the average of n readings 


(PU)[(Ay)Rj„ = 


(PU)R^ 

VT 


(18) 


where 


(PU)R^ s probable uncertainty for a single reading of n readings (one reading in a set of 
n readings) 

(PU) [(Av)Rg]^ a probable uncertainty of the average of n readings 

The modulus of precision follows the general pattern except that appears in the numerator instead 
of the denominator; i.e*, _ 

(MP)[{Av)R 1 * Vn[(MP)Rj (19) 


(SU)R -nTT 


where 


(MP)Rg s modulus of precision for a single reading (one reading in a sec of n readings) 

(MP) [(Av)R^]^ s modulus of precision of the average of a readings 

cj Uncertoinfy measures for the overoge of n sco/e roodings 

In practice, situations often exist that make it impossible, or not feasible, to take the number of repeated 
scale readings required for properly determining (he uncenainty measures defined in sections a, b and c. 
Under these circumstances the scale reading maximum uncertainty may be used as a measure of performance 
quality* la symbols, 

= (MU)Rg = scale reading maximucD uncertainty 

This quantity may be defined in various ways, but it is suggested that it be associated with the maximunt 
difference that appears between readings taken when R^ is allowed to increase slowly and when R is al¬ 
lowed to decrease slowly. To be most reliable, the readings should be taken under circumstances that rep¬ 
resent somewhat unfavorable operating conditions. For example, if a meter is used under conditions of some 
mechanical vibration, the maximum uncertainty should be determined with less favorable vibration conditions 
(ban those found in practice* 

The accompanying diagram illustrates the determination of maximum uncertainty for an electrical meter. 

Definition Summary 29-4. Concepts, definitions and symbols for uncerlointy measures 
ossocioled with measuring instrument operotion. (Poge 3 of 4) 
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d) Sco/e reoding moximum uncerlointy 

Definition Summery 29‘4. Concepts, definitions ond symbols for uncertainty measures 
associated with meosuring instrument operation. (Page 4 of 4) 
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Fig. 29-7 is plotted with this ratio as the abscissa and the normal probability fre¬ 
quency function - standard uncertainty product of scale reading, based on Eq. (14) 
of Definition Summary 29-4, as the ordinate. Four of the dimensionless uncer¬ 
tainty measures given in Definition Summary 29-4 are identified on Fig. 29-7. 
The probabilites that the uncertainty associated with an additional single scale 
reading will be equal to or less than each of the uncertainty measure ratios are 
also given on Fig. 29-7. For example, the probability that the uncertainty as¬ 
sociated with a single reading will be equal to or less than the average uncertainty 


is 0.5749. 

29.45. Theoretically, the uncertainty associated with the average of an infinite 
number of scale readings is zero. This means that when a very large number of 
readings is available, uncertainty effects may be completely eliminated. In practice, 
it is seldom feasible to take the required “very large number" of readings. For 
this reason, it becomes important to estimate uncertainty measures for the average 
of a limited number of readings. Section c of Definition Summary 29-4 gives the 
expressions for relating the uncertainty measures associated with the average of 
n readings to the uncertainty measures for single readings. In general, this rela¬ 
tionship is a simple multiplication or division by the square root of the number of 
readings used in forming the average. 
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29.46. From the standpoint of practice, normal probability theory is particu¬ 
larly useful when a reasonably large number of readings can be taken under static 
conditions. It is obvious that the information brought together in Chapter 11 and 
outlined in this section may be applied in many situations that do not involve in¬ 
strument scale readings. For example, scale reading as the quantity with which 
uncertainty is associated may be replaced by some measurement of a factory part 
with the problem of determining scale reading uncertainty replaced by the problems 
of estimating the fraction of the total output that will fall within given tolerance 
limits. However, results of this kind do notapply in situations like that illustrated 
by Fig. 29-3, in which it is necessary to interpret scale readings that vary 
continuously with time in a way that effectively prevents repeated observations of 
any given reading. Procedures that depend on extensions* of normal probability 
theory are available for the interpretation of data on varying scale readings. These 
procedures are generally more complex than the calculation of simple averages 
and deal with roughness, as this term is defined in Fig. 29-3, rather than with 
uncertainty. Roughness is usually the result of so many factors that it is difficult 
in any given case to identify effects due to instrument mechanism operation. 

29.47. Frequently, the most feasible approach to the problem of describing 
instrument uncertainty is the use of maximum scale reading uncertainty as a 
criterion of measuring instrument performance quality. This concept is defined 
in section d of Definition Summary 29-4 as the maximum difference between scale 
readings that appears when the indication is caused to approach a constant level 
from opposite directions. In order to give realistic results, this difference should 
be determined under conditions that are somewhat less favorable for instrument 
mechanism operation than the condition expected in normal operation. It is obvious 
that any satisfactory measuring instrument must have a maximum scale reading 
uncertainty of negligible magnitude in comparison with the scale reading inaccuracy 
that is required. When this condition is fulfilled, it is reasonable to disregard 
uncertainty effects on results from the instrument. 

29.48. The list of "basic terms” recommended in the ASME report "Auto- 

matic Control Terminology"<*^)<^®'includes three terms defining concepts that 
correspond to scale reading uncertainty: 

" Resolution Sensitivit y is the minimum change in the measured variable 
which produces an effective response of the instrument or automatic 

controller. ResolutionSensitivitymaybe expressed in units of the meas¬ 
ured variable or as a fraction or percent of the full scale value or the 
actual value. 


" Threshold Sensitiyity.is the lowest level of the measured variable which 
produces effective response of the instrument or automatic controller 


"^ad. Band is the range of values through which the measured 
can b e varied without initiating effective response." 


variable 


• See, for example, Bode and Shannon (B5), Booton (B6). and Laniog and Root (L3). 
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29.49. It appears that the definition of dead band is similar to that given for 
maximum uncertainty in the previous discussion. The use of the word "sensitivity" 
in the terms "resolution sensitivity" and "threshold sensitivity" is in direct conflict 
with definitions of sensitivity as an output-input ratio (see Chapter 4) and is cer¬ 
tainly to be avoided so far as possible. The definition of resolution sensitivity is 
equivalent to that of maximum uncertainty without a specification of the scale read¬ 
ing considered. Threshold sensitivity is a similar concept with the added condi¬ 
tion that the resolution sensitivity is considered at the zero level of the measured 
variable. If it is assumed that the starting point for the indicating mechanism cor¬ 
responds exactly to the zero level of the input, it appears that threshold sensitivity 
is equivalent to half of the maximum uncertainty for zero scale reading. 

ERROR AND CORRECTION COMPONENTS OF SCALE READING 

29.50. When the maximum scale reading uncertainty is so small that uncer¬ 
tainty effects may be disregarded, scale reading inaccuracy reduces to scale 
reading error. From the standpoint of theoretical treatment, situations of this 
type are particularly easy to handle, because error may be described in theoretical 
terms without regard to uncertainty limits or the use of relatively cumbersome 
probability theory. All the situations considered in the present section are as¬ 
sumed to be describable in terms of error represented by simple numerical values, 

without associated uncertainty measures. 

29.51. Scale readings from any instrument include an error component that 
may or may not be important, depending on the inaccuracy magnitudes that are 
tolerable. In any case, this error is the resultant of error components that are 
due to various imperfections in the indicating mechanism and its scale. The error 
components that must be considered in the use of any given measuring instrument 
are determined by the nature of the instrument mechanism, the scale and the con¬ 
ditions of operation. It is not feasible to give a fixed set of terms and symbols that 
may be rigidly applied in all cases. On the other hand, it is possible to develop 
a plan for the description of error that may be used as a pattern for specifying 
the performance quality of any measuring instrument whose scale readings either 
have a negligibly small maximum uncertainty or contain uncertainty components 
with known measures so that uncertainty may be disregarded in analyzing error 
effects. The error-describing pattern that is outlined in this section is powerful 
enough to be effective in any practical situation. The essential features of this 
plan are illustrated at the end of this chapter by an application to a typical meas¬ 
uring instrument. 

29.52. In order to demonstrate the error-describing pattern, it is assumed 
that the measuring instrument considered has performance imperfections of eight 
types. It is unlikely that all of these effects will be important in any instrument 
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used for ordinary measurements, but it is also probable that the list will need to 
be extended for situations where especially small resultant scale reading errors 
are required. For the sake of generality, the physical arrangement used for il¬ 
lustrating the principles of error analysis is assumed to include a mechanism and 
a scale that are given independent calibrations and are then brought together to 
form a complete measuring instrument. This means that the scale reading error 
may be resolved into one component due to mechanism imperfections and another 
component due to scale imperfections. With the instrument operating in an envi¬ 
ronment different from calibration conditions, each of these error components is 
made up of a calibration condition error component that exists under calibration 
conditions and an environmental error component due to environmental effects. 
Definition Summary 29-5 outlines a pattern of concepts, terms and symbols that 
may be used to describe a group of error components that affect measuring in¬ 
strument performance quality. 

29.53. When scale reading error is known, it is a simple matter to write 
down the scale reading correction as equal to the error with its sign reversed. 
When the scale reading correction is perfect, it may be added to the actual scale 
reading (symbol RJ to give the correct scale reading (symbol R(si(corr> h which is 
equal to the correct (or true) measure of the actuating input. In practice, the 
actual scale reading correction will usually fall short of perfection, so that its 
application to the actual scale reading does not give the correct scale reading. 
Under these circumstances, the result of applying an actual scale reading cor¬ 
rection is the corrected scale reading , which is given the symbol Ronctd)* 

ERROR ANALYSIS EXAMPLE 

29.54. In the example of Definition Summary 29-5, the maximum uncertainty 
is assumed to be negligibly small. The scale reading error is made up of eight 
types of components. The scale reading error due to mechanism imperfections is 
resolved into three components, as is also the scale reading error due to scale 
imperfections. A seventh type of error component is assumed to exist because of 
improper location of the scale with respect to the mechanism. Environmental ef¬ 
fects cause the eighth type of error. Thus, each of the mechanism and scale error 
types is made up of calibration condition components and environmental components 

29.55. The object of the error analysis outlined in Definition Summary 29-5 
is to describe a pattern that is easily remembered and is capable not only of de¬ 
scribing the illustrative example but also of being easily applied to situations with 
all degrees of complexity- 

INDICATION ERRORS AND INDICATION CORRECTIONS 

29.56. Mechanism indication error causes the actual indicat ion (symbol (Ind)) 
todifferfrom the correct indication (symbol (Ind),^^^, ), which by definition is the 
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indication that would be produced by a perfect indicating mechanism for a given 
level of the actuating input. Mechanism indication error may be resolved into 
three components: 

1) Mechanism operating error of indication (symbol (M0E)(lnd) ); due to 
imperfect operation of the mechanism. 

2) Mechanism calibration matching error of indication (symbol (MCME)(lnd)); 
due to imperfect matching of the actual calibration of a given mecha¬ 
nism to the specified calibration for ideal mechanisms of its class. 

3) Mechanism calibration error of indication (symbol (MCE)(lnd) ); due 
to engineering compromises accepted in the specified calibration for 
the mechanism. For example, the specified calibration might give 
equal indication increments between two calibration points when the 
corresponding actuating input level changes are not actually equal. 
Situations of this type may appear in calibrations for vapor-pressure 
thermometer mechanisms. 

29.57. These three indication error components are illustrated and defined 

in section a of Definition Summary 29-5. The figure of this section shows the four 
indications that correspond to these error components, including the actual indica¬ 
tion (symbol (Ind) ); the correct indication (symbol indication 

perfect mechanism operation (symbol (lnd)[„,.oEi^oi); and the indication 

fect mechanism operation and perfect mechanism calibration matching 
(I^mbol )■ This last indication is the indication that would 

be given by a perfectly operating mechanism with an actual calibration exactly 
matched to the specified calibration, and for this reason it is also called the 

calibration indi cation (symbol (lnd)(„i,). 

29.58. Section a of Definition Summary 29-5 gives defining equations for each 

of the indication error components. This section also includes definitions and 
equations for the indication correction (symbol (C)(lnd} ) and its components, which 
correspond to the error components already defined. In general, names for the 
correction components are identical with the error component names except that 
the word "correction”replaces "error” wherever the latter occurs. The indication 
correction symbols are identical with the indication error symbols except that the 
letter E, wherever it represents "error," is replaced by C, for "correction." In 
general,' each of the correction components is equal to its corresponding error 

component with a negative sign. 

SCALE READING ERROR AND SCALE READING CORRECTION 

29 59. Section b of Definition Summary 29-5 gives definitions and equations 
for scale reading error and scale reading correction and the components of these 
quantities. Scale reading error may be resolved into components of four kinds: 
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1) The error component due to indication errors. 

2) The error component due to imperfect zero setting . This error ap¬ 
pears when the position of the index with respect to the scale gives a 
scale reading error for some definitely known level of the actuating 
quantity. This error component is called the z^o setting error be¬ 
cause the zero level for the actuating input is generally used as the 
definitely known level. It is common practice to include a zero set ¬ 
ting adjustment in meters and gages of all types. 

3) The error component due to imperfect observation of the index posi¬ 
tion with respect to the scale. An error of this type appears when 
an index located somewhat above the scale is observed at an angle 
that allows parallax effects to influence the readings. 

4) The error component due to scale imperfections. This component 
has two subcomponents, one due to the use of an imperfect specified 
calibration and the other due to an imperfect matching of the actual 
scale calibration to the specified scale calibration. 

29.60. Section b of Definition Summary 29-5 gives the defining equations and 
names for the components of scale reading error and scale reading correction. 
In the final summarizing equations, indication error components are reduced to 
scale reading error components by using the correct scale sensitivity as a multi¬ 
plying factor. Names and symbols for the correction components are formed by 
use of the conventions already described in section a of the summary. 

29.61. Section c of Definition Summary 29-5 illustrates the resolution of the 
mechanism component ^ scale reading error and the scale reading error due to 
scale imperfections into calibration condition error components (denoted by (cc) 
as an identifying subscript) and environmental error components (denoted by (en) 
as an identifying subscript). The conventions for names, symbols, and definitions 
illustrated for these error components may be applied to all the error and cor¬ 
rection components defined in sections a and b of Definition Summary 29-5. The 
example of this summary illustrates a pattern of error description that may be 
applied to systems of all kinds. In practice, the scale and mechanism of a high- 
quality measuring instrument are usually combined and calibrated as a single 
entity. When this calibration is carefully done, the zero setting error, the obser¬ 
vational error and the environmental error are the only components that remain 
to be cared for by proper zero adjustment and the use of proper care in observing 
scale readings. 

29.62. The procedure outlined in section b of Definition Summary 29-5 for 
applying the correct scale sensitivity to transform indication errors into scale 
reading errors is a special example of a generally useful method. This method 
may be applied to indefinitely long and complex chains of operating components 
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As$ume that maximum indication uncenaincy^ negligibly small. 

( Indication with perfect mechanism operation^ 
[(MOE)— ►o], perfect mechanism calibration 
matebiog^ [(MCME) •o], and perfect mech- 
anism calibration, [{MC E) 0] 


Actuating 

Quantity 

^(in){ac) 


^*™^h(MOE)-*oK(MCME)-.o]l{MCE)-o] 


1 1 Correct iodicatioo 

I ^ (l"d),«rr, 

J / Indication with perfect mechanism operation, [(MOE) 

1 and perfect mechanism calibration matching, [(MCME) 

1 J Of’‘^)((MOE)-»ol[(MCME)-*o] 


Irtdicaciog 

Mechanism 

(im) Of (ml 


^ / ill Calibration iodicatioo 

' Indication with perfect mechanism operation, [(MOE) — ^o] 
t ( AcniaJ indication 

I « 

( Indication 

By definition, 

{M0E)(lnd) = (Ind) - (lnd)(,f^,OE;,^ 5 j = mechanism operating enor of indication (D 

(MCME){Ind) = (lnd){„_,QE;)-.oJ " ('"'^HiMOEi-olltMCMEt-ol 

= (lnd)[„,oE)-ol ~ “ mechanism calibration matching error of 

indication (2) 

(MCE)(lnd) * (M[(,«oe)-o)((mcmE)-o1 " (I"A(moe)-o1[(mcmei-o1((mce)-o1 

= Ond)j,„QE;,^g]((MCME)-.o] “ {corf) 

a (Ind)(^Qjj ^ (lnd)(^^P,) ® mechanism calibration error of indication (3) 

and 

(!nd) = (MOE)(lnd) + (lnd)[(,,oEi-.o] 

= (M0E)(lnd) + (MCME)(Ind) + (5) 

= {MOE)(lnd) + (MCME)(lnd) + (MCE)(lnd} + (lnd),„„, (6) 

Also, by definition, 

(E)(M = (Ind) - (lnd),„„, = (MOE)(lnd) . (MCME)(lnd) . (MCE)(lnd) (7) 

= indication error (under assumption that [(U)(lnd)],^„, —► 0) 

The indication correction components corresponding to the indication error components of Eq. (7) are. 

by defiftitioB, . 

(C)(!nd) = -(E){lnd) = indication correction ^ > 

(C)(|nd) - (MOQOnd) + (MCMQ(lnd) + (MCC)(lnd) (9) 

Definition Summary 29-5. Error and correction components osswiated with indications and 

scale readings from measuring instruments. (Page 1 of 4) 
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where 


(MOOdnd) = -(M0E)(lnd) = (lnd)[,„oEl.ol " 

= c&echanisiD operacioo correcdoa for indication 

(MCMOdnd) . -(MCMEKInd) . (lnd)(,„o,„„,[,„c„EWol - (M(,„oe:,.o] 

= mechanism calibration matching correction for indication 

(MCC)(lnd) = -(MCE)(lnd) = (lnd)(^^j^) - 


» mechanism calibration correction for indication 
oj Indication error and indication correction components for on indicoting instrument mechanism 


( 10 ) 


( 11 ) 


( 12 ) 


Actual scale reading 


Scale reading with perfect observation and perfect 
zero setting 

^(8)[(OE)-.o11(2SE)-»o] 

Ue»t with zero mark on scale made coincident with 
zero octuotlnq input position ol the index. For sup* 
pressed zero scoles^ any known level of (he actu* 
otinq input moy be used to estoblish on indication 
Ihol moy be used m maklnq the **zero settinq.'* 


Actuating 

Input 

^(in)(oc) 


Indicating 

Mechanism 

(im) or (m) 


Scale reading with 
perfect observation 

^(s)[(OE)-o] 


✓ 





Scale reading with perfect observation^ perfect 
zero setting, and perfect scale calibration match* 
ing 

^(8)I(oe)-»q|[{ZSE)-.o][(SCme)-.oJ 


Calibration scale reading 

^(s)(cal) 


Note: 

The heavy bold line shown on each of the above 
scales represents the scale recdlnq thot would 
be made if the error-produclnq effects os see lot ed 
with the scale were ellmlnoted* 


Scale reading with perfect observation, perfect 
reto setting, perfect scale calibration matching, 
and perfect scale calibration 

*^(8)t(OE)-.o]((2SE)-.|)]t(SCME)-.o][(SCEl-.o] 

or 

Indication correct scale reading 

^(s)(Ind)(corr) “ ^(s)(corrl^^^^l 

'where the wnect value ol scale sensitivity appears' 
^ause (J 1 error-producing ellects associated with 
the scale have been eliminated 


where 


(13) 


5(,)(corr) = 

(Ind) 


* correct scale sensitivity 


Definition Summary 29*5. Error and correction components associated with indications ond 

scole readings from measuring instruments. (Page 2 of 4) 
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and 


By definition, 

(OE)R^ = Rs - R[s)[(OE)-.o] 

s scale reading obserrational error 

{ZSE)Rg = R(5i[,oE»-o] " R(s)[ioe)-o1[(zse)-*o) 

= scale reading zero setting error 

{SCME)Rg = R(s)[{OE1-o]1(ZSE)-.o] " f^(s)[(OE>-o]((2SE)-.c]I(SCME)-o) 

' ^(s)((OE)-o]l(ZSE»-*ol ~ ^(sHcan 
= scale reading scale calibration matching error 

(SCE)Rg » R(s)((OE)-*oK(2SE)-^o][( SCME)-*o] “ ^(s)I<OE)-»ol[(Z$E)-*o)[lSCME)-»ol[(SCE)-*o] 
* ^(sXcal) “ R(s)(eal)l(SCE)-o] 

= ^(s)[(OE)-»oJ[(ZSE)-*o][jSCME)-»ol “ ^(s)(lnd)(ce>rr) 

s scale reading scale calibration error 
d 

Rs = {0R)Rs + R(a)[(OEI-*ol 

= (0E)Rg + (ZSE)R5 + R(si[ioe)-oKi2sei-*o1 

= (0E)Rj. + (ZSE)Ra + (SCME)Rg + R{8 )[(oei-*o]((zse)-oKiscme)-*o) 

= (0E)R, + (ZSE)R, * (SCME)R 3 ^ {SCE)R 3 R,s,(Ind)(corr) 

Also, by definition, 

[(E)R.], = R, - R,- (0E)R, . (ZSE)R, . (SCME)R. . (SCE)R, 

s scale reading error due to scale imperfections 

From Eqs. (7), (13) and (23). 


( 15 ) 


(16) 


(17) 


Define 

R,., 


R, = [(E)RJ, + [(EXInd)] + 


6)(corT) “ ^(sKcorr)^^^^ 


(corr) 


and 


s correct scale reading 

(ihls scale reodinq is. by delinlt^n, equal to the correct (i.e.. "irue") meosure 
of the octuotlnq qviontity that produces the scole reading] 

[(E)R.L-S,.„„„,[(E)(lnd)] 

s mechanism component of scale reading error 


From Eqs. (7) and (26) 


[(E)R1 = (MOE)R, (MCME)R, * (MCE)R, 


where 


(MOE)R, . S,[(MOEXInd)] 

s mechanisni operation component of scale reading error 


(MCME)R 


(sKcorrI 


[(MCME)(!nd)3 


mechanism calibration matching component of scale reading error 


(18) 


(19) 

( 20 ) 
( 21 ) 
( 22 ) 


(23) 


(24) 


(25) 


(26) 


(27) 


(28) 


(29) 


(MCE)R. . S,.„„„,[(MCE)(M] »»> 

= tnechanisoi calibration component of scale reading error 
Irom Eqs. (23) through (30) 

(E)R. - R. - R,..,.o„. - ttE)R.], * HE)R.L 

= (0E)R^ + (ZSE)R^ +(SCME)R3 + (SCE)R^ + (M0E)R3 + (MCME)R, + 


( 31 ) 


Definition Sommory 29*5. Error and correction components ossoci 
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The scale rcadiog correction correspooding to Eqs. (31) and (32) is, by defioicioa, 

(C)R, = -(E)R 3 = R,- R, = [(C)RJ, . [(C)RJ^ 


( 33 ) 


= (OQR^ 4 (ZSQR, 4 {SCMOR^ 4 (SCQR, 4 (MOORs + {MCMQR, + (MCQR, 


where 


(OORg = ~( 0 E)R, » scale readiog observational correctioQ 

(ZSC)Rg 31 ~(ZSE)R3 = scale reading zero setting correction 

(SCMQRg = -(SCME)R3 » scale calibration oatcbing correction to scale reading 

(SCQRa » -(SCE)Rg s scale calioration correction CO scale reading 

(MOQRg = ->(M 0 E)R, » mechanism operation correction to scale reading 
(MCMQRg =-(MCME)R3 = mechanis m calibration matching coneccion to scale reading 

(MCORj = -(MCE)R 3 e mechanism calibration correction to scale reading 

b) Scale reading error and correction components for a meosuring instrument 


(34) 


(35) 

(36) 


(37) 


(38) 


(39) 


(40) 


(41) 


When operating conditions differ from calibration conditions, scale reading error components may be re¬ 
solved into subcomponents that fall into two classes. One of these classes includes error subcomponents 
that exist under calibration conditions and for this reason are called calibration condition error components . 
The other class includes subcomponents that appear when the environment differs from calibration condi¬ 
tions. For this reason, error components in this class are called environmental error components . 

In terms of the classes defined above, the scale reading error expression of Eq. (31) may be written in 
the form 

(E)Rs = [(E)R.],„, > [(E)R.]„„, 

“ ) Rglin,) (en) (42) 


where 


[(E)R^]|^c) - calibration condition scale reading error 

[(E)R^]^^^^ & cnTironmemal scale reading error 

[(E)R.],.„cc, *! calibration condition scale reading error due to scale imperfections 

KE)RJ,.„o., e calibration condition mechanisa scale reading error 

KE)Rs](s)(en) = environmental scale reading error due to scale imperfections 

RE)RJ(m)Cn) s envirooEDCDtal mecbaoism scale reading error 

The terminology and notation patterns herein defined may be extended to each of the seven error com¬ 
ponents that appear on the right-hand side of Eq. (32). The deiaUs of this extension are obvious and wUl 
not be giyen here. 

Corrections for calibration condition and environmental error components may be defined by the conven¬ 
tions applied in Eqs. (33) through (41). 

c) Calibration condition and environmental components of scale reading error for o instrument 


Definition Summary 29-5. Error and correction components ossocioted with indications and 

scole readings from meosuring instruments. (Page 4 of 4 ) 
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for reducing the effects of errors from various components to a resultant in terms 
of a single quantity that appears at some point in the system. 

NOHDIMENSIOHAL MEASURES OF PERFORMANCE QUALITY 

29.63. The inaccuracy, uncertainty and error measures discussed in earlier 
sections have all been defined in terms of an illustrative quantity, namely, scale 
reading, and for this reason carry the dimensions of this quantity. In practice, it 
is always desirable to state performance-describing concepts in nondimensional 
terms. This result is achieved when each inaccuracy component measure is di¬ 
vided by some value of the quantity with which the measure is associated. For 
example, scale reading inaccuracy is nondimensionalized when it is divided by 
some scale reading value. When scale reading inaccuracy components are con¬ 
sidered, three scale reading magnitudes are particularly useful for nondimensional- 
izing purposes: 

1) The maximum scale reading (symbol R(B){=a*) or (MSR)) 

2) The actual scale reading, or scale reading (symbol R,) 

3) The scale reading range (symbol (RR)* or (SRR)) 

29.64. Various nondimensional forms for scale reading inaccuracy components 
are listed as items 49 through 63 of Table 29-1. To show that these inaccuracy 
measures are nondimensional, the word "fractional" is included in each of the 
names and the letter F is placed before the symbol that identifies the measure that 
is represented. A word is placed in each name to describe the function of the 
basic measure that is being identified, and corresponding symbols are added to 
the symbol. For example, the reading range reference average fractional uncer ¬ 
tainty of scale reading is given the symbol [(AFU)Rjup and is defined as the 
average scale reading uncertainty divided by the scale reading range. In the 
symbol for this quantity, (AFU) represents average fractional uncertainty, and the 
subscript (RR) shows that the scale reading range, (RRl^, is used as the reference 
for forming the fraction. The reading reference average fractional uncertainly is 
similar to the one just described except that the subscript is changed to R in order 
to show that the reference quantity is the scale reading, R^, instead of the scale 
reading range, (RR),. The maximum reading reference average fractional 

tainty is identical with the other two fractional uncertainty measures except that 
the maximum scale reading is used as the denominator in forming the dimension¬ 
less ratio. This fact is recognized in the corresponding symbol by using R(„,azi 
as the identifying subscript. Table 29-1 gives fractional measures for a number 
of the inaccuracy components listed in Definition Summary 29-5. In addition, 
maximum fractional uncertainty measures are listed, with uncertainty replace 

by maximum uncertainty. 
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29.65. For practical purposes, fractional inaccuracy component measures 
may be expressed as fractions, decimal fractions, or percents. No distinction is 
made in the definitions or symbols among these methods of presenting information: 
the units employed in any given case are recognized by specifications placed on 
particular numerical values of the measures. 

ACCURACY AND PRECISION 

29.66. Accuracy, under its dictionary definition, connotes correctness or 
agreement with truth. This also implies that a high accuracy is equivalent to a low 
inaccuracy and vice versa. In quantitative terms, this fact is represented if ac¬ 
curacy is defined as unity minus the absolute magnitude of the fractional inaccuracy. 
When this magnitude is expressed as a decimal fraction, the measure of accuracy 
is also a decimal fraction. In percentage terms, accuracy is equal to one hundred 
minus the fractional inaccuracy expressed as a percentage. 

29.67. It is common practice to use the word accuracy to describe measuring 
instrument performance. For example, the ASME^^^^^^^^list of "basic terms" 
includes the statement that "... Accuracy m Measurement is the degree of cor¬ 
rectness with which a measuring means yields the 'true' value of a measured 
quantity." Accuracy is also sometimes used tomean "inaccuracy" as this term is 
defined in item 19 of Table 29-1. That is, the statement that "theaccuracy of this 
instrument is one part in ten thousand" actually means that the fractional inaccuracy 
is one ten-thousandth. Little difficulty is introduced by this interchange of the ac¬ 
curacy and inaccuracy definitions because, in any situation of practical interest, 
inaccuracy is always small compared to unity, while accuracy as defined in item 
64 of Table 29-1 is near unity. This natural distinction between accuracy and in¬ 
accuracy values makes it possible to use a word that certainly has the proper con¬ 
notation for specifying instrument performance quality without continually repeat¬ 
ing its definition. 

29.68. Precision is awordthat is related to uncertainty in the same way that 
accuracy is related to inaccuracy. In the ASME^^^^^^^^basic terms, "... Preci¬ 
sion m Measurement is the degree of reproducibility among several independent 
measurements of the same true value under specified conditions. . . It is usually 
expressed in terms of deviation in measurement." Names, symbols and defining 
equations for various types of precision (symbol (Pr)) are given in items 70 through 
75 of Table 29-1. The pattern for each definition is the same; the magnitude of 
one of the fractional uncertainties defined in items 49 through 54 of Table 29-1 is 
substracted from unity to give the corresponding precision in fractional terms or 
as a percentage when the fractional form is multiplied by one hundred. 

29.69. The term precision is commonly used to mean a concept that is iden¬ 
tical with maximum uncertainty. For example, the statement that a certain 


79 



Defining Reidtionship 


BASIC CONCEPTS 


Actuaiinj! Input 


Actuating (t^ut (juutuy 


Actuating Quantity 


inierfetmg Input 


Interfering Input Quantity 


Interfering Quantity 


Modifying Input 


Modifying Input Quantit)' 


Modifying Quantity 


Output 


Output Quantity 


Indication 

or 

Index Position 

Iter on irXl«*cf cr ir.s?rjT«r.t frecMUirrl 


Actuating bpui Quantity Seale Reading 
or 

Indicated Input 

O' 

Scale Reading 


HUxiiDuD Scale Reading 


Minioua Scale Reading 


Scale Reading Range 


.Maximuin Indication 


Mioinuffl Indication 


Indication Range 



'(aXsox) 




(RR). 


(Ind) 


(tS9ll 




(IR) 


Kola: Soeie Regdlng olwoyt hoa tha dUMMlcns eaaoeinted with the 
ociuetlno input, a e coabinotien d octunino Inpute when the 
aMOiurlnq IntrvuMnt ta ectuolod by a cooblMtloA <d Inpute 



^leKfflOxI “ ^(eKttln) 





Icnln) 


COMPONENT performance-describing CONCEPTS 


Indicating Mechanism Static Sensitivity 


Slnl[q;llndl)<at) 


Indicator Sutic Sensitivity 


'uj(a:4lTid»]utl 


(Diet) 


d(M 


H9i«: The sub.aipt (sll .hew. Ihst the delinJN to'l® 
\r.0er elatic con^ltlvse 


Indicating Mechanism Performance Function 


Indicator Performance Function 


|[qi(lAd|| 

or 


M 

^(inl 

Kote: noy be ^rielimU 


Scale Static Sensitivity 


Scale Sensitivity 

lOrdlftcxrlJr, acglev h7»« only etctlc ptcoeftlee »c 
ihr. thff scale c«R5lUnty is identical with the 
ftlaUc scale eeneKUityt 


[PF], 

^|Kl{and 1 ;R)(el 

or 

^<e)(llndl;R| 


d(RJ 

JM fatl 

or, in the special case of linear variations viib R, 
when {lr>d) ■ 0 

(Ind) tit) 


Toble 29-1. N«i.es, symbols ond defining eqoetions fo, desciplion of meosu-ing inshomenf ope-otion. 

(Poge 1 of 5) 



































Name 




Indicating Mccharnsn* Calibrjnon J'cfiocm.uKc , PF]ur.ihj^I»‘i^lril 
Function 


Of 


Indicator Calibration Hcrforoiancc I*unction 
fTKi* peilofr-uncf I at ina.:.' i • . mi li ^ : i 

d09i]n srcftsiJcfsrions aa tKc !•»{ t f " ■ 

iJeal inaicottr>t 7 


Indicating Mechanism Calibration Static 
Scnsiiiviiy 


or 


1 , 1 . 


or 


PF 


'I- • i'.' 


I. it.J* I. al 


or 




Of 


. s 


Delining Relationship 


(M 


L<i intJ 


leal) 


icJll sh-wf- H.J' •' 

Id i:» titfr . ilitratifn c’ar.ltf M. r ar, 

iJcal r<'di5ni-n calitralicn c;r.JiMcr.a, 


d(lnd) 


[dq 


.in ' 


(st Ucoi) 


Scale C.alibtation Scnsiiivi(> 

I rM» i* IN* aMn »'*naitiviiii li .K«’i I > 

ilesiin lor qn ;'i*aJ ocul.*i 


S, 

or 

s. 


s\ u.i);U \>c 9 i\ 


'.U. «jM 


d{R..) 


dM 


teal 


N^U*: Uk* sabsmpt i<JpntjU«?s ’U* ciJitraijcn 
eatabliahW by deaiii. lor art l>ieol 

»ai|p. 


SCALE READING QUALITY-0ESCRI8ING CONCEPTS 


Scale Reading Inaccuracy 


Average Scale Reading 


Scale Reading Vneertainty 


Scale Reading Error 


Scale Reading Inaccuracy 


Scale Reading Ideal Correction 


! (DR. 


(Ay)R, 

or 

p 

^ M(a»> 

(U)R, 


(E)R 


(DR, 

KORJ 


u^J«*al 


" ^(eUccrrl 
ubere 

- actual scale reading 
RisXecrri * correct scale reading 

(A,)R, - i g (R,), 

rs| 

Refer to Fq. (2) of Definition Summary 29-1 

R, - (Ay)R, 

Of 

<MRa - R(.o|corri 
or 

^l•)t<lvl “ P::.'<ccrr) 

(E)R * (U)R. 

-(E)R, 


or 

R P 

*'(#Heorfi "(s)( 

Sore tlut 


^(Slkoftl ' R(i)(a,t ■* 


Corrected Scale Reading i 

^is*{cx4S 

1 

(See belov) 

Scale Reading Correction 

(Thv cccreclion octualiy opplipJ to the scdl« 

recfSirq; this eweeUen is net heceowrily the 

Ideal scoie reading eorrvctioni 

1 

(OR I 

1 

*^!sllcld) - R, 

Note that 

" R, + (C)R^ 

*^(s)(a.l(cld) = R(,)(av 1 ♦ (C)R8 

Corrected Scale Reading Inaccuracy 

^*^*^(s)k1dl 

^(8)(ctdl “ ^(sHcorrJ 

Correcred Scale Reading Inccrtainiy 


(U)R, 

Nole: Addition of o c«rection to Ihe avcfoge read¬ 
ing does not oltect the unccflamlv. 

Corrected Scale UeAling hrror 

(This ke ihe rvsiduol error thol esisls alter 

1C)R, It applied to 

(E)R,aHcld> 

^(s)(avl(cld1 “ *^(f>(corrl 

Scale Reading Observational Error 

Note: See DelJnktion Summary 29*S for detailed del 
correction components. 

(0E)R, 

Imitlcnt at scale reading ensr ord 

■ ^t.)l(CEl-.ol 
'here 

p 

''(t|[<OE)-.ol ’ teadinjj »ijh pcttect 

observation 


Table 29-1. Nomes, symbols ond defining equations for description of meosuring instrument operation 

(Page 2 of 5) 


81 
























U^nt 


Sc.iJc Rciiing Zero Krrof 


ScaIc Reading Scale Calibration ^biching 
tftOf 


Scale Reading Scale Calibratton Error 


Scale Reading Error Due to Mechanism 
Imperfections 


CalibraiioD Condition Scale Reading Error 
Due CO Mechanism Imperfections 


Environmental Scale Reading Error Due co 
Mechanism Imperfections 


Scale Reading Error iHeptattdl 


Scale Reading Average (Jncercainry 

Of 

Average Scale Reading Uncereaiocy 
or 

Average Uncertainry of Scale Reading 

(AasoeictH with onr typteol ainole sc^le reeding 
ei a Mt o! rv teole reodingsl 


Scale Reading Standard l^ncertaincy 
or 

Standard Ifncercaincy of Scale Reading 
(Aa&ocioied with 9r\y lypicaJ ainole acole rrgdma 
oi a set dl n ccole reodlrvqsl 


Scale Reading Root Mean Square Uncenaimy 
or 

Root Mean S4^e Uncenaimy of Scale Read- 
ing 

lAfltocloted with any typicol simle scale teadun 
ot a set ot n seoJe reodlrtqil 


Scale Reading Probable Uncertainty 
or 

Probable Uncertainty of Scale Reading 
(Associoled with any typical elnejlv acole reodlfxj 
ot 0 set of n scale reodlr.qs} 

Scale Reading Modulus of Precision 
or 

Modulus of Precision of Scale Reading 
(Aesociotod with any typlcol reodlno ot a set ol 
n reodinos) 


Symbol 


(ZSE)R. 


(SCME)R. 



[(E)RJ, 




[(E)R,]-nllc:cl 




(£)R. 


(AU)R, 

or 

(Ay) ((U)RJ 


(MP)R, 


Delining Relationship 


R.='1(OEi-oI “ R(5)[(oe)-.o]1(zse)-.o1 

ft here 

*^fsl(lOE)-oll(ZSE)-o) - reading with 

perfect observation 
and perfect aero 
setting 


Rii;|((OE)-.c, 1[(ZSE)-. ] - R(»t(coJ) 

where 

~ calibration scale reading 


^(sKcall ^l5l(lnd)(corrl 

where 

RlsHlndKcent * i«dicacion cofTect scale 
reading 


R. - R„ 


sHtndUcorr) 



(0E)R, 4 {ZSE)R, * (SCME)R, 4 (SCE)R. 

. (M0E)R, 4 (MCME)R„ 4 (MCE)R, 

Note: See Ol) and (32) ot Detirution Surnnory 2^^ 
Equation (42) ol that sunmry shows environmerv 
tai ®d calibfotlcr condition error conoonents. 


i E KU)R.l 



(SU)R.\^ 


UNCERTAINTY MEASURES ASSOCIATED WITH THE AVERAGE OF A SET OF SCALE READINGS 


Average Unceriaioty of the Average of n Scale 
Readings 

(AU) ((Ay}Rj„ 

(ALI)R. 

Scaodard Uncenaimy ol cbe A»erage ol o Seale 
Readings 

(SU}[(Ay)R,l 

(SU)R. 

Probable Uncenaimy of the Average of n Scale 
Readings 

{PU) [(Ay)RJn 

(PU)R. 

VT 
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N^me 


Symbol 


Oelioing Relationship 



_ __ 

Modulus of Pfccislofl of ihc Average of n Scale 
Readings 

(MP) r(A»}Rj^, 

\<V[(MP)RJ 

Mtximum Uoceruiniy of Scale Reading 

or 

Scale Reading Maximuffi Uncertainly 

KU)R.L„, 

Note: Tl.is luanUty rvgy often be token 3S I he 
ditler«nc« bet«ween seal© reodtfiga ccrf«- 
spondinq to the moxlmua epreod ol mdlco- 
♦jens (of ti«o same actuating Input level. 

This dkllerence le due to imptT tec liens in 

the rrt^chJnlsm. 

NONOIMENSIONAL MEASURES OF SCALE READING QUALITY 

Kotv: All mav te eleress«^J ellher as Iractuns cf Qt percenfotes* 

Reading Range Reference Average Fracnonol 
Uncenaiory o( Scale Reading 

or 

Scale Reading Avetage Fractional Uncefiainty 
wiib Reading Range Reference 

KAFU)RJ,hm 

(Ay)[(U)RJ 

[RR]. 

Reading Reference Average Fractional 

Uncenainiy of Scale Reading 

or 

Seale Reading Average Fractional Uncertainty 

[(AFU)RJ,, 

or 

{AFU)R, 

(Av) [(U)RJ 

R. 

Maiimuo Reading Reference Average Frac- 
rional Uncertainty of Scale Reading 


(Ay) [{U)RJ 

Reading Range Reference SbsiauiD Fractional 
Uncertainty of Scale Reading 

KMFU)R.1|bp, I 

1 

(RR). 

Reading Reference Maiimun Fractional Un« 
certainty of Seale Reading 

or 

Scale Reading Moiimufli Fractional Uncertainty 

[(MFU)RJp 

rHFU)R, 

[(U)R.Uo.> 

R, 

MaziDum Reading Reference Mozisbuo Frac* 
tionol Uncertainty of Scale Reading 


t(U)R.t.., 

P 

'^laKmaal 

Reading Range Reference Fractional Error of 

Scale Reading 

[(FE)RJ,pp, 

{E)R. 

(RR). 

Reading Reference Fractional Error of Scale 
Reading 

or 

Scale Reading Fractional Error 

KFE)RJh 

rFE)R. 

(E)R. 

R, 

Mazifiuffl Reading Reference Fractional Error 
of Scale Reading 


(E)R. 

P 

''(X)lflioi) 

Reading Range Reference Fractional Inaccuracy 
of Scale Reading 

Hfi)RJ<rr, 

(DR, 

(RR). 

1 

Reading Reference Fractional Inaccuracy of 

Scale Reading 

or 

Seale Reading Fractional Inaccuracy 

[{FI)R,]p 

(FOR. 

(DR, 

R. 

Moziauffl Reading Reference Fracdonal Inac* 
curacy of Scale Reading 


(DR. 

b 

''(xXrnail 

Reading Range Reference NlaziBum Fractional 
Inaccuracy of Scale Reading 

[(MF1)R,Vp, 

KDRJua., 

(RR). 

Reading Reference MazisuiD Fractional bac* 
curacy of Seale Reading 

or 

Seale Reading bUximua Fractional Inaccuracy 

[(MFI)R,]p 

or 

(MFI)R, 

R. 

bSaxinus Reading Reference Maiimuffi Fractional 
Inaccwacy of Scale Reading 

[(MFI)RJ 

(boxI 

HDR.Jta.., 

p 

‘'(•Umax) 

---1 
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instrument has a precision of one part in five thousand may be taken to mean that 
the maximum scale reading uncertainty is one five-thousandth of the maximum 
scale reading (or scale reading or scale reading range). Because, in practice, 
uncertainty is generally a small fraction while precision is approximately equal to 
unity, the intended meaning in any given case is usually clear from context without 

an explicit definition. 

SUMMARY OF PERFORMANCE-DESCRIBING CONCEPTS 

29.70. Table 29-1 is a summary of names, symbols and defining equations 
for a number of the concepts associated with the performance of measuring instru¬ 
ments. Each of the concepts in the table (with the exceptions noted below) is either 
discussed in earlier sections of this chapter or is related in an obvious way to one 
or more of the concepts that are explained. The two exceptions to this rule are 
the scale factor (symbol (SF)), or calibration coefficient , and the scale reading 
correction coefficient (symbol (COR*). 

29.71. The scale factor is exactly equivalent to the scale sensitivity as this 
concept is defined in item 15. It is the number by which the indication must be 
multiplied to find the proper scale reading in actuating input units. The scale 
reading correction coefficient is the factor by which the scale reading (actual scale 
reading) must be multiplied to obtain the corrected scale reading. The correction 
coefficient is equal to unity plus the scale reading correction divided by the scale 
reading. 

29.72. The concepts listed in Table 29-1 form a system adapted todescribing 
measuring instrument performance. This system is not complete, because other 
concepts are possible and may be required for special situations. On the other 
hand, the list contains many concepts that are essentially duplicates in the sense 
that both concepts would not be used at the same time. In any given situation. 
Table 29-1 may be used for reference purposes to supply specific information and to 
suggest the additional concepts and symbols that may be required for a special case. 

SPECIFICATION OF MEASURING INSTRUMENTS 

29.73. Specifications * describe the physical and functional characteristics of 
operating systems. In practice, these descriptions vary from the simplest pos¬ 
sible statements of shape, size, and function to detailed descriptions of physical 
dimensions and extensive summaries of theoretical performance information. 
The number and completeness of the items included in any given situation depend 
on the equ ipment being described and the purpose for which the specification is to 

• Websier’s New Collegiate Dicrionary defines specification as "... 2. A specifying, or designation of 
particulars. 3. A statement containing a minute description or enumeration of particulars, as of the terms of a 
contract, details of construction not shown in an architect's drawings, etc.; also, any item of such a statement ” 
(By permission. From Webster's 1^ Collegiate Dictionary , copyright, 1949. 1951, by G.&C. Merriam Co.) 
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SPECIFICATION 


I IDENTIFICATION INFORMATION 

Name; designation of t>'pe; catalog number; information file identification; etc. 

II MECHANICAL FEATURES 

height; georoctrica] form; linear dimensions; mounting provisions; mounting dimensions; service 
connections; input connections; output connections; etc. 

III SERVICE SUPPLY REQUIREMENTS 

Water, steam, gas, elecaicity, ecc«, supplies required for operation 

IV OPERATING CONDITIONS 

Allotkable environmental range; input impedance; output impedance; etc. 

V STATIC REFERENCE characteristics 

Scale reading range; minimum scale reading; maximum scale reading; zero location; maximum un¬ 
certainty; maximum error; error curve; etc. 

VI DYNAMIC REFERENCE CHARACTERISTICS 

Performance equation; performance equation type; performance parameter values; dynamic 
performance curves; etc. 

VII STATIC CORRECTIONS 

Calibration condition corrections; environmental corrections; etc. 

VII! DYNAMIC ERRORS, DEVIATIONS, AND CORRECTIONS 

Deviation functions; dynamic error functions; deviation curves; dynamic error curves; dynamic 
corrections 

IX DESCRIPTIVE DIAGRAMS 

Pictorial diagrams; schematic diagrams; functional diagrams; electrical circuit diagrams; etc., 
with names and symbols 

X COMPONENT PERFORMANCE CHARACTERISTICS 

Performance equations; performance functions; static sensitivities; static reference sensitivities; 
performance parameters; etc., for the identified operating components of Item IX. 

Specificotion Form 29-1. INustrotive specification form for measuring instruments* 

be used. For example, a mechanical designer may only need a description of the 
form and the dimensions of the mounting provisions required for a given instru¬ 
ment, while a systems engineer may need complete data on the internal electrical 
circuits and the functional characteristics of operating components. 


29.74. Specification Form 29-1 is a suggested list of items for the specifica¬ 
tion of measuring instruments. This list starts with basic identification and in¬ 
formation on mechanical features, includes service supply requirements and oper¬ 
ating conditions, and ends with descriptions of performance characteristics for the 
complete instrument and its operating components. The ten items ofSpecification 
Form 29-1 include the subjects that will usually be of interest for the complete 
specification of a m'^isuring instrument. Items may be added to or removed fro 
the form as necessa. y to meet the requirements of any given situation. 


86 



29.75. Specification 29-1 illustrates an application of Specification Form 29-1 
to the presentation of essential information on a special voltmeter. 

29.76. Item I identifies the instrument as a special high-damping voltmeter 

with the designation X-1. 

29.77. Item n gives the weight and physical dimensions of the meter. 

29.78. Item m shows that no supplies of water, steam, electricity, etc. are 
required for operation. 

29.79. Item IV notes that the calibration temperature is 25 degrees centigrade. 

29.80. Item V gives the essential static characteristics in terms of voltage 
scale reading range (2 volts), minimum and maximum voltage readings (+ 1 volt), 
and the location of zero (at the middle of the scale). The voltage scale sensitivity 
is specified as constant and equal to 0.1 volt per division, but the inclusion of 
Item Vn, S^tic Correction , implies that the specified scale sensitivity is an ideal 
value and that inaccuracies of various kinds may actually be present in any given 
reading. The maximum voltage reading uncertainty is given as 0.006 volt, which 
corresponds to a reading range reference voltage maximum fractional uncertainty 
of 0.3 percent. This means that repeated readings of the same applied voltage 
will give the same results within 0.3 percent of the reading range of 2 volts. The 
reading range reference voltage maximum fractional error is 0.5 percent, so that 
any reading of the meter taken with uncertainty effects determined and eliminated 
maybe in error by not more than 0.005 x 2 = 0.01 volt. The correction for an er¬ 
ror of this type might be determined and applied to remove the error; however, 
so long as the correction is either not known or is not used, it is possible only to 
set a maximum level for the error at any scale reading. The internal resistance 
of the meter is an important static characteristic and is given as 2088 ohms at the 
calibration temperature. 

29.81. Item VI shows that for specification purposes the steady-state sinus¬ 
oidal response performance of the meter is represented by a first-order differen¬ 
tial equation with a zero-order independent variable term. This equation is dis¬ 
cussed in Derivation Summary 18-10 as the (0;0,1) equation, and its associated 
characteristics are plotted in Figs. 18-7, 18-8 and 18-9. The equations and text 
of Item VI in the specification have been made much more detailed than would be 
necessary in a normal specification, in order to demonstrate clearly the application 
of formal results from Volume n and the concepts summarized in Definition Sum¬ 
mary 13-6 of Volume I to an illustrative practical situation. The nondimensional 
plots of Fig. 18-9 are repeated to give the curves of Fig. 1 in the specification. 

29.82. In the case of special voltmeter X-1, ideal performance requires that 
sensitivity be independent of frequency. For this reason, the voltmeter specUica- 

reference sensitivity is taken as unity. This choice means that the nondimen- 
sional sensitivity - reference sensitivity ratio of Definition Summaries 13-5 and 
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13-6 is formally identical with the dynamic amplitude ratio - reference dynamic 
amplitude ratio ratio of Fig. 18-9, which in turn is equivalent to the voltmeter 
specification sensitivity. This sensitivity appears on the left-hand ordinate of 
Fig. 1 of Specification 29-1. The abscissa of Fig. 1 is the nondimensional char¬ 
acteristictime - forcing frequency product. This coordinate is changed to forcing 
frequency when it is divided by the characteristic time (given in Item VIas3.16 sec¬ 
onds). The plot of Fig. 1 that gives the voltmeter specification dynamic response 
angle is identical with the (0; 0,1) equation dynamic response angle given in Fig. 18-9. 

29.83. In any practical specification, much of the detail given herein would be 
omitted, leaving only characteristic curves and equations with required numerical 
data. When theoretical expressions are not available, experimental plots for spec¬ 
ification characteristics may be used to describe performance. 

29.84. Figure 1 of Specification 29-1 shows that the phase shift as measured 
by the dynamic response angle becomes -10 degrees at a frequency of about one- 
hundredth of a cycle per second and decreases rapidly to a value of almost -90 de¬ 
grees at a frequency of about one cycle per second. The sensitivity is essentially 
unity at 0.01 cycle per second and has dropped to less than 0.1 at one cycle per 
second. These characteristics show that voltmeter X-1 will give highly accurate 
indications of amplitude only when the forcing frequency is less than 0.01 cycle 
per second. 

29.85. Item vn gives the expression for the environmental correction due to 
variations of voltmeter temperature from the calibration level of 25 degrees cen¬ 
tigrade. 

29.86. Item vni summarizes the deviations and errors of specification dynamic 
performance as functions of frequency. An unusally long discussion of the back¬ 
ground for these quantites is given in order to demonstrate the use of Volume I 
and Volume n material for describing instrument performance. In order to show 
in one example a number of the typical situations that may appear in practice, it 
is assumed that the specification dynamic characteristics based on the (0;0,1) 
equation represent approximations that are accepted in order to simplify the asso¬ 
ciated equations and curves. Topresenta specific case for discussion, the second- 
order differential equation with a zero-order independent variable term (the 
(0; 0,1,2)equation ofDerivationSummary 19-lOand Figs. 19-28,19-29, 19-30, 19-34 
andl9-35) is taken as the " correct " performance equation form for the voltmeter. 

29.87. In the situation just outlined, the voltmeter specification read^ er- 
rors with respect to a reference specification sensitivity equal to unity and a ref 
erence specification dynamic response angle equal to zero contain components of 
two types. First, the specification sensitivity and specification phase shift (iden¬ 
tical with the dynamic response angle) have deviations with respect to the cor¬ 
responding reference values; second, the specification sensitivity and specification 
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SPECIFICATION 


I IDENTIFICATION 

Special High-Damping Volcmecer, Designation X-1 


II MECHANICAL FEATURES 

Weight = W = 4 '4 pounds 
Height * h = 2inches 
Width a w inches 
Depth a d a 6*2 inches 

III SERVICE SUPPLY REQUIREMENTS 

None 

IV OPERATING CONDITIONS 

Calibration conditions » 25 degrees centigrade 



V STATIC CHARACTERISTICS 

V'oltage scale reading range » [VRRj^ « 2 volts 
Minimum voltage reading s » - 1 volt 

Maximum voltage reading = ^(sj(,.nax) ” ^ ^ 

Zero symmetrically placed on scale; i.e.» 

l^^s)(mln) “ “ 1 ^ “ ®(s)(mQx)l 

Voltage scale sensitivity * = constant = 0.1 volt/division 

Maximum voltage reading uncertainty *• [(U)e 3 a* 0.006 volt 

Reading range reference voltage maximum fractional uncertainty s " *^*3 percent 

Reading range reference voltage maximum fractional error s ^ ^ 9 ](rB) - 0.5 percent 

Internal resistance of meter « 2088 ohms at 25 degrees centigrade 

VI DYNAMIC CHARACTERISTICS 

Specification dynamic performance characteristics correspond to those of the zero-order forcing 
term - first-order differential equation (the (0;0.1) equation of Chapter 18). This means that the 
sinusoidal performance function for the meter has the form of the relating function found in Derivation 
Summary 18-10; i.e.,* 

* l%T 2 .a 

The corresponding dimensionless dynamic amplitude ratio is 


^ “ ^(0;o.ii - 


I + (2t7a)^ 


• Ordinarily, the required mathemaficol lorms would be written down without comment from working variable re¬ 
sults. Because this specification Is the llrst concrete example in Volume III where use Is made of generolized ea a- 
tlon lorm, the relotlonshlps Involved ore shown with obnorfriolly qreat detail. 


Specification 29-1. Illustrative specification for special voltmeter X-1. (Poge 1 of 11) 


89 



and the cocrespoodiog dynamic respotise angle is 

lo terms of the generalized selfsJenoiog symbols of Eqs» (2) and (20) of Defioition Summary 
Chapter 13i Eqs. (!)« (2) and (5) are 

n « fPFl = rPFl, .r 1 - (Xv 

l + i 2 »[(C'n(FRP] 

- ■ [(DAR)(RAR)R],„,..,., . [(DAR)(RAR)R]„„„,„, = ,.l_ . (5) 

v'TTmctxff^ 

p = (DR^)lO:o,l| = (^^Vm)(e;e) ^ tao** j-2<7 [(C'0(FF)P]i (6) 

Note that, from Fig« 18*6, 

a « (CT)(FF)P « (CT)n| s characteristic time>forcing frequency product 
» (CT){FP)R a(CT)/Tj= characteristic time - forcing period ratio 

where 

s forcing frequency 
s forcing period 
CT & characteristic time 

ttlieo the corresponding expressions of Eqs. (19) and (20) of Definition Summary 13*6 are matched 
CO express the generalized forms in terms of voltmeter sensitivity, 

“ ^{Tt 3 )[e;e](ref) = voltage - voltage Toltmeccr reference sensitivity (7) 

[(DAR}(RAR)R],^^,(^.^, . [S(RS)R], = voltage-voltage voltmeter sensitivity- 

^▼one,e? ivmne.ei reference sensitivity ratio (8) 

[PF] , , . ^lvml[e:«)(rei) _ (9) 

l.i24(CT)(FF)P] 

.■ V, . l■■llcVBPf 

ttCTOFFOP]! (11) 

where, in accord w ich Definition Summary 13*4, 

(0AR)[^ •e]{f«f) “ voltage-voltage voltmeter reference dynamic amplitude ratio 

[(DAR)(RAR)R],(12) 

« voltage-voltage voltmeter dynamic amplitude ratio 

Note that, from Eqs« (16) and (17) of Defioition Summary 13*6» 

(DAR)(,„,U..] = = voltage-voltage voltmeter sensitivity 

Id terms of the forms of Eqs. (9), (10) and (11), the steady-state sinusoidal specification re- 
sponse for the voltmeter is given by the equations 

e, = [PF](,m)(.pec)®lln) 

e. = S,,[S(RS)R],‘’'“""’"""""'oiin) <“> 

(Refer to Eqs. (1) and (19) of Definition Summary 13-6.) 

Note: The Input^ulput subscript brackets, [e;el, me omitted from Eqs. (13) ®d (14) because in the 
present situation it is obvious that the input ond output for the voltmeter must both have the 
dimensions of voltoqe. 

Specificorion 29-1. Illustrative specificolion for speciol voltmeter X-1. (Poge 2 of 11) 
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ratio 


(14) 
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The voltmeter specification reference sensitivity is 

S(vmK«f)(sp^c) = 1 P" 

The specification dynamic characteristics for the voltmeter are 

[PF] 

^ _ 


(15) 


‘ i.i24(CT)(FF)P]“ 

s voltmeter sp>ecification performance function 


(16) 


where 


[S(RS)R], 

Vit |2,[(CT)(FF)P]r 

= voltmeter specification sensitivity — reference 
sensitivity ratio 

(DRA),vm„spec) = !-24(CT)(FF)P]t (18) 

where s voltmeter specification dynamic response angle 

(CT) * 3.16 seconds (19) 

s voltmeter specification characceriscic time 
Because = U 

^{vm)(spec) [^{^^)R](vm)(spec)^lvm)(ret)(spec) * t -r 

Vi. i 2 ,[(c-n(FF)P]!“ 

See Fig. 1 of this specification for logarithmic scale plots of and 

taken from Fig. 18*9« 


(CT) * 3.16 seconds 


( 20 ) 


'(vm)(spec) ^(vm)( 5 pec)> 


VII STATIC CORRECTION 

Voltage reading environmental temperature correction factor * t(Q^s^(en) ® ^ 

where ^ 

^(en) ” environmental temperature in degrees centigrade 

VIII DYNAMIC DEVIATIONS AND DYNAMIC ERRORS 

By definition: 

Deviations of specification dynamic characteristics 


(D)[S(RS)R], 


vmHapec) “ “ l•^^^^^^^(vm)(8pee)(ref) (22) 

= specineation sensitivity-reference sensitivity ratio deviation 


Of. since _ 1, 

^^^(vm)(sp«c) * ^(vmXspec) ~ ^(vm)(9pec)(rcj) 

s Specification sensitivity deviation 

and 

^D)(DRA){vm)(spec) = (Df^*)(vm)(spec) " Hspec){ref) 

By specification, 

t^(RSiR](ym)(specKrel) = > 


(23) 


and 


« I 


(^^^^(vm)(spec)tre<) “ ® 


(24) 


(25) 


(26) 


G>mbining Eqs. (17), (22) and (25) gives 


1 + l2,7[(CT)(FF)P]{ 


(27) 
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SpotrKIcatlon Donsltlvlty 5»J« *(v nO (o p- c ) 


20 -,-10 r 1 
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Fig. 1. Specification sinusotdol response chorocteristics of speciol voltmeter X-1. 
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r 


(28) 


Combining Eqs. (18), (24) and (26) gives 

(D)(DRA)„„,„p„, " -an" l-2»((C-n(FRP]l 

The righc-hand side of Eq. (27) is idencical with the expression plotted in Fig. 18-15 as Vfor 
the (0;0,l) equation. This plot is repeated in Fig. 2 of this specification with (D)S (vfn){spec) 
the ordinate and [(CT)(FF)P] as the abscissa. The right-hand side of Eq. (28) is identical with 
the expression plotted in Fig. 18-15 as V ‘he (0;0.l) equation. This plot is likewise repeated 

in Fig. 2. 

brrors o ( Specification Dynamic Characigriscics 

The firsi-order performance equation fot the voltmeter is actually an approximation. The correct 
performance equation is a zero-order independent variable - second-order differential equation (i.c., 
the (0;0»1,2) equation solved for steady-state sinusoidal conditions in Derivation Summary 19-10 and 

with curves as plotted in Figs, 19-28, 19'29» 19-30, 19-34 and 19-35). 

The errors io specification dynamic response characteristics are given by the equations 

(E)[S(RS)R]„„,|,,„, - [S(RS)R],.„„.p„, - [S(RS)R], 


(29) 


® voltmeter specification sensitivity — reference sensitivity 
ratio error 

(E)(DRA)(yn,)(apecl " ^^^^^(vmKspec) “ (DRA)(y,n)(corT) (30) 

s voltmeter specification dynamic response angle error 

For the particular voltmeter in question, 

(E)[S(RS)R],..„.„o, = B(RS)R],.,o.n - KRS)R], (31) 
(E)(DRA),.„,„p.„ - (DRA),,,..,, - (DRA),o..o,,,:, (32) 

From the results of Derivation Summaries 18-10 and 19-10 and relationships taken from Table 19-1, 

(E)[S(RS)R],.„„.p„, - -^- 


Vi * i24(c-n(FF)P]i 


(33) 


V [* ~{oR KCT)(FF)P 1 }']' . ! 24 (CT)(FF)P]| 


(E)(DRA) 


(vm)(apec) 


* tan-‘ i-2iT[(CT)(FF)P]i - tan- 


- 24 (CT)(FF )P]_ 

1 [(CT)(FF)P]^ 

m 


(34) 


where (CT) in Eqs. (33) and (34) is identical with , the high damping ratio char ¬ 

acteristic time sum , defined io Table 19-1, and the basic relationship between the independent 
variable for first- and second-order forms (taken from Table 19-1) is 

(FR) ® B frequency ratio ® - [(CT)(FF)P] (35) 

"n DR 

in which 

B undamped natural frequency associated with second-order forms 

DR B damping ratio associated with second-order forms 
For the X-1 voltmeter, 

= 0.3 cycle per second 

DR = 3.00 

SpeciFication 29*1. IHuslrative speciFication For special voltmeter X-1. (Page 5 of 11) 
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Sensitivity 


Figure 3 0 / this specification gives logaiichmic scale plots for voltmeter specification sensitivity and 
voltmeter correct sensitivity as functions of forcing frequency. Figure 4 gives semilogarithmic scale plots 
for voltmeter specification dynamic response angle and voltmeter correct dynamic response angle as func¬ 
tions of forcing frequency. Figures and 5b give plots of specification sensitivity error and specification 
dynamic response angle error, respectively, as functions of forcing frequency. 
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Characteristic time — forcing frequency product {CT)(FF)P 
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=* (CT)nf= (CT)(FP)R = CL 

Tf 


Fig. 3. Plots of specification sensitivity and correct sensitivity for special voltmeter X-1. 
Specification 29-1. Illustrative specification for special voltmeter X-1. (Page 7 of 11) 
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Specification 29-1, IMustrotive specification for special voltmeter X-L (Poge 11 of 11) 




















phase shift both have errorswith respect to the " correct " sensitivity and " correct " 
dynamic response angle . 

29.88. In the example of Specification 29-1, the specification sensitivity and 
the specification dynamic response angle are represented by the plots of Fig. 1. 
V’ith the specification reference sensitivity taken as unity and the specification 
referencedynamic response angle taken as zero, the dynamic performance devia¬ 
tion curves are identical with the {0;0,1) equation nondimensional amplitude ratio 
deviation and dynamic response angle deviation curves of Fig. 18-15. Thesecurves 
are repeated as Fig. 2 of the specification, with the coordinates relabeled to de¬ 
scribe voltmeter performance. The corresponding mathematical expressions are 
given as Eqs. (27) and (28) of Item VIII. 

29.89. The specification sensitivity error is shown in Eq. (31) of Item VIII as 
the difference between the sensitivity -reference sensitivity ratios for the (0;0,1) 
equation and the (0; 0,1,2) equation. The specification phase shift error is given 
in Eq. (32) as the difference between the (0;0,1) equation dynamic response angle 
andthe(0;0,l,2)dynamicresponse angle. The corresponding mathematical forms, 
as taken from Derivation Summaries 18-10 and 19-10, are given in Eqs. (33) and 
(34). In these equations, the variable that takes forcir^ frequency changes into 
account is made identical for the first-order form and the second-order form by 
using the relationship of Eq. (35). 

29.90. Figure 3 of Specification 29-1 shows the specification sensitivity and the 
correct sensitivity plotted on the same logarithmic coordinates. The specification 
sensitivity error is represented as an arrow drawn from the correct sensitivity 
curve to the specification sensitivity curve. Figure 4 gives similar curves for the 
specification dynamic response angle and the correct dynamic response angle, 
with the specification dynamic response angle error represented by an arrow. 

29.91. Figure 5a is a plot of the specification sensitivity error as a function 
of forcing frequency. Figure 5b is a similar plot for the specification dynamic 
response angle error. The sensitivity error curve shows that this error Is less 
than lO.OOll for all frequencies less than 0.01 cycle per second. The maximum 
error is less than ] 0.012] and occurs at about 0.07 cycle per second. The dynamic 
response angle error is less than 5 degrees at 0.1 cycle per second but increases 
at higher frequencies. The rate of increase of this error reaches a maximum at 
about 2 cycles per second. Comparison of the error curves of Fig. 5 with the 
deviation curves of Fig. 2 shows that for frequencies less than about 0.1 cycle per 
second, the deviations are so much larger than the errors that no practical penalty 
in accuracy of performance specification is incurred by use of the (0;0,1) equation 
instead of the more complicated, correct (0;0,1,2) equation. 

29.92. Correction curves are unnecessary in Item VIII when deviation and 
error curves are available. In this situation, the corrections for any specific case 


100 



are equal to the corresponding deviations or errors with their signs reversed. 

29.93. Item IX . Fig. 6, gives a pictorial-schematic diagram that shows the 
essential features of the experimental voltmeter. Pictorial-functional and func¬ 
tional diagrams are given in Figs. 7 and 8. Figure 9isan electrical circuit diagram 
for the voltmeter, with the essential parts of the instrument mechanism grouped 
together as the galvanometer . 

29.94. Item X gives expressions for the static sensitivity of the indicating 
mechanism in terms of electrical network constants and galvanometer sensitivity. 
These expressions are related to the specified scale sensitivity by equations that 
are useful for making design changes in the meter performance. 

29.95. In the interests of limiting the material included in an illustrative ex¬ 
ample, a discussion of the interaction of the shunt resistance and the torque gen¬ 
erator in providing damping for the galvanometer is omitted from Item X. This 
phase of electrical meter operation is discussed in Chapter 32. 

29.96. Specification 29-1 is given here to illustrate the data that may be in¬ 
cluded in the description of a measuring instrument. The example given supplies 
more information than would ordinarily be used to specify a conventional volt¬ 
meter. However, the data provided are all pertinent if the instrument is to be ap¬ 
plied in making high-accuracy measurements under circumstances that vary con¬ 
siderably from static calibration conditions. 

29.97. The purpose of the present discussion is to illustrate an approach to 
the problem of specifying measuring instruments, not to examine all details of 
their performance. For this reason, the present section is ended here, leaving the 
operationaldetailsof particular instruments and systems to be discussed in later 
chapters, where the pattern of Specification 29-1 is used as required. It is to be 
notedthatboth static and dynamic characteristics may be described in nonmathe- 
matical terms on the basis of experimental results. For practical purposes, sen¬ 
sitivity and dynamic response angle data may be plotted on suitable coordinates, 
whether the information presented is calculated or measured. In many situations, 
it is convenient to use some relatively simple and well-known mathematical form 
as the reference for describing performance and to plot the error curves for this 
reference from the actually measured "correcf'performance characteristics. This 
procedure is illustrated in Item vm of Specification 29-1, in which the first-order 
equation representation is used as a convenient reference to replace the "correct" 
second-order representation. A number of situations of this kind appear in later 
chapters. 
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CHAPTER 30 


ELEMENTS AND COMPONENTS 
ASSOCIATED WITH INSTRUMENT SYSTEMS 

H. B. Brainerd 


INTRODUCTION 

30.1. The purpose of any instrument system is to receive as input one or 
more physical quantities and to produceas output one or more physical quantities 
that are in more useful forms than the inputs. The outputs may represent meas¬ 
ures of the input quantities, as in a measuring system, or they may represent 
controls on the operation of some equipment or process. Many physical laws and 
phenomena come into play in the operation of instrument systems. The study of 
these laws and phenomena in connection with their practical applications com¬ 
prises the fundamei^backgro^ of instrument engineering. The use of creative 
imagination in selectingand combining these fundamentals into useful forms con¬ 
stitutes the ^ of instrument engineering. 

30.2. The purpose of this chapter is to summarize in readily available form 
some of the physical laws, processes and devices that are useful in the synthesis, 
operation and analysis of instrument systems. The treatment is intended to re¬ 
call to the reader the more commonly used relations and characteristics of de¬ 
vices, and to serve as a guide to more comprehensive references for each of the 
topics covered. The material that is of principal interest occurs naturally in 
several basic fields, including mechanics, electricity, magnetism, pneumatics, 
hydraulics and heat. In studying a system in a less familiar field, there may be 
a temptation to replace it by an equivalent system having a more familiar form. 
However, the use of analogs is limited by the fact that comparable quantities are 
seldom, if ever, fully equivalent, and in some cases there is no quantity in one 
system that corresponds to an important quantity in a comparable system. Further, 
the practical limitations on the performance of various kinds of system components 
arise from different causes and the use of analogs tends to obscure the differences 
between ideal and actual systems. For these reasons, it is more desirable to 
study the dynamic characteristics of a system in terms of the governing differ¬ 
ential equation rather than in terms of the performance of an analogous physical 
system. Accordingly, in this chapter, the way in which the various physical phe¬ 
nomena are represented mathematically is used as the basis for presentation. 
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30.3. The material of this chapter is presented under two main headings. 
Elements and Components. The section entitled Elements deals with the physical 
laws and quantities associated with the basic elements used in instrument sys¬ 
tems. The section entitled Components includes specific devices that employ these 
elements toperformdesiredoperations. Manyof these operations may be charac¬ 
terized by the functions that are performed. For example: 

Comparison, which is frequently the basis of measurement, includes: 

1) Comparison of an index displacement with a numbered scale. 

2) Balancing or nulling between two quantities of the same physi¬ 
cal nature. 

3) Comparison by substitution of a readily measured quantity for 
one not so readily measured. 

Magnitude Conversion is an operation in which a physicalquantity is al¬ 
tered in size, but not in form, by either amplification or attenuation. 

This is the mathematical equivalent of multiplication by a constant. 

Physical Conversion is an operation in which the character, as well as 
the magnitude, of a physical quantity is altered by the action of the de¬ 
vice in question. This includes a vast array of principles and devices. 
Computation involves the operations encountered in arithmetic, alge¬ 
bra, trigonometry and calculus, as well as the generation of other func¬ 
tions, sometimes empirical ones. 

Selection implies the presence of interfering inputs that are to be re¬ 
jected, and uses for this purpose techniques such as amplitude or fre¬ 
quency discrimination, compensation, averaging, gating or time selec¬ 
tion, and other methods. 

ELEMENTS 

30.4. Mechanical Elements (see Information Summaries 30-1 and 30-2*). 
Equations of motion Involving translational and rotational motion are obtained by 
applying Newton’s third law to the elements of the system. Quantities such as 
force, torque, linear and angular displacements, velocities and accelerations are 
involved. These are vector quantities in that they have directional properties as 
well as magnitudes. Such vector quantities are designated by placing bars over 
the quantity symbols. Nonvectors lack directional properties and are called 
scalar quantities. Certain scalars such as elastic coefficients, damping coef¬ 
ficients and moments of inertia are directional in that their magnitudes depend 
on the direction in which they are taken; but in the mathematical sense, they are 
scalar quantities. For information on mathematical operations involving vector 
quantities , see Chapters 7 and 9. 

* Summaries for Elemencs are located at the end of (his section. 
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30; 5. Although angular displacements have magnitude and direction, they do 
not obey the law of commutative vector addition unless the angles are coplanar 
or infinitesimal. However, in many practical situations where the individual angles 
are small, they maybe approximated as vectors with adequate accuracy. The ad¬ 
vantage gained by treating angles as vectors is that much analytical work in¬ 
volving angular orientation is greatly simplified. A rigorous treatment of this 
problem is given by Laning.* 

30.6. Newton’s law states that applied force or torque is equal to the time rate 
of change of linear or angular momentum, respectively, this rate of change being 
referred to an inertial system.** For a constant mass, this reduces in the trans¬ 
lational case to the familiar relationship that force is equal to mass times accel¬ 
eration with respect to any inertial space. When the acceleration is taken with 
respect to a space that has either linear acceleration or angular velocity with 
respect to a reference inertial space, account must be taken of the motion of this 
moving space with respect to the reference inertial space. This is readily ac¬ 
complished by application of the theorem of Coriolis, which relates the rate of 
change of a vector with respect to inertial space to the rate of change of the same 
vector with respect to a moving space. This relationship is derived in Fig. 9-5 
of Chapter 9. 

30.7. The elastic and damping forces and torques shown in Information Sum¬ 
maries 30-1 and 30-2 are of linear form if the elastic restraint coefficients and 
the damping coefficients are presumed to be constant. This condition, if desired, 
can be realized in practical devices by careful design. Inertia reaction forces 
and torques are inherently linear by virtue of Newton’s law. In some situations, 
linearity maynot be achievable, nor may it be desired. Often nonlinearities may 
be exploited to practical advantage even though the simplicity of the analysis is 
lost. Coulomb friction is nonlinear since its magnitude is independent of the mo¬ 
tion and only its sense is established by the sign of the velocity. 

30.8. Elements of Electric Circuits (see Information Summary 30-3). Dif¬ 
ferential equations involving electric circuits are obtained by applying Kirchoff's 
laws to the circuits of interest. Voltages and currents are the pertinent quanti¬ 
ties, and the relations between them are given in terms of resistances, capaci¬ 
tances and inductances. When these quantities are taken to be constant lumped 
parameters, independent of voltage or current, the resulting differential equations 
are linear. In the case of inductances involving ferrous cores, the condition of 
linearity is not f ulf illed if the magnetization curve of the core is nonlinear. Under 
these circumstances, linear equations are applicable only over the range of 

• See Laaing (L5). 

•• This topic is discussed at length io Pan 2 of Vol. IC. For further explanation of what constitutes an 
inertial system, sec Qapter ID of Einstein and Infcld {E3) and Chapter IV of Richtmyer and Kennard (R5). 
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current for which the corresponding portion of the magnetization curve can be 
approximated by a straight line. Within this limitation, for normal service, re¬ 
sistances, capacitances and inductances behave as constant lumped parameters 
within very close limits. On the other hand, inductors and capacitors are never 
entirely devoid of resistance, and resistors exhibit inductive and capacitive prop¬ 
erties. These limitations become important under extreme conditions, but their 
effects can be minimized by appropriate design techniques if required. 

30.9. Inductive and capacitive reactance and impedance do not enter directly 
into the original differential equations. They appear when the currents and volt¬ 
ages are sinusoidal with respectto time, as is the casein a very great proportion 
of practical circuits. In fact, frequency analysis techniques were devisedfor this 
very purpose and it is common practice to handle nonsinusoidal as well as sinus¬ 
oidal circuit problems by Fourier or Laplace transforms. 

30.10. Elements of Magnetic Circuits (see Information Summary 30-4). 
Practical magnetic circuit relationships are characterized by the nonlinearities 
introduced by ferrous-core materials. Linear laws are valid over only small 
incremental values of flux. Accordingly, energy concepts are useful in associating 
mechanical forces and torques with magnetic fields. Thus, the rate of change of 
magnetic energy with respectto linearor angular displacement is the correspond¬ 
ing mechanical force or torque. 

30.11. Magnetic flux and magnetomotive force are often considered to be 
analogous respectively to electric current and voltage. This is a good example 
of a supposed physical analogy that actually hides pertinent information. Flux is 
associated with energy; current with power, which is one derivative order higher. 
Flux permeates its surroundings, while current is confined to well-defined paths; 
hence, magnetic circuit parameters must be determined experimentally, while 
electric circuit parameters are readily computed. What is truly analogous is the 
similarity of mathematical form between expressions relatingenergy, flux, mag¬ 
netomotive force and reluctance and expressions relating power, current, voltage 
and resistance. 

30.12. Permanent magnets or electromagnets are sources of magnetomotive 
force. The design of efficient magnetic circuits utilizing permanent magnets in¬ 
volves the selection of permanent magnet material and its geometrical shape, 

taken together with the remainder of the magnetic circuit so as to make magnetic 
enei^y a maximum. 

30.13. Current-carrying conductors in a magnetic field are of great impor¬ 
tance since these form the basis for many practical applications. These include 
string and D’Arsonval galvanometers, direct-current motors and generators 
electromagnetic shakers and loudspeakers, and many more. There are two as¬ 
pects of this situation, both of which are important: 
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1) The current-carrying conductor has a lateral force exerted on it. 

2) A voltage is induced in the moving conductor. 

30.14. Elements of Heat Flow (see Information Summary 30-5). Newton's 
law of cooling governs in many heat-flow situations. This law states that the rate 
of heat transfer between a body and its surroundings is proportional to the tem¬ 
perature difference between the body and its fluid or solid surroundings, and to 
the thermal conductivity of the surroundings. Since rate of change of body tem¬ 
perature is proportional to heat-flow rate, the governing differential equation 
becomes one of first order, with body temperature as the dependent variable. 
Convective or conductive heat flow is presumed responsible for the transfer of 
heat. Also, it is assumed that heat transfer throughout the body is sufficiently 
rapid to enable characterization of the body temperature by a single value. 

30.15. When heat transfer is effected by radiation, the Stefan-Boltzmann 
fourth-power law applies and the first-order differential equation no longer holds 
true. If the difference in the fourth powers of the temperatures of two bodies in¬ 
volved maybe adequately approximated by the difference of the first powers, then 
a first-order differential equation will represent the process in the same way as 
is true for the conductive and convective cases. A detailed analysis of this situa¬ 
tion is given in Derivation Summary 31-2. 

30.16. * When heat transfer takes place by a combination of convection and 
conduction successively through several bodies, each of whichmaybe represented 
by its heatcapacity, its thermal conductivity and its temperature, the correspond¬ 
ing differential equations become a set of coupled equations, the number of equa¬ 
tions being equal to the number of separate heat transfer processes that must be 
considered. When the number of bodies is increased without limit, a partial dif¬ 
ferential equation must be employed to describe the temperature gradients that 
prevail. This corresponds to the case of a single body in which the flow of heat 
is relatively slow; the temperature is then no longer uniform throughout the body. 

30.17. In the transfer of heat between fluids and solids, most of the fluid is 
usually in turbulent motion, so that convection, that is, mixing, keeps the fluid at 
nearly uniform temperature. At the surface of the solid, however, a thin layer of 
the fluid has laminar flow, that is, it moves only parallel to the surface. Between 
the laminar and the turbulent regions there is a buffer layer where turbulence 
occurs intermittently. In the laminar layer, heat transfer is largely by conduc¬ 
tion. There is also radiant heat transfer between all parts of the fluid and the 
surface of the solid. The component of heat transfer due to convection and con¬ 
duction is dependent mainly on the conductivity of the fluid and the thickness of 
the laminar flow layer. The thickness of this layer is in turn dependent on many 
variables including the shape and roughness of the solid surface, the effective 
velocity of the fluid, and all the factors that influence this effective velocity. 
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30.18. Elements ^ Fluid Mechanics (see Information Summary 30-6). A 
fluid is defined as a substance that cannot support a static shear force. Thus, 
liquids and gases are fluids. A liquid is characterized by its definite volume and 
slight compressibility. A gas. on the other hand, is highly compressible, and Us 
volume is established only by the container that encloses it. 

30.19. Forces normal to the surface of any body in contact with a fluid are 
transmitted through the fluid as pressures that act equally in all directions. The 
component of fluid pressure caused by external forces acting on the fluid is uni¬ 
form throughout the fluid. The pressure associated with dynamic and gravitational 
forces varies from place to place in the fluid, as for example the variation of 
pressure with height. If a body is immersed in the fluid, the action of this gravi¬ 
tational pressure gradient is to produce an upward force on the body equal to the 
weight of the displaced fluid. This buoyant force may develop a buoyant torque 
on the immersed body, determined by the location of the center of buoyancy of 
the immersed body relative to the selected support axis. In the case of a gas, 
the variation of pressure with height is governed by the compressibility of the 
gas. Typical relationships that are applicable to the Earth's atmosphere are 
given in Information Summary 30-6. 

30.20. Viscosity is a parameter of a fluid that relates shear stress to rate 
of shear strain. It is not applicable to a static situation because by definition no 
static shear force can exist in a fluid. The physical phenomenon of fluid flow 
with shear forces is referred to as viscous flow or as fluid friction. Viscous 
forces are proportional to surface area and velocity gradient. In any situation 
where fluid flows past a solid body, compressive and inertial forces can act only 
normally to the surface of the body. Hence, any component of force parallel to 
the surface of the body must be due to fluid friction. 

30.21. Problems involving fluid motion lead to partial differential equations 
with respect to time and three spatial dimensions; these are known as the Navier- 
Stokes equations. These equations embody Newton'slaw for a fluid element, the 
requirement of continuity, and thermodynamic effects. The usual engineering 
approach is to use an integrated form of these equations, known as Bernoulli's 
theorem, which expresses the principle of conservation of energy in a system 
containing a flowing fluid. This theorem is broadly applicable in many practical 
cases. Frequently, one or more of the terms appearing in the energy equation 
may be neglected, thus yielding a simpler expression. The relations governing 
the pitot tube, impact pressure, and flowthrough a constrictionare cases in point. 
Many other examples can be found in the reference literature. 

30.22. The Reynolds number is a dimensionless parameter relating viscosity 
density, flow velocity, and a characteristic linear dimension of the geometrical 
situation. For any given geometrical situation, the Reynolds number expresses 
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the ratio of inertial to viscous forces. For example, in a long circular pipe, 
where the characteristic dimension is the diameter, conditions are related to the 
Re^Tiolds number as follows: 

1) When the Reynolds number is less than 2100, viscous forces pre¬ 
dominate and flow is laminar. 

2) When the Reynolds number is greaterthan 3100, inertial forces pre¬ 
dominate and flow is turbulent. 

3) When the Reynolds number is between 2100 and 3100, the two forces 
are of the same order and the character of flow is determined by en¬ 
trance conditions. 

The principle of dynamic similitude states that if the Reynolds number is the same 
in twosimilar geometrical situations, the flow will also be geometrically similar. 
Thus, for any geometrical situation, any property of the flow can be expressed by 
a function of the Reynolds number. In a few cases, such as laminar flow in a pipe, 
this function of the Reynolds number is analytic, but more often it is empirical. 

30.23. The Mach number is the ratio of flow velocity to the velocity of prop¬ 
agation of a small pressure disturbance, that is, the velocity of sound. In a per¬ 
fect gas, sonic velocity is a function of temperature only. Physically, the Mach 
number represents the ratio of inertial force to the elastic force associated with 
the compressibility of the gas. For this reason, the Mach number is the govern¬ 
ing parameter in establishing aerodynamic forces on bodies at high speeds. 

30.24. Dimensions and Units (see Table 30-1). The dimensions of the physical 
quantities mentioned in Information Summaries 30-1 through 30-6, and the units 
in which they can be expressed, have been brought together in Table 30-1. Some 
writers state that only three primary quantities are needed, but this applies only 
to a dimensional system for mechanical quantities. One more primary quantity 
is needed to bring electromagnetic quantities into the dimensional system, and 
still another to bring in thermalquantities. In Table 30-1, the accepted set of 
length, and time is used forthe three primary mechanical quantities. Force , lengUi, 
and time are given as an alternate set, since they express many quantities more 

simply. 

30.25. The additional primary quantity used in Table 30-1 for expressing 
dimensions of electromagnetic quantities is electric charge . Other choices (not 
used in Table 30-1) could be electromagnetic permeability or electrosta^ per^ 
mittivity. Alternate sets given in Table 30-1 are voltage, charge , leng^, and ti^ 
for electrical quantities and force, charge, length, and time for magnetic quantities; 
these sets eliminate the dimension of mass where it is foreign to the physical 

concept. 

30.26. The additional primary quantity for dimensions of thermal quantities 

is temperature. It would be possible to use specific heat or thermal conductivity 
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instead, but there is no advantage to be gained by doing so. Alternate dimensions 
are given to include heat, that is, energy in thermal form. This eliminates a di¬ 
mension of mass where it is foreign to the physical concept, but keeps mass in the 
one case of specific heat, where the concept involves heat energy per unit mass. 

30.27. Units for the physical quantities shown are given in three systems, 


each consistent within itself. These are the rationalized m.k.s. system, the un¬ 
rationalized c.g.s. system, and the English system using the slug, the foot, the sec¬ 
ond, and the degree Fahrenheit. 

30.28. The distinction between a rationalized and an unrationalized system 


•s confined to a few magnetic quantities for which the two sets of units are related 
by a factor of 4ir. The m.k.s. system is comparatively new and is becoming widely 
used. It has the advantage of including the practical electrical units of volt, am¬ 
pere, watt, joule, coulomb, ohm, henry, andfarad. The c.g.s. system is olderand 
well-established, but is now becoming less popular. The c.g.s. electrical units 
given here belong to the electromagnetic system. There is also a c.g.s. electro¬ 
static system, which is of little use to the engineer. 

30.29. The English system of units has widespread acceptance and usage as 
its only advantage. As given here, it is consistent within itself and is based on the 
foot, the slug, and the second. No attempt is made to include the many alternative 
units based on inches or other units of length, minutes or hours, pounds mass and 
poundals force. 

30.30. Since angles are dimensionless, they are not given in Table 30-1. 
Two units of angular measurement are commonly used: radian measure (ratio of 
arc to radius) is the basis of all calculus formulae; measurement in degrees is 
used in almost all practical geometry involving angles, such as navigation, sur¬ 
veying, and shop layouts. The military mil is a less common unit, sometimes 
used in fire control. The following conversion relationships may be used; 

angle in radians x 57.2957795 = angle in degrees 

angle in degrees x 0.01745329 = angle in radians 


1 minute angle = 0.0002909 radian 
1 second angle = 0.0000048 radian 
1 radian = 57“ 17' 44".8 = 1018.591634 military mils 
1 milliradian = 3'.4377 = 3'26".26 = 1.01859 military mils 


circle = 360“ = 2ir radians = 6.28318531 radians = 6400 military mils 
right angle = 90“ = ir/2 radians = 1.57079633 radians = 1600 military mils 


Note; Table 30*1 and Information Summaries BO*! through 30*6 follow immediately. 
These are followed in turn by the discussion on Components on page 125. 
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Table 30«1e Dimensions and units.* 

Symbol 

Quantity 

Primary dimensions 

Other dimensions 



Primary quantities 

Mass 

Length 

Time 

Elecujc charge 
Temperature 


£/ecff/c ar^i mognetic quantifies 

Current 

Voltage 

Capacitance 

Resistance 

Inductance 

Fliuc 

Flux density 
Magnetomotive force 
Magnetic field strength 
Conductance 
Resistivity 

Reluctance 

Permeability 



F 

Mechanical quantities 

Force 

mif* 

F 

M 

Torque 

rtiPH 

FI 

E 

Energy 

tnl^f* 

FI, (voit)Q 

P 

Power 

rrl’H 

FIf(voIt)Qf' 

k 

Elastic restraint coefficient 

mt* * 

Fi-i ! 

*'(rot) 

Rotational elastic restraint coefficient 

mPt*= 

FI 

^(dmp) 

Damping coefficient 

mt-‘ 

Fl-'t 

^(rol) 

Rotational damping coefficient 


Fit 

I 

Moment of inenia 

mP 

Fit* 

V 

Velocity 

If‘ 


W 

Angular velocity 

t-' 


0 

Acceleration 

If* 

- - 

a 

Angular acceleration 

r* 


A 

Area 

I* 


V 

Volume 

P 


p 

Density 

mi-* 


LM 

Linear momentum 

mlf * 

1 

Ft 

H 

1 

Angular momentum 

1 

ml*f‘ 

Fit 

p 

Viscosity 

• 

mi-'f’ 

FI-*t 


Qt-' 

Q->mPr* 

Q*m-‘I**t* 

Q**nil*r* 

Q**mf* 

Qt-» 




volt 

(volt)*^ Q 
(volt) Q t 
(volt)Q 

FQ-Mt 


(vohr*Qt*‘ 

(volt) Q** It 

FQ'S* 


HC 

SH 

k 


Thermo! quantities 
Quantity of heat 

Heat capacity 
Specific heat 
Thermal conductivity 


inl*t-* 


heat 


(heat) T* 
(heat)m*‘r 

(heat) I-‘f*T 


..... . P..ociol«s of Dlrec.^v.en. (L.l. S.cH, E. E. DopX ^ ^ 

Speocer. ■'uTlllzin, the M. K. SrSys.em” Zimmerman ond Lovlne, Conversion Foclacs and Tobies (Z2». 
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Symbol 


Rationalized m.k.s. unit 



kilogram 

meter 

second (sec) 
coulomb 

degree (Centigrade or 
K'elvin) 

0®C«32®F=273'"K«460®R 


Toble 3(H> Dimensions and units, (cont) _ 

Conversion » Unralionalized c.g.s. unit x Conversion 
factor I I ^^ctof_ 



gram 

centimeter (cm) 
second (sec) 
abcoulomb 

degree (Centigrade or 
Kelvin) 


6.852 X 10-^ 
3.281 X 10'^ 
1 



& English unit' 


slug 
foot (ft) 
second (sec) 


degree (Fahrenheit 
or Rankine) 


newton 


newtoirmeter 


^ro^) 

•(dmp) 

Sot) 

I 




joule 

watt 

newtoo/meter 
newroo^meter/unit angle 

DewtoQ*sec/ineter 
newcon^metersec 
kilogram^meter^ 
meter/sec 
unit angle/sec 
meter/sec^ 
unit angle/sec^ 
meter^ 
meter ^ 

kilogram/meter^ 

kilogram* meter/sec 
Dewton*sec 

kilogram^meter^/sec 

Qcwton*meter-sec 







ampere 

volt 

farad 

ohm 

henry 

Weber 

weber/mecer^ 
ampere turn 
ampere curn/meter 
mho 

ohm*(Deter 


ampere turns 




ampere turas*aeter 


0*^ 
10^ 

10^ 

10 ® 

10< 

4ffx 10*‘ 
4fr X 10** 

10*9 

10 “ 

4ff X 10*9 

-ji-X lo’ 

4ir 


dyne 
dyne*cro 
erg or dyne*cm 

erg/scc 

dyne/cm 

dyne-cm/unit angle 

dyne-scc/cm 

dyne*ciii-sec 

gram*cin^ 

cm/sec 

unit angle/$ec 
cm/sec^ 
unit angle/sec ^ 


gram/cm^ 

gram*cm/$ec 

dyne*$ec 

graimcm^/sec 

dyne-cm-$ec 

poise 

(gram/cm-sec) 


abampere 
abvolt 
abfarad 
abohm 
abhenry 
maxwell (line) 
gauss (line/cm Z) 
gilbert (oer$ted-cm) 
oersted 
abmho 
abohm*cm 

gilbett/maxwell 
gauss/oersted 


2.248 X 10*9 
7.376 X 10*9 
7.376 X 10*9 
(1.341 X 10*'° 
[7.376 X 10*9 
6.852 X 10*9 
7.376 X 10*9 

6.852 X 10*9 

7.376 X 10*9 

7.376 X 10*9 

3.281 X 10** 

1 

3.281 X 10** 

1 

1.076 X 10*9 
3.531 X 10*9 
1.941 

2.248 X 10*® 

7.376 X 10*® 
2.089 X 10*9 


pound (lb) 
Ib-lc 
ft-lb 

horsepower 

lb“ft/sec 

Ib/ft 

lb*ft/unit angle 

lb*sec/f( 

Ib-ft-sec 

slug*fc^ 

ft/sec 

unit angle/sec 
ft/sec 2 

unit angle/sec ^ 
ft 2 

slug/ft 2 
lb*sec 

lb*fcsec 

slug/ft-sec 



joule 

joule/®C 

jouleAg^C 

watt/cffl*C 


2.389 X 10*‘ 

2.389 X 10*‘ 

2.389 X 10*® 
2.389 X 10*‘ 


calorie (cal) 

cairC 

cal/gm-“C 

cal/sec-ciD*®C 


3.97 X 10*9 


2.20 X 10*9 


241.9 


Multiply quantity in m.k.s. units by conversion factor to obtain same quantity in c.q.s. units. 
Multiply quantity in c.q.s. units by conversion loctor to obtain same quantity In English units. 


British thermal unit 
(Btu) 

Btu/^F 

Btu/lb-^F 

Btu/hr*ft*‘’F 
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Information Summary 30*1. Elements of translational mechanics. 
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Information Summory 30-3* Elements of electric circuits. (Poge 1 of 2) 
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Informotion Summory 30-3. Elements of electric circuits. (Page 2 of 2) 





Concept and Symbol Performance Relation 



116 





Figure Concept and Symbol _ _Performance Relation 
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Informotion Summary 30-4. Elements of magnetic circuits. (Poge 2 of 3) 
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Informotion Summary 30-4. Elemaats of magnetic circuits. (Poge 3 of 3) 
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Informotion Summary 30*5. Elements of heat flow. (Poge 1 of 2) 


Figure Concept and Symbol Performance Relation 
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Information Summory 30*6« Elements of fluid mechanics. (Page 1 of 4) 











Figure Concept and Symbol Performance Relation 
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Figure Concept and Symbol Performance Relation 
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Information Summary 30*6. Elements of fluid mechanics. (Page 3 of 4) 
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COMPONENTS . 

30.31. Components (see paragraph 30.3) are treated in the following informa- 

tion summaries (located at the end of this section): 

Information Summary 30-7. Mechanism Components 

Information Summary 30-8. Electromagnetic Components 
Information Summary 30-9. Electronic Components 
Information Summary 30-10. Thermometric Components 
Information Summary 30-11. Fluid Components 
The treatment of components in these summaries parallels the treatment of 
ments in the preceding summaries; that is, only the most useful components are 
shown, and these are defined broadly. Also, performance relationships are sim¬ 
plified by omitting deviations from the ideal, such as those resulting from friction; 
components that are simple embodiments of elements previously stated are omitted; 

and references are made as complete as possible. 

30.32. Mechanism Components (see Information Summary 30-7}. The basic 
purpose of the common mechanism components is magnitude conversion or com¬ 
putation of motion, force, or torque. In general, the actual relationship between 
input and output motion closely approximates the ideal relationship shown in the 
summary. The ideal relationship for force or torque is always inversely propor¬ 
tional to that of motion, but, in the actual case, the output is decreased by friction 


losses. In one group of components, which includes gears (except differential 
gears), screws, and levers (for small motions), motion is limited to a single degree 
of freedom, the ideal relationships are linear, and the components are generally 
used fortransmittingforce, torque,or motion. Friction, however, is not negligible 
for this group. For example, with a worm and wheel, or a screw and nut, the 
friction is so great that it makes the component performance effectively irrevers¬ 
ible. That is, if force or torque is applied at the output (axial force applied to the 
screw ortorqueto the wheel), there is no resulting motion at the input (rotation of 
the worm or the screw). 

30.33. Another group of mechanism components are those that are used pri¬ 
marily for types of computation such as summing and function generating. In this 
group are cams andfollowers, crank and connecting rod combinations, differentiai 
gears,summing linkages,and generalized linkage computers. Here, the input and 
output forces, and hence the effects of friction, are of only secondary importance 
since motion is the variable used in computation. 

30.34. The principal use made of the single-degree-of-freedom gyroscope 
(see page 4 of Information Summary 30-7) is as a means of developing a torque 
proportional to angular velocity. If this torque is opposed by a linear elastic re- 
straintdevice,such as aspring,then the gimbal angular position becomes a meas¬ 
ure of the input angular velocity. The two-degree-of-freedom gyroscope is normaliy 
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used as an angular position reference. One example is the gyroscopic vertical 
indicator, in which the position of the spin axis of a gyroscope is controlled by 
auxiliary pendulums* that cause it to remain, on the average, along the vertical. 
The pendulum serves to indicate the resultant of gravitational and accelerational 
forces acting on its center of mass. If the dynamic response of the pendulum is 
slowed by lengthening its natural period, the indication tends to approach the aver¬ 
age position of this resultant. 

30.35. The seismic element (see page 5 of Information Summary 30-7) is 
particularly useful in the measurement of vibratory motion; more complete details 
are set forth in Chapter 35. The centrifugal tachometer is used as a device for 
measuring angular velocities. When used with a suitable feedback mechanism that 
actuates a throttle, it forms a speed regulator for engines and is known as a 
flyball governor. 

30.36. Electromagnetic Components (see Information Summary 30-8). Elec¬ 
tromagnetic components occupy many places in instrument systems, particularly 
in sensing inputs, transmitting information, and driving mechanical components. 

30.37. All d-c rotating machines (see pages 1 and 2 of Information Sum¬ 
mary 30-8) have a wound armature with commutator and brushes, and a stationary 
field. Their differing characteristics are based principally on different types of 
field excitation. Each type of field excitation can be used in either a motor or a 
generator. A field winding in series with the armature carries the same current 
as the armature, and hence the excitation is dependent on all variables that influ¬ 
ence armature curreht. Other forms of excitation are independent of armature 
current, but (except for a permanent magnet) they are dependent on the voltage 
across the field winding. Since armature voltage is proportional to the speed of 
the armature times the field strength, a series field winding makes generator 
voltage dependent on load current. In a motor, this same effect of a series field 
cancels the speed regulation that is inherent when field strength is constant. 
Certain particular applications of d-c machines should be noted. A permanent- 
magnet generator puts out a voltage proportional to speed and hence acts as a 
tachometer. A separatelyexcited generatoracts as an amplifierwith fieldcurrent 
as its input and mechanical drive as its power source. The amplidyne is a further 
extension of this principle, incorporating two stages of gain in a single machine. 
The separately excited motor combines external control of speed, byvarylngthe 
ratio of armature to field voltage, with self regulation to hold this speed against 
load changes. 

30.38. Most a-c motors and generators (see pages 2 and 3 of Information 
Summary 30-8) have stator windings connected to the line, and a rotor inductively 
coupled to the stator. The one exception is the series motor, often called a 

• The pendulum and the gyroscope are treated inmuch greater detail in separate chapters of Part 2, Vol. HI. 
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"universal" motor, which operates with practically the same characteristics on 
a-cpoweras ond-c. The rotor of ana-c motor may have a winding of insulated wire 
(wound rotor), a set of parallel conducting bars connected to a ring at each end 
(squirrel cage rotor), or a disc or cup of conducting material (eddy-current rotor). 
An induction motor uses two- or three-phase excitation on the stator to form a 
rotating magnetic field that cuts the conductors of the rotor, induces currents, and 
thereby creates a torque. This action requires a difference in speed between the 
rotating field and the rotor, called "slip." At synchronous speed (where the rotor 
is at the same speed as the rotating field), there is no "slip," no induced current, 
and no torque. If the rotor is driven beyond synchronous speed, an opposing torque 
appearsand energyis returnedto the line. Wound, squirrel cage, oreddy-current 
rotor construction may be used. The pulsating field excited by a single-phase 
voltage produces a similar effect on a moving wound rotor, but no starting torque 
with the rotor stationary. The effect of a multi-phase excitation can be obtained 
on single phase by using a stator with two windings and introducing a phase shift 
in one of these windings by an additional inductance (split-phase motor) or by a 
series capacitance (capacitor motor). Still another single-phase arrangement is 
the repulsion motor, which has a single winding on the stator, and a rotor with a 
winding and commutator similar to a d-c machine. The brushes on the com¬ 
mutator are placed at an angle to the effective pole axis of the stator and are 
short-circuited. The combination of the transformer action of the stator on the 
rotor and the current path determined by the position of the brushes produces a 
large starting torque. A motorarranged to start by repulsionand run by induction 
is called a repulsion-induction motor. One special form of two-phase machine 
that is useful in instrument work has an eddy-current rotor, and one winding con¬ 
tinually energized by the "reference voltage." The other winding is energized by 
the variable "control voltage" at ±90 degrees phase angle from the reference. The 
output torque is nearly linear with control voltage, and reverses when the phase is 
reversed. Damping can be achieved by applying a d-c voltage to the control wind¬ 
ing. This same type of machine can serve as an a-c tachometer. When one wind¬ 
ing is energized, a voltage proportional to the rotor speed is generated in the 
second winding. This voltage has a phase angle of 90 degrees that reverses from 
plus to minus when the direction of rotation changes. 

30.39. Synchronous machines (see page 4 of Information Summary 30-8) have 
stator windings similar to an induction motor, but the rotor is a permanent magnet 
(or an electromagnet excited by d-c current). As generators, they supply almost 
all a-c power. As motors, they are used wherever exact speed regulation is re¬ 
quired, as in clocks, gyroscopes, and sound recorders. A synchronous motor in 
its fundamental form produces an output torque only when the rotor is turning at 
synchronous speed, that is, exactly in step with the a-c power source. The rotor 
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must be brought up to this speed by some other means than synchronous action. 
In the hysteresis motor, the rotor is a ring of permanent magnet material, which 
is magnetized by the rotating field of the stator. The magnetization of the ring 
rotates with the stator field, lagging behind it because of the large hysteresis 
of the ring, and thus produces an accelerating torque on the rotor. When the 
rotor reaches synchronous speed, the retained magnetism is stationary with re¬ 
spect to the ring, and the motor operates like any other synchronous machine. 

30.40. Meters {see page 5 of Information Summary 30-8) differ from motors 
in that they are arranged to move only a fraction of a turn, usually working against 
elastic restraint. They are also typically much smaller and lighter, with only a 
pointer, a pen, or contacts as a load. The D'Arsonval type is equivalent to a d-c 
motor with a permanent-magnet field. It can be made responsive to a-c inputs by 
means of a rectifier, or responsive to the heating effect of currents up to radio 
frequencies by use of a thermocouple. It can be made very nearly linear in its 
response to d-c inputs. The wattmeteris equivalent to a d-c motor with separately 
excited field. It will respond to eithera-c or d-c inputs, and is verynearly linear 
with wattage. The same type of device with rotor and stator windings connected 
in series is known as an electro-dynamometer. It responds to either a-c or d-c 
inputs in proportion to the square of the input current, and can be built to a high 
degree of accuracy. The solenoid or "moving iron" meter is a much simpler de¬ 
vice than the electro-dynamometer. It also has a square-law response, and is 
accurate enough for many applications. Other t 3 ^s of meters are described in 
detail in manuals published by the principal meter manufacturers. 

30.41. A transformer (see page 6 of Information Summary 30-8) is apractical 
application of mutual inductance. Deviations from the ideal relationships result 
from ohmic resistance losses in the windings, eddy-currents, and hysteresis losses 
in the core. High-frequency performance is limited by the distributed capacitance 
of the windings and by leakage inductance that occurs because flux from one winding 
does not entirely link the turns of the other winding. Low-frequency performance 
is limited as a result of the self-inductive impedance of the primary winding de¬ 
creasing with frequency until it shunts out the secondary load. A magnetic ampli¬ 
fier (see page 3 of Information Summary 30-8), which is also called a saturable 
reactor, is a practical application of incremental inductance. A d-c current in the 
control winding saturates the core and reduces the impedance of the a-c power 
windings. The latter windings are arranged to oppose each other, thereby in¬ 
creasing their mutual impedance and at the same time cancelling their effect on 
the control winding. Feedback can be introduced by rectifying the output and 

applying it to an added control winding. 

30.42. A translational transducer (see page 6 of Information Summary 30-8) 
is the counterpart (for a small range of translational excursions) of the permanent- 
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magnet d-c motor and generator, and of the D'Arsonval meter. It serves as a loud¬ 
speaker, microphone, vibration pickup, and string galvanometer, and is used in 
many similar applications where the amplitude seldom exceeds 0.01 inch and the 
frequency is less than 20 kilocycles per second. 

30.43. An eddy-current damper (see page 6 of Information Summary 30-8) 
applies the same basic laws as a motor with an eddy-current rotor, except that it 
uses a stationary magnetic field to exert a torque opposing motion of the rotor. 

30.44. Synchros, Microsyns, and the differential transformer are all devices 
whose primary purpose is to transmit positional information electrically. The 
basic synchro (see pages 7 and 8 of Information Summary 30-8) is a unit that has 
a rotor with slip rings and a single winding, and a stator with a triple winding like 
a three-phase motor. The rotor is energized by single-phase a-c voltage that 
induces in the stator windings voltages whose ratios are functions of the angular 
position of the rotor. If two such units energized from the same power source have 
their stators connected electrically, and one rotor (arbitrarily designated as the 
transmitter) is driven to a given position, the second rotor (designated as the re¬ 
ceiver) is subject to a torque tending to bring it to the corresponding position. 
The control transformer is a similar unit, but, instead of its rotor being excited 
from ana-c source, it acts as a comparator to producea signal that passes through 
zero when its position corresponds to that of the transmitter. The differential 
synchro has triple windings on bothrotorand stator. As a differentialtransmitter, 
it can receive a signal from a transmitter on one set of windings and transmit with 
the other set a signal that represents the original transmitter position plus or 
minus its own angular position. As a receiver or motor, the differential synchro 
can receive signals from two transmitters and develop a torque tending to drive it 
to the position representing the sum or difference of the two transmitter angles. 
An angle resolver is an auxiliary computing device. It is included with synchros 
because of its similar construction. 

30.45. The differential transformer (see page 6 of Information Summary 30-8) 
consists of a primary, two secondaries connected in opposition, and a core that 
can be displaced longitudinally. The output, which is the difference between the 
two secondary voltages, is proportional to the displacement of the core from 


zero position. 

30.46. Microsyns (see page 9 of Information Summary 30-8) are specialized 
components for shafts that rotate no more than ±10 degrees from a reference 
position. Each has four stator poles with windings and an iron rotor wlthtwo 
quadrants cut away. In the reference position, the quadrant edges are aligned with 
the centers of the poles. The three forms of Microsyns differ in purpose. The 
signal generator is excited by an a-c input and puts out a signal proportional to the 
angular displacement of Us rotor from a reference position, without applying torque 
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The torque generator is usually energized by two d-c currents. Its output is a 
torque proportional to the product of these currents and independent of angular 
position. The elastic restraint generator is energized by a single d-c current. Its 
output is a restoring torque proportional to the square of the input current and to 
the angular displacement of the rotor from a reference position. 

30.47. The magnetostriction transducer (see page 9 of Information Sum¬ 
mary 30-8) utilizes the property of certain materials to change in length with 
magnetization (and vice versa). It is useful principally at ultrasonic frequencies. 

30.48. Electronic Components (see Information Summary 30-9). Vacuum 
tubes (diode, triode, and multi-electrode) are widely used, and are thoroughly 
covered in many texts and handbooks. They are essentially nonlinear devices, but 
maybe treated as approximately linear for reasonably large increments of voltage 
andcurrent. The diode is a rectifierwith current flow approximately proportional 
to the square of positive plate voltage. The addition of a control grid makes the 
tube a triode with a voltage gain of ^; that is, applying an incremental voltage 

to the negatively biased grid has the same effect as an incremental voltage 
at the positively biased plate. This voltage reaches the output circuit through a 
source impedance of This is an incremental impedance relating increments 
of voltage and current. Adding a second grid with positive bias makes the tube a 
tetrode. This second grid or screen shields the plate from the grid capacitatively. 
It also increases current gain (mutual conductance, ) and incremental source 
impedance so that the output is essentially a current source of - . Adding a 

third grid or suppressor at ground potential makes the tube a pentode. The tube 
characteristics of a pentode and a tetrode are similar; the main function of the 
suppressor is to repel secondary electrons so that they return to the plate instead 
of being attracted to the screen. Still more grids may be added to create a con- 
verteror mixer, with two control grids shieldedfrom eachotherand from the plate. 

30.49. Gas diodes and gas triodes (thyratrons) are almost as widely used and 
described as vacuum tubes. They have two states: conducting, with a voltage drop 
independent of current; and nonconducting. The voltage relationships that start 
and stop conduction are the characteristics of interest. A gas diode starts con¬ 
ducting at a plate voltage somewhat higher than its operating voltage, and stops 
when the voltage drops below this operating value. The operating voltage depends 
on the pressure and chemical nature of the gas in the tube, and is independent of 
the spacing between electrodes. In a gas triode, a ratio of negative grid voltage 
to positive plate voltage in excess of a critical value also prevents conduction. 
After conduction starts, performance is the same as for a gas diode. Gas tubes can 
handle larger currents than vacuum tubes, and at smaller voltage drops. That is, 
they handle larger power at higher efficiency, but control of output current is 

stepwise rather than continuous. 
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30.50. Solid rectifiers consist of a semiconducting material such as germanium, 
silicon, copper oxide, or selenium, in combination with some form of contact or 
junction at which charges move more easily in one direction than in the reverse 
direction. 

30.51. Transistors {"crystal triodes") consist of two rectifying regions close 
enough together for mutual interrelations to take place. In the point-contact type 
of transistor, the rectifier is a metal point held mechanically against a crystal 
surface; in the junction type, the rectifier is the boundary between "p" and "n" 
impurities in the crystal. The emitter (input rectifier) is biased for conduction, 
while the collector (output rectifier) is biased against conduction. The interaction 
between the rectifiers is such that an input signal current through a low impedance 
causes an output signal current to flow through a much higher impedance. The 
point-contact transistor also has a gain in output current up to five times input 
current; the junction type has output current always somewhat less than input cur¬ 
rent, but it can operate at higher power levels. As compared with vacuum tubes, 
transistors are somewhat more nonlinear and have more random variation between 
individual units. The requirements for space, energy supply, and heat dissipation, 
however, are very much less. 

30.52. The photocell (phototube) consists basically of a photo-emissive cathode 
that emits electrons in response to incident light, and a positively biased anode to 
attract these electrons. The electron flow is a function of wavelength, and at any 
wavelength the flow is proportional to light energy rate. The sensitivity of the 
cell can be increased by introducing a gas that is ionized by the photoelectrons, 
or by adding a chain of electron multipliers in the same envelope with the photo- 
emissive cathode. Other photosensitive components are the photovoltaic cell, in 
which photoelectrons cross a rectifying barrier and accumulate to create a volt¬ 
age; and the photoconductive cell, in which photoelectrons act as free electrons to 
increase the electrical conductivity of the cell. 

30.53. The applications of the cathode ray tube in oscilloscopes and television 
are too widely known to need comment. However, attention should be drawn to its 
use in multiplying, function generating, and axis conversion, in which either the 
light output or the electrostatic charge at the face of the tube are detected by suit¬ 
able sensing devices. 

30.54. An amplifier is an assembly of coducers,* each of which introduces a 
net gain. These coducers must be interconnected by means of coupling devices in 
order to achieve a usable amplifier. In most cases the coupling devices, rather 
than the coducers, determine the frequency function of the amplifier. 

30.55. The distinction between a negative feedback amplifier and an oscil- 
latorjsnot sharply drawn. Every physical possible feedback loop in an amplUier 

• See first sections of Chapter 28 for a discussion of coducers* 
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includes phase shifts that at some frequency total 180 degrees and thus convert 
negative feedback to positive feedback. If there is not enough attenuation around the 
loop at this frequency to make the net gain less than unity, the amplifier will os¬ 
cillate. When a circuit oscillates, the amplitude increases exponentially with time 
until some condition limits it. This limitation is necessarily a nonlinearity that 
must be taken into account if unwanted distortion in an oscillator is to be avoided. 

30.56. The processes of amplitude modulation and demodulation are well 
known. It should be pointed out that they are inherentlynonlinear, even though the 
end result is effectively linear. An amplitude-modulated carrier necessarily in¬ 
cludes "sidebands" that are the sum and difference of carrierand signal frequency. 

30.57. Thebridgeis widely useful, since itcan be made selectively responsive 
to a minute desired input while cancelling out the effect of interfering inputs. For 
example, a strain gage contains two windings of resistance wire so oriented that 
the resistance of one increases and the other decreases when the gage is under 
strain, but the thermal effects on the two windings are identical. When the wind¬ 
ings form two arms of a bridge, the output responds to the strain while thermal 
interference cancels itself. 

30.58. Bridges containing rectifiers are useful as modulators or demodulators, 
particularly for signals that pass through zero, where reversal of d-c polarity or 
carrier phase denotes reversal of algebraic sign. In such a demodulator, a refer¬ 
ence voltage of carrier frequency is required to detect phase reversal of the car¬ 
rier. Components such as the Microsyn signal generator, the differential trans¬ 
former, and the a-c tachometer generate signals that reverse phase when passing 
through zero. The two-phase motor requires this t 3 q)e of input for its control 
phase. 

30.59. The piezoelectric effect is found in crystals of quartz, rochelle salt, 
and certain other materials. A similar effect designated by the name electro- 
strictlon is found in barium titanate ceramics that have been heat treated in an 
electrostatic field. Piezoelectric devices serve as electromechanical transducers 
over a frequency range from audio to more than ten megacycles. However, they 
are noted for nonlinear distortion in the audio region, as compared with other 
transducers. Another application is as electric circuit components for frequency 
determination or selection when mounted so as to have negligible mechanical load. 
In this application, a crystal is equivalent to an almost pure reactive network 
(very small energy dissipation) having a frequency of resonance ("series" or mini¬ 
mum impedance) and a slightly higher frequency of antiresonance ("parallel or 
maximum impedance). 

30.60. The filters shown in Information Summary 30-9 are the fundamental 
components of most of the more elaborate filters, compensators, and networks 
found in practice. Almost all desired frequency functions can be realized or at 
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least approximated. The low-pass R-C filter serves as an integrator for fre¬ 
quencies wherew > RC (w = 2^0), and the high-pass R-C filter functions as a dif¬ 
ferentiator for frequencies where w < RC. 

30.61. Thermometric Components (see Information Summary 30-10). Tem¬ 
perature is commonly measured in terms of thermal expansion of a working sub¬ 
stance, or alternatively it may be measured by thermal effects on electric circuit 
components. 

30.62. The two liquid-filled types of thermometers shown in Information Sum¬ 
mary 30-10 differ only in their indicating means. In the liquid-in-glass type, the 
thermal increment of the volume of the liquid is visible as an increase of column 
length in a small-bore transparent tube. In the completely filled liquid type, this 
increment of volume actuates a pressure type of gage, overcoming whatever elas¬ 
tic restraint the gage imposes. 

30.63. The gas pressure thermometer (see page 1 of Information Sum¬ 
mary 30-10) is a true thermal pressure device; that is, the principal effect is 
change in pressure, and change in volume is negligible. This is not the form of 
gas thermometer that is used as the primary standard for defining a temperature 
scale. In that form, pressure of an ideal gas is kept constant by varying volume, 
and temperature is defined as being proportional to volume. 

30.64. The vapor pressure thermometer (see page 2 of Information Sum¬ 
mary 30-10) contains a volatile liquid in equilibrium with its own vapor. The 
vapor pressure increases approximately exponentially with an increase of tem¬ 
perature, resulting in a nonlinear temperature scale unless the sensitivity of the 
associated pressure gage is varied to compensate for this nonlinearity. 

30.65. A bimetal utilizes the differential expansion of two dissimilar metals. 
Because of its simplicity and ruggedness, the bimetal is often used in thermostatic 
controls. 

30.66. A resistance thermometer is simply a utilization of the temperature 
coefficient of resistivity of an electrical resistor, under conditions where the 
heating caused by an electric current can be neglected. A platinum resistance 
thermometer is used to extend reference scales of temperature beyond the prac¬ 
ticable upper limit of a constant-pressure gas thermometer. 

30.67. A thermocouple utilizes the thermoelectric effect. Two dissimilar 
metals are connected to form an electric circuit. When the two junctions are at 
different temperatures, a voltage proportional to this temperature difference is 
generated. The thermocouple is adaptable to a large range of temperatures, and 
it can be made to have a very smaU heat capacity, with a resulting smaU char¬ 
acteristic time. U the actual temperature at the input junction is the quantity to 
be measured, then the temperature at the reference junction must be known by 
other means. 
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30.68. All the foregoing components are approximately linear except the 
vapor pressure thermometer. Deviations from linearity are small enough to be 
neglected except for very precise work or for large ranges of temperature. 

30.69. Pyrometers have been omitted from Information Summary 30-10 be¬ 
cause they are applicable only to a small and highly specialized portion of the in¬ 
strument engineering field, and because they involve performance relations that 
are not readily stated in such a summary. Basically, a pyrometer involves meas¬ 
uring radiation from a high-temperature source and applying the Stefan-Boltzmann 
law and Planck's radiation laws to compute the temperature of the source. Either 
total spectrum energy or energy in a narrow band of wavelengths may be used as 
the basis of measurement and computation. Pyrometers are described and ref¬ 
erences given in Chapter 31 (see paragraphs 31.20 through 31.23 and Description 
Summary 31-1). 

30.70. The dynamic performance of temperature-measuring devices is treated 
at length in Chapter 31. 

30.71. Fluid Components (see Information Summary 30-11). According to 
their application, fluid components can be classified as pressure-measuring de¬ 
vices, signal generators, flow-measuring devices, valves, and pumps and motors. 

30.72. Pressure-measuring devices operate in response to the difference in 
forces exerted by two sources of pressure. In a manometer, these forces act on 
the ends of a column of relatively dense liquid in a U-shaped tube, and cause a 
displacement of the liquid toward the lesser pressure until the difference in gravi¬ 
tational pressure between the two ends of the column balances the input pressure 
difference. The difference in height between the two ends of the column is the 
observable output quantity, and is linearly proportional to the applied pressure 
difference. In the other devices shown in Information Summary 30-11, the dif¬ 
ference in forces acts against either elastic walls or a separate spring, and line¬ 
arity in each device depends on the particular construction used. For an analysis 
of the dynamic performance of the pressure-measuring components shown in In¬ 
formation Summary 30-11, togetherwith descriptions of numerous otherpressure- 

measuring components, see Chapter 33. 

30.73. A nozzle flapper is a positional signal generator in which the distance 

of the flapper from the nozzle is the input. The change in flow pattern as the flap 
per is brought toward the nozzle causes a change in flow rate and pressure drop 
through the nozzle. Since the nozzle is fed through a fixed constriction, the pressure 
in the pipe between the constriction and the nozzle is an output signal representing 
the position of the flapper. This input-output relationship is roughly exponential. 

30.74. Flow-measuring devices operate by virtue of Bernoulli's theorem {see 
Eq. (23) of Information Summary 30-6) to measure flow velocity in terms of an 
Increment of pressure. Inapitot tube, this increment is the Increase in pressure 
that results from deceleratingthe small portion of the flow that impinges on the end 
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of the tube. In a venturi tube, this increment is the decrease in pressure that results 

from the increased flow velocity through the throat of the tube. In both of these 
devices, the flow velocity is proportional to the square root of the pressure differ¬ 
ence, with a compressibility correction required for gases flowing at high speed. 
A frictionless fluid would theoretically recover its full initial pressure where the 
expanding outlet of a venturi tube reaches the samediameterastheentrance. Actu¬ 
ally, viscous fluids can recover only about three quarters of the pressure drop. The 
same square-root relationship of velocity to pressure holds when other forms of 
constriction are used in place of a venturi tube, but an empirical calibration coef¬ 
ficient must be included. A flow nozzle introduces more turbulence and friction, 
thus allowing less pressure recovery than the venturi tube; an orifice plate intro¬ 
duces still more turbulence, and allows practically no pressure recovery. 

30.75. Valves perform a variety of functions that include directing flow 
(routing, commutating, or reversing), controlling flow rate, controlling pressure, 
generating a positional signal, and amplifying. The relationship of flow rate pro¬ 
portional to the square root of pressure drop holds in pressure and flow control. 
Valves can be designed for any desired relationship, including linearity, between 
valve position and flow area . By using empirical knowledge of flow through valve 
openings, the relationship between valve position and flow rate can be made to 
approximate any desired function. Most valves are externally controlled; the 
principal exceptions are those controlled by direction of flow (check valve), by 
pressure (relief valve), or by liquid level (float valve). Some of the moreelaborate 
configurations of valves combine several functions. The balanced-pressure spool 
valve, for example, combines position detection, reversal, and approximately linear 
control of flow rate. 

30.76. Pumps and motors can be called displacement devices or fluid-mechani¬ 
cal transducers. This class of fluid components also serves as a volume meter 
or flow integrator. 

30.77. A diaphragm and a piston are examples of devices having limited 
translational motion. With suitable check or commutating valves, a diaphragm 
or a piston can deliver, or be driven by, a unidirectional flow. Bellows and other 
flexible enclosures may also be used. A gear pump is an example of a continuous- 
flow rotating device. Various forms of eccentric and follower, nutating disc, and 
movable-fin eccentric also belong to this class. 

30.78. A radial pump or motor uses a rotating assembly of several pistons 
and a commutating valve. The flow can be varied or reversed by shifting the 
center of the rotor and thereby changing the stroke of the pistons. The same effect 
can also be obtained with pistons parallel to the axis and a drive with variable 
tilt. Apump with variable stroke and a motor connected to forma closed hydraulic 
circuit constitute an effective variable-speed transmission with a very small 
rotational inertia. 
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Informotlon Summary 30-7. Mechanism components. (Poge 2 of 5) 
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Figure Component and Performance Relation Referer^ce 
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Informotion Summary 30*7. Mechanism components. (Page 5 of 5) 









n 

u 

0 


3 

0 X 

a 


a fl 
fiX 


^ .2 

fH ^ 

A V 

j .2 
0 ? 
i .S 

■o _ 

s ^ 

X •- 

S S 
0 £ 
0 u 

1.2 

S S 

(3 « 

a 2 

I 2 

.M ae 

a s 


ffl lb 


V • 

?2 
w r' 
.-« 

U. w 


^ ui 

:::.2 

W M 

s « 

fi 

ii « 

tt ^ 


- ^ * 

0 if ^ 

§ °1 


u UJ Jj 

'i --I 
0^0 
u fl ‘tt 

5 «J 

s H-H 

0 - ^ 

0^2 
^ 2 ^ 


(9 0 

Z E 

vd 2 

qZ o 

-0^ ^ 

2 JM u 
0 0 

u -0 £ 

'S‘2 ^ 

C C w 
U 0 o 

a. S 


if ^ o . 

0 ••• 

^ u if ^ 

hC >i 



141 


Informotion Summary 30-8. Etectromognetic components. (Page 1 of 9) 


Figu'e Component and Performance Relation Reference 
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Inforination Summory 30-8* Electromagnetic components* (Page 2 of 9) 



Piggre Component and Performance Relation I Reference 
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Information Summory 30*8. Electromagnetic components. (Page 3 of 9) 




Figure Component and Peiformance Relation Reference 
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Figufe Component and Performance Relation Reference 
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Informotion Summary 30*8. Electromognetic components. (Poge 6 of 9) 










Figufe Component and Performance Relation Reference 
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Figure i Component and Performance Relation Reference 
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Informotion Summary 30-8. Elactromagr^tic components* (Page 8 of 9) 
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information Summory 30-8. Electromagnetic components. (Page 9 of 9) 


Figure Component and PcHormanco Relation Reference 
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Information Summary 30*9* Electronic components* (Poge 2 of 5) 











Figure Component and Performance Relation Reference 



153 


Information Summary 30-9. Electronic components. (Pogo 4 of 5) 
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Information Summary 30-10. Thermometric components. (Page 1 of 2) 












Figure Concept and Performance Relation Reference 
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Information Summory 30*10« Thermometric components. (Poge 2 of 2) 
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Information Summary 30*11. Fluid components. (Page 1 of 4) 
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informotion Summary 30-11. Fluid components. (Page 3 of 4) 







_ Component and Pertormance Relation Reference 
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Information Summary 30*11» Fluid components, (Page 4 of 4) 





CHAPTER 31 


TEMPERATURE-MEASURING INSTRUMENTS 


INTRODUCTION 

31.1. Temperature measurement is one of the basic problems of instrument 
engineering. In practice, this field includes situations of many types that range 
from simple weather observations to very accurate scientific measurements re¬ 
quiring complex laboratory equipment. Methods for the measurement of temper¬ 
ature have been discussed as an integral part of classical physics* from the very 
beginnings of written material on this subject. In addition, an extensive literature** 
dealing with the engineering problems of temperature instruments is available. 

For example, the dynamic errors of temperature instruments*** have received 
considerable attention in recent years. 

31.2. The details of theory and design for temperature indicating andmeas- 
uring devices are so well known and exhaustively discussed in the literature that 
there is little justification for a complete review here. However, the performance 
of temperature-actuated devices is so important in practice, and the associated 
theory illustrates the analysis of an instrument problem so well, that the basic 
principles involved are taken as the subject matter for the present chapter. The 
discussion is simplified by the fact that the available couplers, indicating systems, 
and scales for temperature-measuring instruments have dynamic response char¬ 
acteristics that are fast in comparison with those of the commonly used temper¬ 
ature receivers. This means that one of the primary temperature-instrument 
problems is that of designing receivers to follow input temperature changes with 
acceptable rapidity. It is possible to write formal expressions for the essential 
physical process involved, but it is so difficult to make accurate theoretical pre¬ 
dictions that accurate determinations of the performance of actual Instruments 
must usually be found by experimental methods. The theoretical background for 
the measurement of instrument characteristics is developed in this chapter. In 
order to reduce the problems involved to definite terms, the discussion is started 
with a brief description of various temperature-instrument types. 

* See PrestoQ (P8), Chapteis □ aad III, aoct Roberts (R9), Chapter 1. 

•• See Batcher and Moulic (Bl), Behar (B2), Harper {H7), Rhodes (Rl), aod Wood and Cork (T9). 

See Hendrickson and Btombacker (H8), Hendrickson (H9), and Timoshenko (T6). 
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ESSENTIAL FEATURES OF TEMPERATURE-MEASURIHG INSTRUMENTS 

31.3. The essential operating components of a temperature-measuring instru¬ 
ment are shown in the generalized functional diagram of section a of Description 
Summary 31-1. The temperature receiver has the temperature to be measured 
(i.e., the input temperature ) as its input and generates the receiver temperature 
as its output. The coupler takes the receiver temperature as its input and pro¬ 
duces an output suitable for the indicating system input. The indicating system 
receives this input and produces the indication as its output. The receiver, the 
coupler, and the indicating system combine to form the temperature indicator . 

WTien the scale is added to the indicator to receive indications and produce tem- 
perature scale readings as its output, the complete system becomes a temperature¬ 
measuring instrument . 

31.4. In the operating chain of a temperature-measuring instrument, the re¬ 
ceiver has the function of transferring the temperature to be measured from the 
fluid or material with which it is associated to some component from which it may 
be taken by the coupler. Perfect performance exists when the receiver tempera¬ 
ture is always exactly equal to the input temperature. This fact means that the 
perfect performance function for the temperature receiver is unity. In practice, 
this behavior is not achievable because the material of the receiver always has a 
finite heat capacity, and a temperature difference must always exist in order for 
heat to flow in or out of the receiver as its temperature follows the input temper¬ 
ature. Under ordinary conditions, the input temperature is the average tempera¬ 
ture over some range of variation rather than a sharply defined single level. 
Similarly, the receiver temperature is usually an effective average over some 
mass of material, not the level at some particular point. Departure from perfect 
performance resulting from these factors is minimized by receiver design and, 
in any case, may be taken into account by proper static and dynamic calibration 

procedures. 

LIQUID-IN-GLAS$ THERMOMETERS 

31.5. Section b of Description Summary 31-1 is a pictorial diagram showing 
the essential parts of a typical liquid-in-glass thermometer. A ^ is fUledwith 
some liquid that expands into a glass tube as the bulb temperature increases. The 
top of the liquid column serves as the index, and a temperature-calibrated scale 
is marked on the stem, which contains the tube and the liquid column index. 

31.6. Section c of Description Summary 31-1 is an illustrative pictorial- 
functional diagram for a liquid-in-glass thermometer. The bulb and the contain 
liquid act as the temperature receiver. The liquid within the bulb and in the column 

below the index supplies the coupling function of transforming the .T., 

perature into the indication, which is the index position. It is to be noted that the 
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essential action of the coupler is determined by the expansion of the liquid with 
respect to the glass of the bulb and the tube rather than by the expansion of the 
liquid alone. The indicating system of the liquid-in-glass thermometer is simply 
the meniscus top of the coupler column. The markings on the stem act as the scale 
to give temperature scale readings. 

31.7. The design and application problems associated with liquid-in-glass 
thermometers are documented so extensively in the literature* that no further 
discussion of this topic is required here. 

BIMETAL THERMOMETERS 

31.8. Many thermometer designs depend on the use of strips made up of 
metals with different coefficients of thermal expansion. These bimetal strips 
have the property of producing considerable bending moments when they are sub¬ 
jected to changes of temperature. A typical bimetal thermometer is illustrated 
in section d of Description Summary 31-1. A which is continuous with the 
stem, is designed for location in the region of the temperature to be measured. 
The indicating head, which contains the index and the scale , is attached to the stem . 
The bulb contains a bimetal spiral that causes a shaft passing through the stem to 
vary its angular position with changes in temperature so that the index is rotated 
with respect to the scale. 

31.9. Section e ofDescriptionSummary31-lisapictorial-functionaldiagram 
for the thermometer of section d. The temperature receiver includes the bulb 
attached to the end of the stem and the parts of the bimetal component** whose 
average temperature determines the angular position of the shaft to which the 
spiral element is attached. The coupler consists of the bimetal spiral and the 
shaft that passes from the bulb to the indicating head. The indicating system is 
the mechanism that receives the coupler output angle and produces the indication 
as the index angle. The scale is a calibrated disk mounted just behind the plane 
of motion of the index. 

31.10. The theory of bimetal strip action is discussed by Timoshenko and 
Kleinschmidt.*** At the present time, this theory is of academic interest only, 
as specific design information in terms suitable for engineering use is available 
in reference books and manufacturers' catalogs.^ 

FLUID-PRESSURE.COUPLED THERMOMETERS 

31.11. A very large class of temperature-measuring instruments is represented 

• Sec Americen [nscitute of Physics (A7), Behar (B2), Lyle (L2), Preston (P8), Chapters n and m, 
Rhodes (Rl), and Roberts (R9), Chapter I. 

•* Bimetal pans are included in the receiver because their heat capacity is a factor in determining receiver 
performance. 

••• See Timoshenko (T6} and Kleinschmidt (K4). 

t See H. A. Tilson Company (W6). 
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by the pictorial diagram of section f of Description Summary 31-1. These instru 
ments include a bulb that is connected to an indicating head by means of a rela¬ 


tively long tube of small diameter. The indicating head is basically a pressure 

indicator with a rotating pointer as its index. 

31.12. Thediagramof section g of Description Summary 31-1 shows the bulb 
of section f as the temperature receiver. The coupling function is carried out by 
fluid sealed in the bulb, in the tubing, and in the indicating head. The input to the 
coupling medium is an average temperature, which is effectively the receiver out¬ 
put. The output from the coupling medium is a pressure that acts as the input to 
the indicating head. The coupler is made up of the coupling medium, the bulb, and 
the tubing. It is apparent that the fluid within the bulb acts as part of the receiver 
so far as its heat capacity is concerned and as part of the coupler so far as its 
actionin generatinga temperature-dependent pressure is concerned. The calibra¬ 
tion of the pressure indicator in terms of input temperature depends on the 
temperature-pressure relationship established by the coupling medium. 

31.13. Coupling media of three types are in common use: 

1) Fixed gases 

2) Liquids 

3) Vapor in contact with liquid 
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The ordinary gas law relationship may be applied in the design of fixed-gas ther¬ 
mometers. Liquid-filled thermometers may be considered as dependent on the 
coefficient of volume expansion for the liquid used, with the indicating head acting 
tomeasurethe changes involumethat accompany receiver temperature variations. 
Vapor-pressure instruments are designed to operate with some liquid always re¬ 
maining in the receiver. As long as this condition exists, the vapor pressure is a 
function of temperature only and is independent of the amount of liquid in the bulb. 
The effective temperature-vapor pressure relationship depends upon the liquid 
considered and the range of operating temperatures. In general, this relationship 
is nonlinear, so that the indicating-head scale must show a corresponding non¬ 
linearity if the pressure indicator is to have a constant pressure-index deflection 
sensitivity. 

31.14. Rhodes* gives a comprehensive treatment of design considerations for 
fluid-pressure-coupled thermometers. It would be out of place here to either re¬ 
peat or attempt to expand Rhodes’ treatment. 

RESISTANCE-COUPLED THERMOMETERS 

31.15. Sections h and i of Description Summary 31-1 show the arrangement 
of components in an illustrative electrical resistance thermometer. In instru¬ 
ments of thisclass,the bulb, which acts as the temperature receiver, is a protective 
shell that contains a winding of resistance wire. This winding and a Wheatstone 
bridge arrangement for transforming resistance variations into voltage changes 
act as the coupler and indicating system. In the example of sections h and i, the 
bridge is shown as a manually balanced arrangement in which an operator rotates 
a knob until the galvanometer reading is zero and then reads the indicated tem¬ 
perature from the position of an index coupled to the knob. Actual resistance 
thermometers may have the manual operating feature replaced by an automatic 
balancing arrangement or, in special cases, the galvanometer index may be allowed 
to deflect over a scale calibrated in terms of temperature. 

31.16. The theory of the effect of temperature on electrical resistance is dis¬ 
cussed in texts on physics and electricity.** The principles of electrical bridge 
systems are treated in books on physics, electrical measurement, and instruments.*** 

THERMOCOUPLE THERMOMETERS 

31.17. The coupling function for temperature-measuring instruments may be 
carried out by thermoelectric action. The use of this principle is illustrated in 

• See Rhodes (Rl). 100 . 10 ^ 

•• Physics: see Preston (PS), Cb^)tefs H ud ffl. Elecuicity: see Page and Adams (P7), pages 1 9- . 

218-228 and Sears (S3), Vol. U, Chapters 4, 5 and 6. 

— Physics: see Preston (P8). Chapters U and m. and Sears (S3). Vol. 0. Chapters 4. 5 and 6. Electri 
measurement: see Hague (H2) and Laws (L7). Instruments: see Rhodes (Rl). 
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sections j and k of Description Summary 31-1. The hot junction of the couple is 
either part of the temperature receiver or is actually the receiver itself. The 
coupler is complemented by an indicating system with a potentiometer unit that in¬ 
cludes the cold junction and a cell for standardization purposes. In operation, an 
excitation adjustment rheostat is used to manually set the slide-wire current at 
the calibration value, as shown by the galvanometer with the balance switch in the 
balance position. The reference junction temperature compensation knob is setto 
account for the cold junction temperature, which is effectively identical with the 
temperature of the potentiometer unit. With the balance switch in the temperature' 
measuring position, the thermocouple balance knob is rotated to bring the galva¬ 
nometer reading to zero. The indicated temperature is read from the position of 
the temperature index with respect to the temperature scale. 

31.18. Thermocouple temperature-measuring instruments may be made auto¬ 
matic by the use of a servo drive for balancing purposes and self-compensating 
networks to eliminate excitation errors and cold-junction temperature errors. 

31.19. The theory of thermoelectric action and its use for temperature measure¬ 
ment is discussed in texts on physics and electricity and inbooks on instruments.* 
This information is readily available for use in the design and application of thermo- 
electrically coupled temperature-measuring instruments and will not be repeated 
here. 

OPTICAL PYROMETERS 

31.20. High temperatures are difficult to measure directly by means of any 
of the thermometer types described in the previous sections. This limitation does 
not apply to optical pyrometers, which depend on the variation in color of radia¬ 
tion emitted by a hot body as its temperature changes. The basic relationships 
involved are described by the Stefan-Boltzmann law and Planck's radiation laws. 
These laws are discussed in texts on theoretical physics and optics** and show 
that under proper conditions the color and intensity of radiation from a hot body 
are uniquely related to the temperature of the body. Various types of optical 
pyrometers***are designed to apply this fact in the measurement of temperature. 

31.21. A typical instrument of this class is illustrated in sections I and m of 
Description Summary 31-1. A brightness receiver consisting of an objective and 
an eyepiece includes a filter that limits the transmitted radiation to a narrow 
band in the red region of the spectrum. The coupler consists of the filament of an 


• Physics: see Preston (P8), Chapters D and m, and Roberts (R9), Chapter I. Electricity: sec Lavs (L7) 
and Seats (S3), Vol. 0, Chapters 4, 5 and 6. Instrutoeots: see Behar (B2), Eckman (El), and Rhodes (Rl). 

•• Theoretical physics: see Schaefer (Sl6), Vol. Ill, Chapter 30. Optics: see Hardy and Perrin (H6), 

••• See Rhodes (Rl). 
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incandescent bulb placed at the focal point of the eyepiece, a battery for heating 
the filament, and a rheostat and knob for adjusting the filament temperature. The 
indicating system is a meter for indicating the current through the filament. The 
scale may be calibrated directly in terms of the temperature of the body whose 
brightness is received by the objective. To use an optical pyrometer, theobserver 
looks at the hot body* and adjusts the filament temperature untQ the filament 
brightness just matches the brightness of the hot body, so that the image of the 
filament seems to disappear against the background of the hot body. The theory 
and practice of optical pyrometry is discussed by many authorities.** 

RADIATION PYROMETERS 


31.22. Radiation pyrometers depend on the functional relationship that exists*** 
between the total radiation from a hot body and its temperature. Sections n and o 

of Description Summary 31-1 illustrate a typical radiation pyrometer. Radiation 
from the hot body is brought to a focus by an optical system that is the principal 
component of the total radiation receiver. The input to the coupler is the energy 
falling on the hot junction of a thermocouple placed at the focal point. The output 
from the coupler is a voltage that acts as the input to the indicating system. The 
indicating system is an electrical meter that produces an index position with re¬ 
spect to a scale. The scale is calibrated in terms of the temperature of the hot 

body from which radiation is received. 

31.23. The features of radiation pyrometer design and use are discussed in 

many references** and are not given further attention here. 

TEMPERATURE INDICATORS FOR RECORDING AND CONTROL 


31.24. Temperature-measuring instruments that differ from those illustrated 
in Description Summary 31-1 are described in the literature on the subject,+ but 

the fundamentalprinciples applied in systems of practical importance are fairly weU 
illustrated in the summary. Many variants of the basic types exist that may be easUy 
identifiedfromadescriptionof the design features used in anygivencase. For ex¬ 
ample, the replacement of the human operator by a photoceU and servomechanism 
system for adjusting the fUament brightness for an optical pyrometer is an obvious 
step in the design of an automatic device for measuring high temperatures. 

31.25. All classes of temperature-measuring instruments may be made to 
function as recorders by proper modifications of the coupler and indicating sys¬ 
tem to produce lines on a photographic print or marks on chart paper. The 


he. op.ic-1 depcpd oe 

hot bod,. The practical rcquircmcots of bl.clt-bod, cooditiooa arc dUcusacd by 

.. See A.ericL Institute of Physics (A7). Bchar (B2). Prestoo (P8). Chapters 0 aod ffl. Rhodes 


Roberts (R9), Chapter I, aod Tood and Cork (T9). 

••• See Hardy aod Perrio (H6). Rhodes (RD. and Schaefer (Sl6). Vol. ffl. a^ter 3 ■ 

t See American Institute of Physics (A7). Behar (B2). Rhodes (Rl). and Tood aod C«k (W9). 
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modifications usually include some provision for moving the paper, and means for 
moving the index with relatively great force that may be either an exceptionally 
powerful indicating system of some conventional type or a servomechanism de¬ 
signed to operate from the coupler output. 

31.26. With instruments for measuring temperature available, it is an obvious 

step to use these devices for control purposes by introducing indications as con¬ 
troller inputs. Examples of temperature control are discussed in later chapters. 

RELATIONSHIP OF TEMPERATURE RECEIVER PERFORMANCE TO TEMPERATURE- 

measuring instrument performance 

31.27. Perfect performance of any of the temperature-measuring instruments 
of Description Summary 31-1 produces indicated temperature readings that are 
identical with the corresponding input temperatures.* Ideal performance differs 
from perfect performance because indicated temperature readings from ideal in¬ 
struments have accepted differences from the corresponding correct indicated 
temperature readings. Under the circumstances that usually exist, static inac¬ 
curacies may be maintained at tolerable levels by calibration, but dynamic errors 
are very often so great that they have a herious effect on performance. From the 
standpoint of practice, it is ordinarily possible to produce couplers, indicating 
systems, and scales with negligibly small time delays. On the other hand, it is 
difficult to design temperature receivers free from troublesome dynamic effects. 
The physical problem involved is to balance the heat interchange between the 
receiver and its surroundings against the heat capacity of the receiver so that the 
receiver temperature remains substantially equal to the input temperature at all 
times. Receivers that depend on this principle are so generally used that they 
may be considered typical for all temperature-measuring instruments. 

31.28. The discussion of the following sections is restricted to typical in¬ 
struments with the following characteristics: 

1) Over-all instrument static sensitivity is unity. 

2) Receiver static sensitivity is unity. 

3) Over-all instrument dynamics are determined by receiver dynamics. 
Derivation Summary 31-1 outlines the theoretical consequences of these assump¬ 
tions and shows that the temperature input - indicated temperature output per¬ 
formance function for the typical temperature-measuring instrument reduces to 
the frequency function of the receiver. 

performance equation for a typical temperature receiver 

31.29. The function of the typical temperature receiver is to generate a 

• As ihe leroj "in>ui teoperatwcs” is used here, i( oeans measures of ^ input temperature . This is 
coounoD usage in discussions of measurement and is followed in this book. 
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The operation of a generalized temperacuie^oeasuriDg in$cniffienc with the features sbovo io section a 
of Description Summary 31*1 may be described io terms of performance functioos for the individual operating 
components* These performance functioos are listed belo«» in terms of tbe identifying symbols given on the 
diagram* 

(tr)cc(r): [PF](„[t.;t] (c): IPF](c)[T;q] 

(is): [PF](iB)[q;(ind)] tPF],g)[(Ind).T] 

(ti): *= [PF](^)(j.-j.] [PF],^,(T..q] [PF]{i3,[q.,i„j,] (1) 

(tmi): [FF]{,^j,(j.T.J * [PF](,i,[T;(ind)] PF](Bj({ind);T] (2) 

Under static conditions, the performaoce functions reduce lo static seosiiivities, so that 

PF](ta,)[x;Tl(9l) " 5(,„[-j.;(i„d)](Bt)S{8)[(Ind);Tl(Bt) 

For static calibration conditions, an iostruoeat with ideal performance gives indicated temperatures 
that are equal to the coaespending input temperatures; Le*, 


(s)(8t) 


This means that 


In each of the temperature-measuring instrument types illustrated io Description Summary 31*1| the 
coupler, the indicating system and the scale may be designed to operate so rapidly that cbeii performance 
functions reduce to static sensitivities* For the purposes of generalized discussion, this situation may be 
considered as typical, with other circumstances taken as special cases* 

The performance function of the complete ideal insffumeot has tbe form 

PF],t„,„[X;T] = PF]{r)[T.x]S(c + (iB) + »l(T;Tl(8t) 

where 

^(c + (U)+*)[T;T](8t) “ ^(e)(T;ql(«t)^(U)U:(Ind»l{at)^(*)[(Ind);T] 

When attention is restricted to designs io which tbe receiver temperature becomes e<fjal to the input 
temperature under static conditions, 

^{T)[T:T](8t) “ * 

By Eqs. (3) aad (5), 

^(tmi)[T;Tl(Bt) ' ^(t)lT:Tl(0ll^(c + {iB) + 8)[T;T](Bl) = * 

From Eqs* (8) and (9)) 

5lc + (l*) + B){T;T]{at) ' ^ “ PF](^ + (18) + «)[T:t 1 
It follows that the geocraliied petformance of typical temperaturc-iucasiifing instrumeDts nay be dc- 
scribed by a performaoce function of tbe form 

PF]„„„(t:T1 - 

The form of Eq. (10) of Defioiiioa Summary 13*6 may be used to express the receiser performance func- 
tion io terms of a reference sensitivity and a frequency fuocdoo; i.e*, 

tFF]„o,,j[T.x] » S(,j[j.x]((8i)tFF),,,[x;Tl 

where 

^(f)(T;Tl(tel) “ receiver reference sensitivity 
(FF)(f)[x.T] * receiver frequency function 

Under static conditions, both tbe frequency function and tbe performance funcUon are equal to unity. 


It follows that 


V)lT;T](fen 


(13) 


Derivation Summory 31-1. Performonce functions for the generolized lemperature-measur.ng 

instrument. (Page 1 of 2) 
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From Eqs. (12) And (I3)f 


[PF](tml)(T;T] = ^*^^)(r)lT;Tl 


(14) 


Equation (14) shows that 

lor typical temptrature-mtasuring instmmtnis the performance function of the instrument 
is identical with the frequency function of tbe receiver. 

Derivation Summery 31-1. Performance functions for the generoliied temperoture-meosuring 

instrument. (Page 2 of 2) 


temperature input for the coupler that is as nearly equal to the input temperature 


as possible. Temperature-measuring instruments may be designed to have re¬ 
ceiver output temperatures different from the corresponding input temperatures, 
but these will be classed as special cases and omitted from the present discussion. 


All other receivers operate by absorbing or rejecting heat whenever the receiver 
temperature is different from the input temperature until, under static conditions, 
a condition of temperature equality is reached. When the input temperature is 
varying with time, the instantaneous heat flow to the receiver is a function of the 
instantaneous difference between the receiver temperature and the input temper¬ 
ature. The corresponding variation in receiver temperature is determined by the 
balance between the heat flow and the heat capacity of the receiver. In practice, 


the receiver temperature will usually be an average of some kind for the various 
parts of the receiver mass that may be considered as the effective input for the 
coupler. Under static conditions, the fact that temperature may not be constant 
throughout the receiver is usually of little importance, but it may be a determin¬ 
ing factor in dynamic performance when the receiver is so large that considerable 
temperature gradients may accompany rapid input temperature changes. One of 
the goals of instrument design is to minimize the effect of thermal gradients. In 
the discussion of this section, the implicit assumption is made that the effects of 
gradients are so small that the thermal condition of the receiver may be repre¬ 
sented by a single temperature under both static and dynamic conditions. The de¬ 
gree to which this assumption represents any given situation may sometimes be 
found by theoretical analysis based on the theory of heat conduction* or by exper¬ 
imental studies, but a proper combination of both approaches is ordinarily required 
to produce satisfactory results. Under practical conditions, the difficulties in¬ 
troduced by the use of a single temperature to represent the receiver output are 
not usually serious, because of the freedom that may be applied in specification 
and design. Extraordinary requirements placed on measuring-instrument per¬ 
formance may make special design procedures necessary, but the available 
physical principles will generally be those illustrated by the examples of Des¬ 
cription Summary 31-1. 


* See (Uxsiaw (C7), McAdams (MIO), and Schaefer (Sl6), Vol. (I, Qtapeet 1. 
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31.30. Section a ofDerivation Summary31-2 represents a typical situation in 
which a receiver is attached to the wall of a duct that carries a fluid whose tem¬ 
perature is to be measured. In order to set up a definite problem, it is assumed 
that the duct wall temperature is effectively identical with the fluid temperature. 
Symbols and definitions for quantities that determine receiver performance are 
listed. Fluid temperature is the essential receiver input, and receiver tempera¬ 
ture is the corresoonding output. The receiver performance equation is the dif¬ 
ferential equation that describes the relationship between the output temperature 
and the input temperature. This relationship depends on the heat balance for the 
receiver, which is a statement of the fact that the flow of heat ii^ the receiver is 
equal to the rate of increase of heat inside the receiver. WTien the material of the 
receiver remains in the same physical state,* so that latent heat effects may be 
neglected, the heat balance equates the heat flowing into the receiver to the heat 
capacity of the receiver per degree of temperature change (specific heat capacity) 
multiplied by the time rate of change of the receiver temperature. With latent 
heat effects negligible, the specific heat capacity of the receiver is equal to the 
average density of the receiver multiplied by the volume of the-receiver and the 
average specific heat of the receiver. Equation (2) of Derivation Summary 31-2 
is a formal expression for the receiver heat balance in terms of this product. 

31.31. Equations (3) and (4) of Derivation Summary 31-2 are formal state¬ 
ments of the heat balance for a typical temperature receiver. In general, the 
inward heat flow for a temperature receiver has three components. These com¬ 
ponents are shown in section b of Derivation Summary 31-2 to be; 

1) Convective heat flow , the flow across the fluid film on the surface of the 

receiver (first term on the right-hand side of Eq. (4)). 

2) Radiation heat flow , the flow due to radiation exchange between receiver 
surface and surroundings (second term on the right-hand side ofEq. (4)). 

3) Solid conduction heat flow , the flow through the solid parts that support 
the receiver (third term on the right-hand side of Eq. (4)). 

31.32. In practice, the temperature receiver for any given instrument is 
designed to depend predominantly on one of these three types of heat flow. When 
the essential heat flow component is convective, the receiver temperature is de¬ 
termined by fluid temperature, and the instrument of which the receiver is a 
component acts as a fluid thermometer . \^Tien convective heat flow and conducUve 
heat flow are both smaU in comparison with radiation heat flow, the receiver is 
nartofa radiationmeter . If heat flow through the solid material path corresponding 


^suEprioQ m«LQS that the heat required to eTaporate coupling fluid in the receirei of a 
pressure thennotnetet is a negligihl, s.all fraction of the total heat flo. in.oWed in the t^crauoc 


recciTcf. 
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p 


Support 

^(•up) 

^sup) 


(sM, 

V 


Wail Temperature 


Fluid Duct 


P(fl) 


”1^(11) = "^(In) 




(sh), 


(sup) 

[n^p) 

(sup) 


input temperature « T|j|) » fluid temperature 
yelodey of the fluid past the temperature receiver 
fluid density 

receiver temperature 3 average temperature of the receiver mass that acts as the input to the 

coupler 

average density of the receiver 

surface area of the receiver for convective beat flow and radiation heat flow 

average specific beat of the receiver 

volume of the receiver 

cross-section area of the support 

thermal conductivity of the support 

length of the support 

a) llhstrofivt ormngemenf of 0 receiver for the femperoh/re of q moving fluid 


A heat balance for the temperature receiver shows that 

( heat flow inro\ ^ / rate of increase of \ ^ 

the receiver / \ heat the receiver/ 

Vlien the amount of heat involved in changes of physical state is negligibly small, increases in beat 
within the receiver cause the receiver temperature to change in accordance with an expression of the 


form: 


P,V,(sh),^ 

dt dt 


whete 


s heat flo* ioto the receiTer 

dt 

and 

p,Yf{sh), » heat edacity of the receiver 

Derivation Summary 31*2. Temperature receiver performance equation under idealized conditions. 

(Page 1 of 3) 
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The heat flov into the receiyer has three coapooeots; i»e> 


beat flow 
into receiyer 


) 

lyer J 


inward coQYectiye 
beat flow aaoss 
fluid film 00 sur¬ 
face of receiver 


In symbols, Eq» (3) is 


inward beat flow due 
to radiauoo exchange 
between receiver sur¬ 
face and surroundings 


inward heat flo^ 
through support 


dQ ^ ‘^Q(cnY) ^ *^Q(tadl ^ <^Qtcndl 

dt dt dt dt 

b) Hoof bo/onca for o fampefoft/re receivef 

The coffvecdve beat flow to the receiver taay be described by an equation of the form** 

■ l-lcn,,*, [T,^, - T,] (5) 

where 

Nenv) ^ conductivity coefficient of the receiver for heat flow 
From Information Summary 30*5| the value of this coefficient depends on many factors; itCi, 

KcnY) = ^ T,, (T{ji) - T,), (fluid viscosity), (fluid compressibility), (receiver sh^), 

(receivef size), (receiver surfuce), (ocieoucioa of receiver with respea ro fluid velocity). ..] 

( 6 ) 

lo aoy givetk situation, accurate data on oust be based on experioeotal results. See lofotmaciDO 

Summary 30-5 for a further discussion of heat transfer from solids to fluids. 

c) CooveefiVe beat fransfer ocross the fhid film on a receiver si/rfbce 


The Stefan-Boltanaon law (see section c of Information Summary 30*5) shows that the energy radiated 
from a body is proponional to the fourth power of the absolute temperature. Then the situation illustrated 
by the figtne of section a exists with the receiver as a radiating body surrounded by radiating wallSi the 
net heat gain of the receiver is given by an equation of the form: 


^ - T,*) 


where 


p 8 surface emissivity (a function of material and surface) 

^(rad) ^ Mack-body radiation coefficient 

= 0.172 X 10'* BTU/hr/sq ft/(®F(,b.)/10®>^ 

= 0.000137 X 10-* i^al/sec/sq ccD/('’C,gb./l®®>^ 

Ic is possible to write the fourtb^ower difference of E<j. (7) with - T,) and T, taken out as 
factors; i.e., 

T,;„, - t . (T,.„, - T,) . T,^,T/ t T,”) , 


r,’(T,.„, - T,) (l 

V 'r X Tf / 


When the receiver temperature is so near ^(in/^r " becomes 

T,:„, - t - ■*T,’(T„„, - T,) 


Define 


^(rod) * equivalent radiation heat flow coefficient of the receiver 

Derivofion Summary 31*Z Temperoture receiver performance equofion ur^der idealized condifions. 

(Poge 2 of 3) 
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where 

h 


(rad) 


4pc 


(rad) 'r 


( 10 ) 


Substinitiog Eqs. (9) and (10) lo Eq. (7) gives 

" h„od,A,(T,>„, - T,) 

at 


( 11 ) 


d) Linearopproximaf ion forrcdiQthnheQtfrQnsftr for o receiver surrovnded by wolls at fht input temperature 

For ihe cooscant ctos$*secrioQ support of scciioo a, aad with the outer eod of the support attached to a 
wall at the ioput temperature , the law of heat cooductioa ia solids (see sectioo b of loformatioo Sum¬ 
mary 30*5) shows that 


•^^cnd) _ ^sup)^(8up) n" T\ 

- I'Unl “ M 


dt 


I 


(sup) 


or 


dQ 


where 

h 


(end) 


(end) _ U A rr T) 

-'’{cnd)''(8up)''(ln) - 'tl 


B beacxooducuviry coefficieoc (or the support 


(sup 


•) Neof flow into a rvee/ver rhrough ifs supporf 


( 12 ) 


(15) 


Coobioing Eqs. (2), (4), (5), (11) aod (13) gives 

PrVr(sMr-^ = (^env)^ Krad)\ + ^end)^(aup)) (T(in) - T,) 

dt 


(14) 


A rearrangeoeot o( terms io Eq. (14) gives the performance equation for the temperature receiver as 


where 


(CT), 


(CT),il . T, . T,.„, 

at 


_ 

Kenv)^ + ^rod)^ + Kcnd)^(9up) 


(15) 


(16) 


Any consistent system of units may be used for the terms of Eq. (16). In either English or metric units, 
for example, the following tabulation would apply. 


Quantity 

English Units 

Metric Units 

T 

op 

mm 

Pt 

lb/(ft)^ 

gm/(cm)’ 

V. 

(ft)^ 

(cm)^ 

(sh). 

BTU/lb/°F 

g-cal/gm/®C 


Quantity 

English Units 

Metric Units 

K 

^(aup) 

(ft)* 

(cm)* 

^(env) 

Nrad) 

^cnd) 

BTU/hr/(ft)V*F 

g*cal/sec/(cm)2/®C 

1 


f) Ptrformanco oqutrtjon for o femperolvre receiver 


Derivotion Summary 31*2. Temperolore receiver performance equotlon under idealized conditions. 

(Page 3 of 3) 
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to the support of section a of Derivation Summary 31-2 determines the receiver 
temperature, the instrument that includes the receiver is a thermometer for solids . 

31.33. The heat balance of a fluid temperature receiver usually represents 
the generalized situation in which heat flow components of all three types are 
important. For this reason, the analysis of Derivation Summary 31-2 is carried 
out in terms of an illustrative fluid temperature receiver. The results of this 
analysis are typical for the fluid thermometer, and may also be directly applied 
to temperature-measuring instruments of other kinds. 

CONVECTIVE HEAT FLOW INTO A RECEIVER 

31.34. Section c of Derivation Summary 31-2 gives the formal expression for 
convective heat flow into a temperature receiver. The actual mechanism of this 
heat flow is too complicated for exact description in mathematical terms, but for 
practical purposes it is possible to use an equivalent film coefficient M heat con¬ 
ductivity to represent the effects associated with heat transfer to a solid from a 
fluid. The background theory of film coefficients and typical values for many sit¬ 
uations are given by McAdams.* Equation (5) of Derivation Summary 31-2 has 
the form used by McAdams to describe heat flow between a fluid and a solid. This 
equation shows that the heat flow is proportional to the area of the exposed sur¬ 
face multiplied by a heat conductivity coefficient and a temperature difference. 

For the temperature receiver, the area involved is the receiver area (symbol A,); 
the coefficient is the film heat transfer coefficient (symbol and the temper¬ 

ature difference is the difference between the fluid temperature (symbol T,(i) or 
T(,„) for input temperature in the present case) and the receiver temperature 

(symbol!,). 

31.35. McAdams shows that the film heat transfer coefficient is a functionof 
several factors, including fluid properties, receiver geometry, and the film tem¬ 
perature (see Eq. (6) of Derivation Summary 31-2). Except for certain generalities 
that may be based on dimensional analysis and physical principles, the heattrans 
fer characteristics of fluid films for particular receiver shapes and operating 
conditions must be found by experiment. This phase of temperature receiver per¬ 
formance is discussed later. 

RADIATION HEAT FLOW INTO A RECEIVER 

31.36. The Stefan-Boltzmann law for radiant energy** shows that the total 
heat radiated by a body is proportional to the active area, the surface emissivity 
(which depends on the material and the type of surface), the black-body radiation 
coefficient, and the fourth power of the absolute temperature. When a body atone 

* See McAdams (MIO). 

•• See McAdams (MIO), Preston (P8), Chapters II and III, and Schaefer (Sl6). Vol. II, Chapter 1. 
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temperature is completely surrounded by an environment at a second temperature, 
the fourth-power law applies to thebodyand its surroundings. The net interchange 
of radiant heat is proportional to the difference of the fourth power of the body 
temperature and the fourth power of the environmental temperature. The formal 
expression for this law as it applies to temperature receivers is written as Eq. (7) 
of Derivation Summary 31-2. 

31.37. In practice, a difference of fourth powers is troublesome for many ap¬ 
plications of analysis. This difficulty may be eliminated by taking advantage of 
two special conditions that exist when good temperature measurement practice is 
followed. The first of these conditions is that fluid temperature receivers are 
generally either completely or substantially surrounded by a surface at the fluid 
temperature to be measured. The illustrative diagram of section a of Derivation 
Summary 31-2 shows a situation in which the receiver is completely enveloped by 
a radiating surface at the input temperature. In other circumstances, the duct 
walls may be absent, but a radiation shield of some type placed around the receiver 
is a necessity if fluid temperatures are to be measured accurately. The second 
of the two conditions that makes it possible to simplify the fourth-power difference 
term of Eq. (7) in Derivation Summary 31-2 is that, when tolerable temperature 
measurement performance exists, the difference between the input temperature 
and the receiver temperature is small. This means that the ratio of input tem¬ 
perature to receiver temperature will be nearly equal to unity. 

31.38. Equation (8) of Derivation Summary 31-2 gives the result of factoring 
out the cube of the receiver temperature and the difference between the input tem¬ 
perature and the receiver temperature from the fourth-power difference of Eq. (7). 
With these two factors removed, the fourth-power difference expression reduces 
to the sum of unity and the first, second and third powers of the ratio of input 
temperature to receiver temperature. When it is assumed that this ratio is sub¬ 
stantially equal to unity under the normal operating conditions for a temperature 
receiver, the fourth-power difference expression may be written as four times the 

cube of the receiver temperature multiplied by the difference between the input 

% 

temperature and the receiver temperature (see Eq. (9) of Derivation Summary 32-1). 

31.39. When an equivalent radiation heat flow coefficient is defined in terms 
of emissivity, black-body radiation coefficient and receiver temperature in the 
form of Eq. (10) of Derivation Summary 31-2, the radiation heat flow into a typical 
temperature receiver may be written as Eq. (11). This equation is based on as¬ 
sumptions that are not exactly fulfilled, but it does show that radiation heat may 
be described to a reasonable degree of approximation by a temperature difference 
equation similar to that of Eq. (5) for convective heat flow. It is true that the 
equivalent radiation heat flow coefficient depends on receiver temperature; how¬ 
ever, for reasonably small ranges of temperature, the effect of this dependence 
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will usually be smaller than the effect of film heat conductivity coefficient changes. 
As a matter of practical necessity, temperature receiver performance is usually 
determined by experimental procedures, so that it is not required of heat- 
flow expressions like those of Eqs. (5) and (11) to do more than to suggest forms 
for the expressions involved and to provide first-approximation values for design 
purposes. 

CONDUCTION HEAT FLOW INTO A RECEIVER 

31.40. Heat flow through a solid bar of constant cross section is proportional 
to the area of the bar and the thermal conductivity of the bar divided by the length 
of the bar and multiplied by the temperature difference between the ends of the 
bar. This expression is given as Eq. (12) of Derivation Summary 31-2. Whenthe 
ratio of thermal conductivity to length is defined as a conductivity coefficient, the 
heat flow into the receiver illustrated in section a of Derivation Summary 31-2 is 
given by Eq. (13), which is an expression identical in form with Eqs. (5) and (11) 
for convective and radiation heat flow, respectively. 


TEMPERATURE RECEIVER PERFORMANCE EQUATION 

31.41. When the heat-flow expressions of Eqs. (5), (11) and (13) are com¬ 
bined with Eqs. (4) and (2) of Derivation Summary 31-2, the result is Eq. (14). 
Under circumstances that make it possible to consider as constants the coefficients 
of the terms that contain temperatures, Eq. (14) reduces to a first-order differ¬ 
ential equation with constant coefficients. This equation is given by Eq. (15), with 
the coefficient of the time-derivative term written as the receiver characteristic 
time . The defining expression for this characteristic time is given in Eq. (16). 
English and metric units that give consistent results for characteristic time cal¬ 
culations are listed below Eq. (16). 


RESPONSE CHARACTERISTICS FOR IDEAL THERMOMETERS 


31.42, The discussion of Derivation Summary 31-1 notes that actual ther¬ 
mometers ordinarily have couplers, indicating systems, and scales with charac 
teristics that cause the indicated temperature to be substantially identical with 
the receiver temperature under all operating conditions of practical interest.* 
This means that thermometer performance may be effectively discussed in terms 
of ideal receiver characteristics, with the combined performance function of 
all other operating components outside the receiver equal to unity. When this 
condition is accepted, the ideal performance equation for a complete tempera re 


curacies of this kiad by a redesign of the coopooents inrolfed. 
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measuring instrument is identical with Eq. (15) of Derivation Summary 31-2 ex¬ 
cept that the subscript r (lor receiver) on the temperature symbol, T , is replaced 
by the subscript s (for scale). The resulting expression is 

(CT)„h,T. * T. . T„„, (31-1) 


where 

T, = temperature scale reading 

(CT),,m = thermometric characteristic time (identical with the receiver char- 
teristic time defined by Eq, (16) of Derivation Summary 31-2) 

31.43. The thermometer performance expression of Eq. (31-1) is a typical 
example of the zero-order independent variable first-order differential equation. 
This equation is one of the working variable forms discussed in Chapter 18. All 
of the pertinent results of that chapter may be directly applied to the description 
of thermometer performance if: 

1) The working variable, u (for the independent variable), is identified with 
(Tiint - T,fei,), the difference between the input temperature and an arbitrary 


reference temperature. 

2) The working variable, v (for the dependent variable), is identified with 

(Ti - T(„j)) , the difference between the temperature scale reading and the 
reference temperature. 

3) The working variable characteristic time, r, is identified with (CT)^,^). 

4) The working variable dimensional similarity factor, <r, becomes unity. 

With these changes in notation, the (0;0,1) working variable equation 

rV + V » (TU (31-2) 


of Figs. 18-1 through 18-9 corresponds to the thermometer performance equation 

written in the form i ^ -r x 

* f^dn) ” ^(re(l) (31-3) 


31.44. For situations in which the thermometric characteristic time, (CT)^,^,), 
is substantially constant, the temperature readings corresponding to various typical 
changes of the input temperature may be taken directly from the nondimensional 

i 

response curves of Figs. 18-1 through 18-9. Representative examples of these 
plots, with coordinate axes labeled in terms of temperature difference ratios, are 
repeated as Figs. 31-1 through 31-6. 


STEP FUNCTION RESPONSE OF A THERMOMETER 

31.45. When the input temperature is constant both before and after the in¬ 
stant t = 0, but has a step change at this instant, the corresponding solution of 
Eq. (31-3) gives the step function response for ideal thermometers with first- 
order characteristics. This solution has a form identical with the real ex¬ 
ponential solution found in Derivation Summary 18-2 for the (0;0,1) equation. 
The specific equation appears when: 
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1) The dependent variable is taken as the difference between the indicated 
temperature and the input temperature level that exists before the instant 
of the step. 

2) The reference dependent variable is taken as the difference between the 
constant input temperature level existing after the step and the constant 
input temperature level before the step. 

The input temperature before the step is considered as remaining constant for a 
period long enough to give a constant temperature reading equal to the constant 
input. 

31.46. The choice of variables described above specifies a step of arbitrary 
magnitude and direction starting from any given level. The small illustrative 
diagrams in Fig. 31-1 show an increasing step function and a decreasing step 
function, with the reference level in each case taken as the input temperature 
before the step. The curves of Fig. 31-1 are taken directly from the (0; 0,1) step 
function plots of Fig. 18-1 and give quantitative information on the step response 
for thermometers with first-order characteristics. The ordinate is the ratio of 
the difference between the instantaneous reading and the input temperature before 
the step to the temperature difference equal to the complete step. The abscissa 
is the time - characteristic time ratio , which is equal to the elapsed time after 
the step divided by the thermometric characteristic time. 

31.47. The ratio chosen for the ordinate scale of Fig. 31-1 in effect takes the 
height of any arbitrary step as unity and takes the input temperature after the step 
as either zero or unity, depending on the direction of the step. The increasing 
step function curve may thus be interpreted as the thermometer response when 
the temperature step is between the levels of zero and unity. Similarly, the 
decreasing step function gives the response when the step is between levels 

of unity and zero. 

31.48. The equations and curves given in Fig. 31-1 show that the temperature 
reading is asymptotic to the final constant level of the input temperature. Inter¬ 
mediate temperatures follow the real exponential law. A series of these interme¬ 
diate levels for integral values of the time - characteristic time ratio is listed in 

Fig.31-1. . 

31.49. It is of fundamental importance to note that the curves of Fig. 3 
describe the step function response for all thermometers that have first-order 
characteristics. When the thermometric characteristic time is known for any 
given instrument with these characteristics, its response to any step forcing func¬ 
tion is completely determined. Changes in the characteristic time will cause the 

numbers on the abscissa scale to be different only when the generalized plots o 

Fig. 31-1 ere to be associated with a specific sibiation. 

31.50. When the thermometric characteristic time is not constant but varies 
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Time-characteristic time ratio t(ct)R 


r/cT 



” '^(InXKO) 


‘(in)«>0) *(ln)(K0) 


0.6321 0.8647 0.9502 0.9817 


0.9933 


Pig. 31-1. Step function response of on ideal thermometer with first-order performance characteristics and a constont 

characteristic time. 

during the course of a step function response, the response-describing curve will 
not be a simple exponential. Methods for treating experimental data from situa¬ 
tions of this kind are considered in the discussion of Derivation Summary 31-3. 

RAMP FUNCTION RESPONSE OF A THERMOMETER 

31.51. Figure 31-2 is a plot taken from the generalized curves of Fig. 18-2, 
and shows the response of a first-order thermometer to a ramp-function input 
temperature variation starting at any arbitrary reference temperature level with 
the temperature reading at the initial input temperature. The ordinate is the 
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indicated temperature - reference temperature difference ratio, which is the dif¬ 
ference between the indicated temperature and the reference temperature divided 
by the change in the input temperature that occurs during one characteristic time. 
The abscissa is the time - characteristic timeratio. On this plot, the input temper¬ 
ature starts from zero (which corresponds to the reference temperature on a plot 
with indicated temperature as the ordinate) and has an upward slope of plus one, 

shown by a heavy dotted line. Asimilarline with a forty-five degree downward slope 
would represent a decreasing-ramp-function change of input temperature. 

31.52. The temperature reading response function is shown by the full line in 
Fig. 31-2. Starting at the zero point as required by the assumed initial condition, 
the response "lags behind" the straight line that represents the input temperature 
variation until it finally reaches and holds parallelism with the forcing function. 

The interval on the dimensionless time scale (the time - characteristic timeratio 
scale) required for the response curve to reach this condition of parallelism is 
substantially equal to the temperature reading nondimensional transient t^ shown 
in Fig. 31“2 as three units on the abscissa scale. This definition is chosen sothat 
it corresponds to the time period required for the magnitude of the transient com¬ 
ponent in the response to decrease to about five percent* (the approximate magni¬ 
tude of the reciprocal of the cube of the natural logarithm base) of its initial value. 

31.53. After the end of the temperature reading transient response period , 
which corresponds to the nondimensional transient time, the transient response 
component effects are substantially gone, and the forced response period starts 
and continues as long as the forcing function remains unchanged. During the 
forced response period, the dynamic error and the response delay, as these quan¬ 
tities are defined in Chapter 6, remain constant because the response curve holds 
parallel to the forcing function line. In the nondimensional coordinates of Fig. 31-2, 
the forced dynamic error is minus one unit, and the forced dynamic response de¬ 
lay is plus one unit. The forced dynamic error of one negative unit means that in 
any actual situation in which a linear temperature variation occurs, the forced 
dynamic error will cause the temperature reading to lag the input temperature 
(i.e., be lower when the input temperature is increasing and higher when the input 
temperature is decreasing) by an amount equal to the change of input temperature 
during one characteristic time. The corresponding forced dynamic response delay 

of one positive unit means that during the forced response period the temperature 

• Other Ttlues of this "remaining transient component" percentage are frequently used. FWe percent 
is chosen here because it corresponds to an integral value in ooodimeosiooalized dne uniu and has a value 
that is l«ge enough for reliable measurements with ordinarily available eqaipment. Values of the re mainin g 
transient cooponent smaller than five percent ate difficult to measure with reasonable accuracy, while values 
rKat substantially greater than five percent do not satisfactorily represent the end of the transient period. 

Vhen the aitetion of five percent is not sufficiently small, two "transient times" may be allowed, in which 
case the transient component will decay to leas t ha n three-tenths of one percent of its initial magnitude. A 
remaining transient component of this size would be very difficolt to measure in practice. 
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reading does not reach a given level until one characteristic time has elapsed after 
the input temperature has passed through the given level. 

31.54. All of the characteristics noted here for the plots of Fig. 31-2 hold 
for any system whose behavior may be described by a first-order differential 
equation with a constant characteristic time and a zero-order forcing function 
term (i.e., a (0; 0,1) equation). The curve of Fig. 31-2 will apply equally well to a 
situation where the change in one characteristic time is one unit and the character¬ 
istic time is one microsecond, and to a situation with a characteristic time change 
of one hundred units and a characteristic time of one hour. The response has the 
same shape, and it is only necessary to change the numbers on the coordinate 
scales for values to be read off directly for either case. 

THERMOMETER RESPONSE TO A PARABOLIC INPUT TEMPERATURE CHANGE 

31.55. The response of a first-order thermometer with a constant charac¬ 
teristic time is shown by the curves of Fig. 31-3, which are taken directly from 
the plots of Fig. 18-3. The nondimensional ordinate is the ratio of the difference 
between the indicated temperature and the reference temperature at which the in¬ 
put variation starts to the input change that occurs during the time interval from 
zero to one characteristic time. The abscissa is the time - characteristic time 
ratio. A dashed curve, which is a simple parabola, is used to represent the forc¬ 
ing function, and a full-line curve indicates the response. 

31.56. The curves of Fig. 31-3 do not actually extend into the forced response 
period because of space limitations, but equations given on the figure show that 
the forced dynamic error and the forced dynamic response delay both become 
larger as the time - characteristic time ratio increases. This is a different type 
of behavior from that shown by the ramp function response curve of Fig. 31-2. A 
review of the discusSion of first-order equation response characteristics given in 
Chapter 18 leads to the conclusion that forcing function variations corresponding 
to cubic and higher order forcing functions lead to response curves with forced 
dynamic errors and forced dynamic response delays that vary more strongly with 
time than the corresponding quantities for the parabolic input variation. The equa¬ 
tions required to express responses to higher order forcing functions become so 
cumbersome that, as a matter of practice, it is better to describe complex forcing 
functions by means of the Fourier series or Fourier integral representations dis¬ 
cussed in Chapter 12 or the impulse function representation of Chapter 17 than it 
is to use a power series that includes high-order terms. The general usefulness 
of sinusoidal terms and impulse terms for reducing physical variations to mathe¬ 
matical forms makes it important to summarize information on responses to these 
forms by means of nondimensional curves. Curves of this kind are discussed in 

the following two sections. 
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STEADY-STATE RESPONSE TO SINUSOIDAL INPUT TEMPERATURE CHANGE 

31.57. The Steady-State response of the first-order thermometer with a con¬ 
stant characteristic time to a sinusoidal forcing function is represented by the 
curves of Figs. 31-4, 31-5 and 31-6. These curves are taken respectively from 
Figs. 18-7, 18-8 and 18-9, which represent the results of the analysis outlined in 
Derivation Summary 18-10. The terminolgy and notation used are based on the 
conventions described in Definition Summaries 13-3, 13-4, 13-5 and 13-6. 

31.58. The forcing function to which the curves of Fig. 31-4 apply is a sinus¬ 
oidal input temperature variation about a constant reference temperature level, as 
shownbythesmalldiagramonthe figure. The analysis of DerivationSummary 18-10 
shows that the steady-state response corresponding to this forcing function is equal 
to the product of a reference amplitude ratio multiplied by a dynamic amplitude 
ratio - reference amplitude ratio ratio as a scalar factor for the forcing function 
and an imaginary exponential with the dynamic response angle in the exponent. 

The graphical interpretation of the forcing function and the steady-state response 
in these terms is illustrated in Figs. 13-2 and 13-3, using the concepts and nota¬ 
tion described in Definition Summaries 13-4 and 13-5. For the case of an instru¬ 
ment, sensitivity may be identified with the dynamic amplitude ratio, and a refer¬ 
ence sensitivity may be taken as equivalent to the reference amplitude ratio, so 
that the dynamic amplitude ratio - reference amplitude ratio ratio reduces to the 
sensitivity - reference sensitivity ratio. The formal relationships involved are 
specifically described in Definition Summary 13-5 and applied in Eqs. (16) through 
(21) of Definition Summary 13-6. 

31.59. For the performance-describing purpose of Figs. 31-4, 31-5 and31-6, 
it is convenient to take the static sensitivity of the typical ideal thermometer as 
the reference sensitivity. It is shown in Derivation Summary 31-1 that the ideal 
thermometer static sensitivity is unity. With this value for the reference sensi¬ 
tivity, the left-hand ordinate for Figs. 31-4, 31-5 and 31-6 may be taken directly 
from the ordinate of Figs. 18-7, 18-8 and 18-9 and labeled as the thermometric 
sensitivity.* The right-hand ordinate is the dynamic response angle plotted on a 
scale identical with that used in Figs. 18-7, 18-8 and 18-9. The abscissa of 
Figs. 31-4, 31-5 and 31-6 is a nondimensional frequency scale in terms of the 
characteristic time - forcing frequency product.** This choice of abscissa is 
convenient in practice because the nondimensional frequency may be transformed 
to the forcing frequency by a simple application of characteristic time as a di¬ 
viding factor. 

• It should be ooted that the preseot situaiioo is a special case, la general, the correspoodini ordinate 
*ould be the sensitivity-reference sensitivity ratio, with a refetence sensitivity not equal to unity. 

•• The characteristic time-forcing frequency product is identical with the charaaeri.Uc time-forcmg 

period ratio. 
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31.60. Figure 31-4 shows that the thermometric sensitivity starts from unity 
at zero frequency, decreases by a curved path for intermediate frequencies, and 
then becomes asymptotic to zero for high frequencies. The mathematical expres¬ 
sion for sensitivity shows that the high-frequency asymptotic approach to zero is 
actually linear. The dynamic response angle is zero at zero frequency, decreases 
along a curved path for intermediate frequencies, and is asymptotic to minus 90de¬ 
grees for high frequencies. 

31.61. Figure 31-5 is similar to Fig. 31-4, except that the distance on the 
nondimensional frequency scale that corresponds to ten units in Fig. 31-4 is used 
for one unit in Fig. 31-5. 

31.62. The logarithmic scale curves of Fig. 31-6 supply steady-state sinus¬ 
oidal performance information on the first-order thermometer with a constant 
characteristic time that is identical with the sensitivity and dynamic response 
angle data given in the linear scale plots of Figs. 31-4 and 31-5. In Fig. 31-6, the 
left-hand ordinate scale is marked in loru units (which are simply logarithms to 
the base 10 of the sensitivity), in direct numerical sensitivity units, and in decibels, 
which are equal to loru values multiplied by 20. The abscissa scale is marked in 
direct numerical characteristic time - forcing frequency units, in lorus (ordeciles, 
which are identical with lorus), and in octaves , which are logarithms with 2 as 
their base. The dynamic response angle scale, on the right-hand side, is linear, 
with 50 degrees oi this scale covering the same scale length as one loru (twenty 
decibels) on the left-hand ordinate scale. 

31.63. The curves of Figs. 31-4, 31-5 and 31-6 correspond to the sinusoidal 
response characteristic representations of Figs. 13-lb and 13-lc discussed in 
Chapter 13. Figure 13-la illustrates a complex plane representation for sinusoi¬ 
dal response characteristics that is not included in the plots of Figs. 31-4, 31-5 
and 31-6. This representation of thermometer response is given directly by the 
polar plot of Fig. 18-6 when the nondimensional amplitude ratio is made identical 
with the thermometric sensitivity. It is important to note that in Fig. 18-6 only 
the lower half-circle, which corresponds to positive values of the characteristic 
time - forcing frequency product, has a physical meaning. The upper half-circle 

is mathematically present, but has no physical significance because it is associated 
with nonexistent negative frequencies. 

31.64. The logarithmio-scale plots of Fig. 31-6 have shapes that are simpler 
than the curved forms of the corresponding linear scale plots of Figs. 31-4 and 
31-5. For the low-frequency range, the sensitivity plot is asymptotic to the zero 
loru level (the unity sensitivity level) and in the high-frequency range is asymptotic 
to a straight line with a geometrical slope of minus one. The point of intersection 
of the high-frequency asymptote with the low-frequency asymptote is the break 
point , which is also sometimes called the corner point . The actual sensitivity 
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Fig. 31-6. Steody-stote sinusoidal response of an ideal thermometer with first-order performonce chorocteristics and constont charocleristic time 

logarithmic scole plots* 




















follows a simple curve that joins the two asymptote lines and falls below the break 
point. The dynamic response angle for the breakpoint abscissa (this abscissa is 
-0.798 loru in Fig. 31-6) is minus 45 degrees. The response angle curve is as¬ 
ymptotic to zero for abscissae below the break point and is asymptotic to minus 
90 degrees for abscissae above the break point. It reverses curvature at the In¬ 
tersection of the breakpoint ordinate and the minus 45-degree line, with segments 
of similar shape on either side. 

31.65. In addition to advantages in terms of curve simplicity, the logarithmic 
abscissa scale of Fig. 31-6 has the advantage over the linear scales of Figs. 31-4 
and 31-5 in that it covers a forcing frequency range of five orders of magnitude, 
as compared with one order of magnitude for Fig. 31-4 and one-tenth order of 
magnitude for Fig. 31-5. 

IMPULSE FUNCTION RESPONSE OF A FIRST-ORDER THERMOMETER 

31.66. Forcing functions of arbitrary shape may be formed of impulse func¬ 
tions combined under the conventions illustrated in Derivation Summary 17-1. 

When an input temperature forcing function for a first-order thermometer with a 
constant characteristic time is expressed in terms of impulses, the corresponding 
response function is the resultant of the responses to the individual impulses 
summed in the way illustrated in Derivation Summary 17-2. The impulse function 
response that is fundamental in building up the response to an arbitrary forcing 
function is developed in Derivation Summaries 18-8 and 18-13. This response 
has the form of the simple exponential plotted as the decreasing step function re¬ 
sponse of Fig. 31-1, with the reference temperature difference taken as the strength 
of the impulse* divided by the characteristic time. In any specific case of ther¬ 
mometer response, the exponential responses to the individual impulses may be 
summed up graphically to give the resultant by a procedure similar to that illus¬ 
trated in Derivation Summary 17-2; or the convolution integral forms of Eqs. (17) 
and (18) of that summary may be used to set up a mathematical expression for the 
response. 

SEMILOGARITHMIC PLOTS OF THERMOMETER RESPONSE TO STEP CHANGES OF INPUT 
TEMPERATURE 

31.67. The linear-scale step function response plots of Fig. 31-1 become 
straight lines when the ordinate scale is changed from linear to logarithmic. When 
the natural logarithm of the temperature difference ratio is used for the ordinate 
and the time - characteristic time ratio is taken for the abscissa, the decreasing 
step function response is a straight line starting at the zero ordinate level for the 

• Refer to the discussioo of Defioidoo Sutnmerr 18-8, Volume D, for the defiaidon of impulse function 
screngche 
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initial instant and sloping downward at 45 degrees. A plot of this type is illus¬ 
trated in Fig. a of Derivation Summary 31-3. When natural logarithms are re¬ 
placed by logarithms to the base of 10, the semilogarithmic step function response 
plot remains a straight line starting at the zero ordinate, but the minus one 
slope is replaced by a negative slope with a magnitude equal to the reciprocal 
of the natural logarithm of 10.* As shown by Fig. b of Derivation Summary 31-3, 
a single plot of the logarithm to the base 10 of the temperature difference 
ratio as ordinate against the time - characteristic time ratio as abscissa repre¬ 
sents all possible decreasing step function responses. 

31.68. When time instead of the time - characteristic time ratio is used as 
the abscissa for semilogarithmic representations of step function response, all 
possible plots start from zero at the initial instant, but have slopes that are in¬ 
versely proportional to the characteristic time. An illustrative semilogarithmic 
plot for step function response with time as the abscissa is shown in Fig. c of 
Derivation Summary 31-3. 

DETERMINATION OF CHARACTERISTIC TIME FROM SEMILOGARITHMIC PLOTS OF STEP 
FUNCTION RESPONSE 

31.69. In practice, the factors that control the dynamic characteristics of 
temperature-measuring instruments can be only approximately estimated as individ¬ 
ual quantities. This fact means that the theory outlined in Derivation Summary 31-2 
may be helpful for preliminary study purposes, but must be supplemented by ex¬ 
periments on completed instruments in order to determine accurately the dynamic 
characteristics of any given thermometer design. When the experimental infor¬ 
mation has the form of step function response data, semilogarithmic plots will 
immediately show whether or not the thermometer under test acts as a first-order 
system. If a straight line can be drawn through the experimental points from an 
input temperature step, the thermometer involved acts as a first-order system 
under the test conditions. In many actual situations, the test points do not fall 
exactly on a straight line, but may still be represented reasonably well by a linear 
approximation. When time is used for the abscissa of semilogarithmic plots of 
this kind, the effective characteristic time of the thermometer tested may be 
found from the slope of the response line. The relationships involved in finding 
this slope and formulae for determining characteristic times from two response- 
line points are developed in Derivation Summary 31-3. 

DIMENSIONAL ANALYSIS OF FACTORS CONTROLLING THERMOMETRIC CHARACTERISTIC 
TIME 

31.70. The principles of dimensional analysis discussed in Chapter 8 can e 
applied to the problem of temperature-measuring instrument performance. The 

• Tbe natiffol logarithm of 10 is the factor required to transform logarithms to the base of 10 to natural 
logariihnB as required by the defining equations for logarithms. If log^ N = x, then b = N, b = base o og- 
arithm, log^, N = log^ N/logg b, and log^ N = logarithm of N to base a. 
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The working variable results of Derivation Summaries 18*2 and 18*3» specialized to describe the step 
function response of an ideal thermometer with first-order characteristics and constant characteristic time, 
may be wTitten in the form: 

~ ^tln){t> 0 ) ^ (•t/(CTl (1) 

'^{in)(K0l ■ '^(ln)(t> 0 ) 

Linear scale representations of Eq. (I) are given in Fig» 31*1* 

When natural logarithms are taken of both sides, Eq. (1) becomes 

i^\ "^S ‘ '^Un)(t>o) 1 _ _ t (21 


"^(InKKo) “ ^(lnMI>0) 


t 

(CT) 


Applying the relationship 


loN (In (10)] log N 


where 


to Eq. (2) gives 


In N « natural logarithm of N 
logN » logarithm of N to base 10 
In (10) = 2.3026 


loe - '^(ln)[t>o) ^ _ 1 t 

* T T 2.3026 (rj) 

*(ln){t<o)" '(lnUt>0) ^ 

Using the point designations of Fig. c of this summary, eipressions for (CT) may be written in the 
forms 

(CT) = - 0.4343-- 


». • ‘a 


T T 1 

's MtnHt>0) 
'^(ln)tt<0) ■ "^(InKOolJ I 


- log 


(CT) o - 0.4343 


^ 


log ^ r T.~'^(lnm> 0 ) 

I ."^(InKKO) ■ '^(lnl(t>0). I 


~ '*^Un)[t>0l 

"^(inKKo) ■ '^(ln)(t>(ij2 


*^8 ~ '*'un)(t>o) 

"^UnKKol ■ *l^(ln){»>0) 2 


(CT) s - 0.4343 


^ 


log ~ '^[ln)(t>o)]| 

IX “ T(ln)(l>elL 


? C 
A - 

Z 

B * 

H o 

I z 



Figures a, b, and c give semi logarithmic plots 
for the first*order thermometer step function re* 
sponscs that correspond respectively to the forms 
of Eqs. (2)» (S), and (6). Note that the plots ore 
straight lines. 


Time — characteristic lime ratio (T(CT)R] = 


Fig. 0 . Semilogorithmic plot of step function 
response with noturol-logorithm ordinote and 
dimensionless abscissa. 


Derivotion Summery 31*3. Semilogorithmic plot representations for the step function response 
of an ideal thermometer with first-order performance charocferistics and o constont 

characteristic time. (Page 1 of 2) 
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Slop« = - —i— a -0.4543 
2.5026 


Tine — characteristic time roUo IT(CT)R] 


(CT) 


Fig. b. Semilogorifhmic plot of step function response with bose^ten^logorithm ordinote and 

dimensionless obscisso 


Slope a « 



Point \ 


—5 - 1_ » -0.434J —1— 

2-W26 (CT) (CT) 


^8 - '*“(ln)(t>0) 
^(ln)(t< 0 )- '*^(ln)(t> 0 ), I 


Point 2 


T.-T 


(ln)(l> 0 ) 


'*'(ln»(t< 0 ) “ **^(ln){t> 0 )Jj 


0 t, tj Tlm.t-► 

Fig. c» Semilogorithmic plot of step function response with bose^ten^logorithm ordinote ond 

time obscisso 

Derivotion Summary 3V3. Semilogorithmic plot representotions for the step function response 
of on ideal thermometer with first-order performonce chorocteristics and a constant 

charocteristic time. (Poge 2 of 2) 


procedure for using dimensional analysis is to list all the physical quantities that 
affect performance with their dimensional formulae and then to form a number of 
dimensionless variables from these quantities. The/7Theorem shows that the 
number of independent variables of this kind is equal to the difference between the 
number of physical quantities involved and the number of primary units that ap¬ 
pear in these quantities. 

31.71. With a thermometer having the properties set forth in Derivation Sum¬ 
mary 31-1, the quantities that control performance are those that determine the 
way receiver temperature follows input temperature changes. Under the condi¬ 
tions assumed in Derivation Summary 31-2, the behavior of the receiver is 
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described by a first-order differential equation. The performance associated with 
such an equation is completely determined when the characteristic time appearing 
in the equation is known and can be considered as constant over the operating range 
considered. This means that the basic problem of describing first-order ther¬ 
mometer performance is that of finding characteristic time as a function of the 
variables by which it is determined. Equation (16) of Derivation Summary 31-2 
gives a formula for characteristic time that depends on the receiver heat balance 
expressed by Eqs. (4) and (14). This relationship contains the product of receiver 
density, volume, and specific heat in the numerator, and a sum of heat transfer 
coefficients and receiver area products in the denominator. These heat transfer 
coefficients represent the effects of fluid convection and radiation, and of conduc¬ 
tion through the support. In any practical case, the receiver characteristic time 
depends on the relative effects of heat flow associated with these three processes. 
Convection heat flow involves transfer across a film on the receiver surface, 
whose properties are determined by the complex interactions of many factors. On 
the other hand, conduction through the receiver support and radiation may be de¬ 
scribed by relatively simple analysis. For this reason, the convection type of heat 
flow offers the best example for illustrating an application of dimensional analysis 
to temperature-measuring instruments. 

31.72. For the purposes of discussion, it is assumed that receiver temperature 
is determined by a heat balance in which all heat flow effects except convection 

are negligibly small. Items 1 through 5 of Derivation Summary 31-4 list the char¬ 
acteristic time and the quantities that control its magnitude as given by Eq. (16) 
of Derivation Summary 31-2. Item 5 is the average surface film thermal con¬ 
ductivity coefficient, which depends on several other factors. These factors and 
the typical heat flow problem with which they are usually associated are discussed 
by Bridgman, who reports work by Lord Rayleigh,and by Johnson.* It is generally 
accepted that for operating regions in which fluid compressibility is not important, 
the film coefficient depends on fluid density, fluid viscosity, the heat conductivity 
of the fluid, and the velocity of the fluid past the body involved in the heat flow. 

These four quantities are listed as items 6 through 9 in the table of Derivation 
Summary 31-4. The dimensional formulae in the fourth column of this table show 
that five primary quantities - mass, length, time, heat, and temperature - occur 
in the nine quantities involved. This means that, by the//Theorem, these nine 
variables may be combined into four dimensionless ratios. 

31.73. The four/7*s given in Derivation Summary 31-4 are formed by the 
principles discussed in Chapter 8. The first/7is simply the characteristic time 
multiplied by the factors that remain in Eq. (16) of Derivation Summary 31-2 
when the radiation and conduction coefficients are zero. In this/7, the ratio of 

* See Bridgman (B18) and Johnson (J5)« 
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FACTORS AFFECTING THERMOMETRIC CHARACTERISTIC TIME 


Symbol 


Item 

No. 

Name 

1 

Characceri Stic Time 

2 

Receiver Volume \ Receiver 

-r-:-:-> Volume - Area 

Receiver Area ) 

Ratio 

3 

Receiver Average Deosiry 


Dimensional 

Formula 




(VAR), 

K 


Receiver Average Specific Heat 


Receiver Average Surface Film 
Tberma] Conductivity Coefficient 


Fluid Density 


Fluid Viscosity 


Fluid Heat Conductivity 


Fluid Velocity 


(sh). 




Pm 






’'(fi) 


QM''(Tmp)*' 


Qr'L'"(Tmp) 


ML’ 


ML'r‘ 


Qr'L‘(Tmp)‘ 



Primary quantities: M » mass; L « len|th; T •= time; Q a beat;(Tmp) a temperature 
Arguments involved = 9 ; Primary quantities » 5 
Number of dimensionless ratios s 9 - 5 s 4 


, (CT)(sh),p, 

Pt Piw Va,/ 

(Note thet /T^ hes the (orm of Reynolds nunaber*) 


Therefore» 


(CT) » 


jli_ ffA (I.) ,IaL , 

(sh),p, W Lk.n, \K) 


Pm)'*m 

P{i\) 


©1 


Note: The list of foctors 9 lven In Eq. (1) opplies only to altuotlons in which fluid compressibility effects ore 
neqllqlbly smell* 

Derivation Summary 31*4. Applicotion of dimensional andysis to the development of o generolized 

functionol expression for thermometric choracteristic time. 


receiver volume to receiver area is indicated as a single quantity with the dimen¬ 
sion of length to match item 2 of the table in Derivation Summary 31-4. The sec* 
ondiTis the ratio of the film coefficient to the fluid conductivity multiplied by the 
volume - area ratio. The third/7is theratioof fluid density to receiver density. 
The fourth/7is the product of fluid density, fluid velocity, and the volume - area 
ratio divided by fluid viscosity. This ratio often appears in fluid flow problems 
when compressibility effects are negligible and is known as the Reynolds number. * 

• Reynolds number is commonly used as a basic variable in aerodynamics, hydrodynamics, and related 
subjects. Any ten on these subjects may be consulted for detailed information on Reynolds number effecu. 
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31.74. Equation (1) of Derivation Summary 31-4 shows the result of solving 
the first/7for the characteristic time and gives the other/7's as arguments of an 
unspecified function. It is generally impossible to write down the form of this 
function from theoretical considerations, but it may be found by a properly designed 
series of experiments. The determination of the relationship between Reynolds 
number and characteristic time illustrates a typical experimental procedure for 
supplementing the results of dimensional analysis. The required changes in Rey¬ 
nolds number might be made by changing the ratio of fluid density to fluid vis¬ 
cosity, the volume-area ratio of the receiver, or the fluid velocity. In practice, 
volume-area ratio variations would require mechanical features in the receiver 
that would generally be difficult to realize. Modifications in the density-viscosity 
ratio would require either a change in the fluid used or in the fluid temperature. 

Any change in either of these factors would be accompanied by changes in the sec¬ 
ond and third/Ps of Derivation Summary 31-4, so that Reynolds number effects 

on characteristic time would be difficult to isolate. On the other hand, variations 
in fluid velocity will affect only Reynolds number. For this reason, fluid velocity 
is selected as the independent variable in the experimental determination of the 
relationship between Reynolds number and characteristic time. 

TEST ARRANGEMENT FOR PRODUCING STEP FUNCTION CHANGES OF THERMOMETER 
INPUT 

31.75. The diagram of Fig. 31-7 shows the essential features of an arrange¬ 
ment for subjecting an air-temperature thermometer of the vapor-pressure type 
to a step function change of the input temperature. Air is forced by a centrifugal 
blower through a duct fitted with a thermometer to measure the steady-state tem¬ 
perature of the air stream. A pitot-static tube and a manometer are used to meas¬ 
ure the air velocity. The inlet to the blower is fitted with a control valve to adjust 
the air velocity in the duct. A trigger arrangement is provided to support the bulb 
of a vapor-pressure thermometer within a cylindrical electric oven mounted above 
the duct. When the bulb reaches oven temperature the trigger is tripped, and the 
bulb immediately drops into the air stream. At the instant the bulb support hits 
the stop, temperature scale readings on the indicating head are started and timed 
as the reading changes from the oven temperature to the airstream temperature. 
The temperature and time data may be collected either by a human observer or 

by a photographic arrangement. 

31.76. The effect of air velocity on step function response may be 
studied with the arrangement of Fig. 31-7 by applying the same temperature 
step with different air control valve settings. A proper choice of the range 
for these settings provides the data required for a survey of thermometer 
performance. 
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TEST PROCEDURE 


1) Stan blover. 

2) Adjust damper to give desired air speed as measured by the pitoc«static rube aod airspeed manometer* 

3) Read airstream temperature from air temperature tbermoomter* 

4) Adjust curreoc through heatiog coil of tubular oven to bring oven temperature to desired lerel • 

5) Bring bulb of thermometer under test to the raised position and lock it in this position by means of 
trigger- 

6) Lea^ bulb in raised position until thermometer under test reaches steady temperature Tq . 

7) Trip trigger so that bulb suddenly falls into lowered position* 

8) Record temperature readings from tbermometer under test at measured time intervals until the reading 
reaches the airstream temperature* 

9) Adjust damper setting to give changed air velocity and repeat steps 1 through 8 as required to survey 
the velocity range under study* 


V^or*pressve 
TneriDomeier 
Indiciting Head 


Trigger 


Ceotrifugti 

Blower 


Tabular 
Oven at T 


Air Tettperaiive 
Tbera>o0eier 


Pitot*«titic 

Tube 



Air Stream at Constaot Temperature 


Air Inlet 


Air Flow 
Control Valve 


Airspeed 

Manometer 


Fig. 31-7. Test apparatus for step fuaclion response of air temperolure thermometer. 
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ILLUSTRATIVE RESULTS FROM A STEP FUNCTION SURVEY OF THERMOMETER 
PERFORMANCE 

31.77. Table 31-1 gives a summary of step function response data* for a 
vapor-pressure thermometer with a receiver volume of 20 cubic centimeters and 
a receiver area of 55 square centimeters. The tests were run with an oven tem¬ 
perature of 100 degrees centigrade and an airstream temperature of about 25 de¬ 
grees centigrade, and covered an air-velocity range from about 5 feet per second 
to 75 feet per second. The left-hand colur .n of Table 31-1 gives the air velocity 
and the corresponding Reynolds number for each trial. The second column gives 
the accurately measured stream temperature. The third column is the tempera¬ 
ture reading difference ratio as this ratio appears in the equation of Derivation 
Summary 31-3. The fourth column is the logarithm (to the base 10) of the tem¬ 
perature difference ratio. The fifth column shows the elapsed time corresponding 
to each difference ratio. The last column gives the characteristic time, calculated 
by use of Eq. (8) of Derivation Summary 31-3 for a typical observation of each 
step function response. 

31.78. Semilogarithmic plots of temperature reading difference ratio versus 
time, like the typical plot of Fig. c of Derivation Summary 31-3, are given in 
Fig. 31-8 for the data of Table 31-1. It is possible to fit a straight line to the 
points from each set of the experimental step function response data. A compari¬ 
son of this result with typical plots of the logarithmic forms of Derivation Sum¬ 
mary 31-3 shows that the measured step function response for the thermometer 
must have followed the pattern of first-order response represented by the curves 
of Fig. 31-1. This means that the dynamic behavior of the thermometer under 
test is describable by first-order differential equations with characteristic times 
that are constant for any constant air speed, but which change with air velocity 
past the bulb. 

31.79. The simple exponential form of the thermometer step function re¬ 
sponse means that after a time interval equal to the characteristic time the tem¬ 
perature reading ratio reaches a magnitude equal to the reciprocal of the base of 
natural logarithms. This means that If a line is drawn along the 1/e ordinate of 
Fig. 31-8, characteristic times may be read off directly at the intersections of 
the step function response lines with the 1/e line. Characteristic time values 
determined in this way are given in Fig. 31-8. The values determined graphically 
in this way agree closely with the corresponding calculated values given in 
Table 31-1. 

31.80. The nature of the functional relationship between Reynolds number 
and characteristic time may be found by plotting characteristic times from Fig. 31-8 

• The data summarized in Table 31*1 are based on tests made by Theodore Kaslov of the Instrumeiu 
and Control Laboratory, Aeronautical Engineering Department, Massachusetts Institute of Technology. 


201 



Table 31-1. Step function response dato for o vopor*pressure thermometer ot various air speeds.* 

(Page 1 of 2) 


Ail 

velocity 

''(air) 

(ft/sec) 

Air 

teoperatuie 

^(lnKl> 0 ) 

(“C) 

Temperature reading 
difference ratio 

^(lft)(Ko) “ ^(lii)(t>0) 

Logarithm of 
temperature 
reading 
difference 
ratio 

Elapsed 

time 

(sec) 

Characteristic 

time 

(CT) 

(sec) 

5.5 

25.1 

1.00 

0 

0 




0.866 

-0.062 

16.3 


RN 


' 0.734 

-0.135 

38.0 


= 0.37 X 10^ 


0.600 

-0.222 

65.7 

139 



0.466 

-0.331 

107.8 




0.323 

-0.491 

157.6 




0.199 


233.5 


6.8 

25.0 

1.00 

0 

0 

1 



0.866 

-0.062 

14.0 


RN 


0.734 

-0.135 

32.5 

1 

-0.59x10’ 


0.600 

-0.222 

55.7 

113 



0.466 

-0.331 

87.0 




0.323 

-0.491 

128.7 




0.199 

-0.701 

196.4 

1 


23.2 

23.5 

1.00 

1 0 

0 




0.870 

-0.062 

; 8.0 


RN 


0.739 

-0.135 

' 19.0 


-1.55x10’ 


0.608 

-0.222 

32.8 

71.0 



0.476 

-0.331 

51.0 




0.346 

-0.461 

75.5 




0.216 

-0.701 

114.0 


30.8 

24 

1.00 

0 

0 




0.869 

-0.061 

7.2 


RN 


0.737 

-0.132 

16.0 


-2.05x10’ 


0.605 

-0.218 

28.6 

59.8 



0.474 

-0.325 

43.7 




0.342 

-0.466 

64.4 




0.210 

-0.678 

96.4 


41.1 

24 

1.00 

0 

0 




0.869 

-0.061 

6.3 


RN 


0.737 

-0.132 

14.4 


- 2.74 X 10’ 


0.605 

-0.218 

25.0 

52.3 



0.474 

-0.325 

38.2 




0.342 

-0.466 

56.2 




0.210 

-0.678 

83.7 



• BoMd on tests mode by Theodore Kosiow of the Instrumenl and Control Loborotwy, Aeronoutteol Enginewing 
DeportZMnt, MossochuAette Inatltute oi Technologye 
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Toble 31-1. Step function response data for a vapor-pressure thermometer ot various oir speeds. 

(Poge 2 of 2) 


Air 

Air 

Temperature teadirtg 

Logarithm of 

Elapsed 

Characteristic 

velocity 

temperature 

difference ratio 

temperature 

1 time 

tine 

^(alrl 

(f1/sec) 


^8 “ ^(ln)(f> 0 ) 

reading 

t 

(CT) 

fC) 

*r(lnl{K 0 ) *■ ^(ln)(t> 0 ) 

difference 

ratio 

(sec) 

(sec) 

51.3 

1 

24 

1.00 

0 

0 




0.869 

-0.061 

5.7 


RN 


0.737 

-0.132 

13.1 


-3.42 X 10* 


0.605 

-0.218 

22.5 , 

1 

47.1 



0.474 

-0.325 

35.0 




0.342 

-0.466 

50.8 


1 

1 


0.210 

-0.678 

75.8 


74.9 

24 

1.00 

0 

0 




0.869 

-0.061 

5.0 


RN 


0.737 

-0.132 

11.2 


-4.98 X 10* 


0.605 

-0.218 

19.0 

39.6 



0.474 

-0.325 

29.6 



1 

0.342 

-0.466 

42.8 




0.210 

-0.678 

63.9 



Receiver volume » V, = 20 cm^ ; Receiver area * A = 55 cm* 

At 25®C: 

Air density s K 1122 x 10"® go/cm* 

Air viscosity * = 187 x (poise) 

cm* 

'^(aU)(em/eec) “ 5®’5'^(aU)((t/9ee) 

Reynolds number = RN «^lSi£L ^ v,^!,, - 66.6 

V)(Ko)-100“C 

as ordinates against Reynolds number as abscissae. A plot of this kind onlinear 
coordinates is given in Fig. 31-9a, and the same data are replotted on logarithmic 
coordinates in Fig. 31-9b. On linear coordinates, characteristic time decreases 
aloi^ a curved path as Reynolds number increases. On logarithmic coordinates 
the points for this curve can be approximated by a straight line with a slope of 
minus one half. This means that for the range considered the particular ther* 
mometer used in the tests has a characteristic time that varies with the inverse 
square root of air velocity. 

31.81. The test result noted in the previous paragraph does not necessarily 
apply in the particular case of any thermometer, but it illustrates the type of per¬ 
formance variation to be expected with changing air speeds in the low-velocity 
range. Other factors must be included in the list of variables when air speeds 
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Fig. 31-8. Semilog plots of step function response of vopor-pressure thermometer with vorious air speeds. 


are so high that compressibility and thermodynamic heating must be considered 
inaddltlonto the quantities listed In Derivation Summary 31-4. The new list may 
be processed to obtain a corresponding set of dimensionless variables. When the 
functional relationship between any one of these variables and characteristic time 
Is not known from theoretical considerations, a series of tests generally similar 
to that just described may be devised to supply the missing information. 


TEMPERATURE MEASUREMENT IN HIGH-SPEED FLOW* 

31.82. The instruments and techniques described earlier in this chapter 
can be applied also to the measurement of temperature in high-speed fluid flow.** 


• This section hns been prcp«cd by Morton Finston. Assistsnt Professor of Acronauticsl Engineering, 

Massachuseccs Inscituce of Techuologyo l* f 

•• For the puiposes of ibis discussioo, fluid flo* chat Iks io the ftgioD of high subsomc flow or hig « 

is coosidored to be bigh«$peed flow. 
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f/i 


t 80 
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(ln)(KO) 

<in)(>>0) 


» iOO^C 


= 25*0 


2x10 


3x10^ 

Reynolds n 
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Air velocity 

a) Lineor sco/e plot of chorocteri: 



Slope = -0.5 
CT- (RN)'®-^ 




Reynolds numb 


2 3 4 5 6 7 8 9 10 20 30 40 50 60 70 80 90 100 

Air velocity v^^^^ - feet per second 

b) Log-log plot of charaeteristic time as a function of Reynolds number 

Fig. 31*9. Lineor and log-log plots of oir temperoture characteristic time as a function of 

air velocity at bulb. 
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There are, however, certain difficulties inherent in this type of application that 
make it worth while todiscuss the matter in some detail. As already shown in the 
discussion starting with paragraph 31.27, the values of the input temperature, 
T„„), and the receiver temperature, T,, are not necessarily the same, even for 
low values of flow speed. The discrepancy becomes progressively more exag¬ 
gerated as the flow speed increases. The following paragraphs discussthe source 
of this difference between and as related to high-speed flow and describe 
current techniques employed to relate one to the other. 

31.83. As a preliminary, it is necessary to introduce some ideas from the 
so-called boundary layer theory.* In most cases in which there is relative 
motion between a gas or liquid and a solid body, there are two more or less dis¬ 
tinct regions in the fluid: the free stream and the boundary layer. Near the body, 
there is a thin boundary layer in which the velocity changes from that of the body 
to that of the free stream, away from the body. In the boundary layer, the vis¬ 
cosity of the fluid affects the flow pattern; in the free stream, the effect of the 
viscosity is almost negligible. Figures 31-lOa and 31-lOb respectively show 
typical velocity profiles when (a) a body moves through a fluid at rest, and (b) a 
fluid moves past a body at rest. It is important to note that imposing a uniform 
velocity equal toon the body andfluid in Fig. 31-lOa yields the situation shown 
in Fig. 31-lOb. This characteristic relative motion property means, for example, 
that the discussion of temperature measurements obtained in a wind tunnelis also 
valid for the analogous temperature measurements in flight. 

31.84. In the boundary layer around any body, the viscous action, which in¬ 

creases rapidly with the speed of flow, dissipates mechanical energy into heat 
energy. Thus, in the boundary-layer region, the energy balance depends on dis¬ 
sipation as well as on convection, conduction, and radiation. The relative im¬ 
portance of each varies along the body, as well as with the speed of flow. In par¬ 
ticular, when the body is a temperature probe, the temperature along the surface, 
which determines receiver temperature, T,, is dependent not only on the free- 
stream input temperature, but also on the energy balance in the boundary 

layer on the probe. This dependency has received much attention recently, and 
a great deal of the available information is presented by Young and by Squire.** 
The relationship between and is, then, complicated in the static case, as 
well as in the dynamic case, when high-speed flow is involved. 

31.85. Atypicalformoftheboundary-layerenergyequationisgivenby Eq. (1) 

of Derivation Summary 31-5. This equation applies to the case of incompressible 
fluid flow past a semi-infinite flat plate. Its solution will not be discussed here, 

* See Goldstein (G9). 

•• See Howanh (HIO), Vol. I, Chapeer X, •'Boundary Layers," by A. D. Young; Vol. 11. Qapter XIV, 
”Heat Traxisfer/* by He B. Squire* 
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Note: The velocity prollles of (a) and (b) ore Iden¬ 
tical In shape, as shown, when U(af)= “U(Jl)(fs)' 
When this condition holds, imposing a unlfwm 
velocity equal to both the fluid and 

airfoil of (o) yields the situation shown In (b). 


®(af) “ velocity of airfoil 

Ujf|){y) - velocity of fluid at y 

^IflKfs) " free-streain velocity of fluid 
“ ^{fl){y*®) 

y ■ distance from surface of airfoil on line 

along which fluid velocities are considered 


Fig. 31-10. Typical velocity profiles, greotly enlarged In the verticol direction. 


Other than to point out that mathematical difficulties result because: 

1) The fluid properties k„i), and are themselves temperature- 

dependent. 

2) A knowledge of the velocity components u and v is required. 

Because of these difficulties, only limited success has been achieved to date in 
solving the mathematical problem. * 

31.86. When the fluid concerned is compressible, additional terms are re¬ 
quired in the energy equation, to take into account the resulting changes of me¬ 
chanical energy to heat energy, or vice versa; for example, as work is done on a 
gas in compression. This is true for air and most other gases, except at very 
low speeds of flow. Compression effects, like dissipation effects, increase 
rapidly with the Mach number of free stream, ** and thereby further complicate 
the relationship between and during high-speed flow. 

31.87. In the region of flow where the influence of viscosity is negligible, 

that is, in the free stream, there is a very simple relationship between the stag¬ 
nate temperature, the free-stream static temperature, • 

This relationship, given by Eq. (2) of Derivation Summary 31-5, says that if a 

• See Howarth (HIO), Vol. I, Chapter X, "Boundary Layers," by A. D. Young. 

•• The Mach number of flow at any point is the ratio of the speed of flow to the speed of sound at that point. 
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flow at a Mach number M andafree-streamstatictemperature is decelerated 

to rest isentropically, • converting all the mechanical energy into kinetic energy 
of the molecules, the temperature reached will be (both temperatures in 
Eq. (2) are in degrees absolute). For air, for which y = 1.4, the ratio of 
to "^(siatUfs) is then 1 + 0.2M2. Conversely, if and M are known, the value 
of T,for an isentropic expansion is given by the same expression. This fact 
is important in instrument calibration, as shown in the next paragraph in connec¬ 
tion with the so-called recovery factor. 

31.88. When a gas is brought to rest at the surface of a body, the tempera¬ 
ture attained by the gas is generally not since the process is not isen¬ 

tropic because of the boundary-layer effect already discussed. In fact, the tem¬ 
perature is near to, but usually less than,!,,,^^, when equilibrium is reached. 
That is, in the static case, a probe in a flowing stream usually has a receiver 
temperature , T,, such that T,is greater than butless than, although close 

to, From this result, it is easy to see the effect of Mach number on 

measurements of the free-stream static temperature. As M decreases to zero, 

(that is, becomes approximately equal to and therefore!, 

becomes approximately equal to At a Mach number of 0.2, Eq. (2) of Deri¬ 
vation Summary 31-5 shows that for air ( y - 1.4) the ratio of to 1.008, 
so that T, will be within 0.8 percent of As M increases, this situation changes 
rapidly, as can be seen from the curve family of Fig. 31-11 for the case when 
f = 1 (the curve for r = 1 is a plot of Eq. (2) of Derivation Summary 31-5). Avail¬ 
able theoretical and experimental** work indicates that T,, in fact, is given by 
Eq. (3) of Derivation Summary 31-5, where the recovery factor , r, depends on 
probe geometry and the dimensionless parameters Mach number, M, Reynolds 
number, RN, and Prandtl number, PN (see Eq. (9) of Derivation Summary 31-5). 
This functional dependence can be established by following the dimensionless 
analysis procedure given in Chapter 8. The results are given in Eqs. (5) through 
(11) of Derivation Summary 31-5. Although t is usually less than one for air, and 
generally between 0.85 and 0.95, •*• it can be found only by experiment, that is,by 
calibration. Figure 31-11 gives a family of plots of the ratio T,/ T(„g„(,,,as a 
function of Mach number for three values of the recovery factor, r. 

31.89. With one exception, which is described later in this section, instru¬ 
ments used in high-speed-flow temperature measurements are similar to those 
discussed earlier in this chapter. The instrument most frequently used is the 
shielded-thermocouple probe, shown schematically in Fig. 31-12. The advantage 
of this instrument is thatthe shield is the major component of the probe environment. 

• That is, with no heat loss to the surroundings. 

•• See Johnson and Rubesio (J4). 

See Kaye (K3). 
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Fig. 31-11. Receiver-free-stream static temperoture ratio os a function of 
Mach number and recovery foctor for the case of air flow. 


Thus, the radiation heat transfer between the thermocouple and the total environ¬ 
ment is largely determined by the transfer between the thermocouple and the 
shield. That is, most of what the probe "sees" is its shield, so that the effect of 
changes in the geometry of the over-all configuration (such as would result from 
a change in location of the probe in a wind tunnel, for example) is minimized. 
The selected instrument is calibrated in the following way: The flow in a wind 
tunnel, except in the boundary layers on the walls, is essentially isentropic. There¬ 
fore, Eq. (2) of Derivation Summary 31-5 is applicable. Thus, measurement 
of the temperature in the stilling section of the wind tunnel, which is essentially 
the stagnation temperature, and a knowledge of the Machnumber at the point where 
the probe is to be inserted, means that the free-stream static input temperature 
can be calculated. Then, measuring T, in the free stream and using Eq. (3) of 
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End View 


Cfoss*Seaion View 



a is the angle through which the thermocouple juACtion *'sees" an environment other than the shield. The 
dimensions are typical of probes used in high*speed*flow temperature measuremeot. Eicepc for the tip details, 
sections j and It of Description Summary 31*1 apply. 


Fig. 31*12. Views showing lip of shielded thermocouple probe. 

Derivation Summary 31-5 provides the required calibration for r as a function of 
M, RN and PN, as indicated in Eq. (9) of Derivation Summary 31-5. Figure 31-13 
gives typical data for an instrument of the type shown in Fig. 31-12. Since T,is 
usually near it is customary to try to adjust the probe geometry so that t 

is approximately equal to unity {see Eq. (4) of Derivation Summary 31-5) and in¬ 
dependent of M and RN. * Ordinarily the probe is calibrated in regions of uniform 
flow and can be used for measurements under similar circumstances. Elsewhere, 
such as in determining temperature profiles in boundary layers, where the flow 
velocity and static temperature vary in a direction transverse to the flow direction, 
the situation is still somewhat unsettled with regard to the use of probes. ** This 
results from the distortion of the velocity profile by the presence of the probe 
(see Fig. 31-14). The probe, having a finite height, responds to a weighted average 
temperature over some distance. Because of the distortion of the flow by the 
presence of the probe, the probe averages over differently weighted distributions 
as the velocity and temperature profiles change or the probe position changes. 
Optical methods, suchas schlieren and interferometer systems,are sometimes 
used for measurement in these regions. In any case, for a given fluid, the probe 
calibration relates T, to T(,„, as a function of M and RN, RN being based on the inlet 
diameter of the probe shield and free-stream characteristics. Another character¬ 
istic of high-speed-flow temperature measurements should be noted here: Once 
calibration is completed, one additional measurement, such as that of M, is always 
required to find Tu„,fromT,. 

31.90. The preceding remarks pertain to the static case. For the dynamic 
response, which has been very little studied at this wriUng.t techniques parallel 
to those described earlier in this chapter may be utilized. 


• Sec Goldstein »od Scherter (G8). 

•• See Blue and Low (B17). 

See Liepmaon and Puckett (L12). 
t See Dahl and Freeze (DlO). 
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of Mach number and Reynolds number. 


31.91. For some situations, it is convenient to measure free-stream tem¬ 
peratures by means other than the use of probes. One method is to measure the 
surface temperature at some point of a body in motion relative to the surrounding 
fluid. For example, in flight, a temperature receiver somewhere in the surface 
of the aircraft could be used. Again Tj,„, would be given by Eq.(3) of Derivation 
Summary 31-5 after r is determined. For the probe just discussed, the effect of 
RN would be accounted for in the calibration, as would be that of PN, if the in¬ 
strument were usedin the temperature range and fluid for which it was calibrated. 
In the present case, a new element enters. The Reynolds number of interest is 
that of the body where the temperature receiver is situated (for example, the air¬ 
foil), not that of the sensing element. As is well known, there are three types of 
boundary-layer flow; laminar, transition, and turbulent. * For a given config¬ 
uration and Mach number, the value of RN determines which type is present at any 
point on the airfoil. As the flow regime changes, the value of r does also. The 
calibration of the temperature receiver now involves the configuration of the 
carrying b ody, and may be determined by the procedure used for the probe. A 

• See Goldstein (G9). 
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For the simple case of the flo* of ao incompressible fluid past a semi-infinite flat plate, the tempetature 
in the boundary layer is governed by the energy equation 


,„„(sh)„.,(^ * --If) ■^('<n>|f) ^ 


( 1 ) 


where 


^(fl) ^ deosicy 

($h)^^l^ ^ specific beat of cbc fluid at coostaot pressure 

T B temperature 
t B time 

U, V B velocities parallel and perpendicular to the plate, respectively 
)t, y B coordinates parallel and perpeodicular to the plate, respectively 
« thermal cooduaivity of the fluid 

B fluid viscosity 

At high velocities, it is esseotial to consider and pju) as functions of T, which re* 

suits in a very complicated equation. Then there is a pressure iradieat, as in the case of flow past an air* 
foil, further terns nust be added to Eq. (I). 

oi A typicol form of fho boundary^layor orwgy oquaiioo 


For isentropic flow, 


—- 1 * / 

^(•tatXfa) 


( 2 ) 


where 


*^(st 09 ) * ata;natioD temperature (decrees absolute); i.e«, the temperature reached by isentropic 
deceleration to rest 

^(atot)(fa) * frce*scream sutic temperature (degrees absolute); Le«, the temperature recorded by an 
observer moving with the stream 

Y B ratio of the specific heat of the fluid at constant volume to the specific heat at con* 
scant pressure 

For the case in which a thermooecer is being used to measure the steady*state temperature of a flowing 
gas, the receiver temperature differs from the stag nation temperature, even though the fluid is at rest at 
the thermometer surface. Therefore, Eq. (2) cannot be used to relate to 
theoretical work indicate that the actual relacioasbip between and '^(gtotKfa) 


UtatKfe) 


1 f r 




M2 


(3) 


where 


B receiver tenperacure 


T,-T 


(ttofXfi) 


^(•too) * ^(itofUfs) 


(4) 


■ recovery factor 

Note that r is a dimensionless ratio. 

h) Temperof ora raiios arising in moosuromonts in o flowing f/uid 

Derivotion Summary 31-5. Relotionships ossociated with high-speed-flow temperature 

measurement. (Page 1 of 2) 
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Ei.h., by .n .pplicacion o( .he 0 Theo.ee,, a. derailed ia Chapter 8 aad elsewhere,- or by pu.rirrg .he 
panial dlKereorial erpr.rioos ol hear rr.osler a. high-speed Ho. irr.o diraensrordess Iona," .he rraportao. 
dimensionless paxameters can be identified. They are 
1) The Reynolds cumber, RN. 


RN 


(5) 


2) The Ptandtl number, PN. 


PN 


/*(in 


( 6 ) 


Ic 


3) The Mach number, M. 


M 


(fl) 


((a) 


where 


^(sound) 


(7) 


B fluid velocity 


“ free^stream velocity 

''(sound) " 'velocity of sound 

I B a typical length (for example, the probe height) 
and the other quantities are as defined in section a of this summary. 
The dimensionless temperature ratio can then be shown to be 


(atatlUs) 


Fj (RN. PN. M) 


< 8 ) 


Thus, from Eq, (5), it appears that 


F, (RN, PN, M) 


(9) 


The best available information*** indicates that r is independent of M over fairly wide ranges of fluid 
velocity and that its dependence on RN is of a limited type. That is, lo the laminar^flow range, as RN 
varies, r remains approximately constant if PN does; at transition, f increases, and then attains a nearly 
constant value in the curbulent-flow range (see Fig, 31*13)o 

Although a calibration for r is required of each instrument used for making higb*speed*flow temperature 
measurements, fairly good accuracy is found by setting r equal to V ^N for lambar flow, so that 


and equal to 


j ^ (statXls) 

V PN for turbulent flow, so that 


- I + 


■ V?N (y-i) M^ 

^( 1 ^) M2 


( 10 ) 


( 11 ) 


' (slatHia) 

These relationships are used in the following way. If temperature is to be measured by a thermocouple in 
the surface of a wing, for example, the procedure would be to compute RN and measure and M, For 
values of RN less chan the transition value, Eq. (10) would be used to find '^(stotKls)' values of RN 
greater than the transition value, Eq, (11) would be used. In other words, the measurements obtained by 
means of a thermocouple in an airfoil surface depend on its chordwise location, 

A probe, such as that shown in Fig, 31*12, has its Reynolds number dependency determined at calibration. 

cJ Dimeosionq/ anafysis of htot fronshr of h/gfhspeed flow 


* See Durand (Dll), Vol» V!, Division T, " Aerodynamic a of Cooling,^* by H. L, Dryden. 
** See Sehllchtlng (SI7). 

*** See Kaye (K3), and J^maon and Rubesln (14), 


Derivation Summary 31*5. Relotionships associated with high‘Speed>flow temperature 

measurement. (Page 2 of 2) 
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y « direccioa pcrpcodicdax to fluid flow 



o) Typical sfreom/.nes for undisturbed W Oisforfion of streamlines by probe 

nonuniform flow 

Fig. 31-I4. Dislortion of o velocity profile by the presence of o probe. 

typical curve of r as a function of RN, for the case of a flat surface aligned with 
the free stream, is shown in Fig. 31-15. 

31.92. A more detailed account of these problems may be found in articles 
by Young, Squire, • and others. There is one currently promising development 
that should be mentioned. It utilizes the results embodied in Eqs. (2) and (3) of 
Derivation Summary 31-5 in a different way than discussed heretofore. So far, 
discussion has been concerned with an instrument more or less directly exposed 
to the flowing fluid whose temperature is to be measured. Measurements are 
made to find the relationship of T, toT„„,. Suppose, instead, that the input tem¬ 
perature be designated as . Then it can be asked if it is possible to devise an 
instrument that will produce a temperature 1,^,2 around a second instrument, the 
temperature receiver, such that the relations between T(,„„ andT,j „)2 and between 
Th „,2 and T, cause T, to equal Reference to Eq. (3) of Derivation Sum¬ 

mary 31-5, shows that T (,„,2 must be less than for high-speed flow. Recent 
developments• ** indicate that this can be done, at least up to high subsonic speeds, 
by use of the vortex free-air thermometer. This device is based on the possibility 
of balancing the heating of a probe in a flowing fluid against the cooling known to 
exist in a so-called "vortex tube.” This instrument is shown schematically in 
Fig. 31-16. Although the theory of the tube's operation is still incomplete, cer¬ 
tain important facts have been established experimentally: By adjusting the ge¬ 
ometry of the tube, the extent and temperature of the cold-air core shown in 
Fig. 31-16 can be varied. If a probe, thermocouple or otherwise, is inserted in 
the cold-air core, its input temperature, which corresponds to is that of 
the cold-air core. If theopeningof the tube, through which compressed air enters, 

• See Howanb (HIO), Vol. 1, Chapter X. "Boundary Layers," by A. D. Yoiin|; Vol. 0. Chapter XIV, 
''Heat Traas/er," by H. 6. Squire. 

•* See Packer and Box (P6)» 
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Reynolds Number 

Fig. 31-15. Illustrotive plot showing recovery factor os a function of Reynolds 

number at a nominal Mach number of 2,0. 


is aligned with the free stream whose temperature is to be measured, the temper¬ 
ature of the cold-air core will depend on thefree-stream temperature, which cor¬ 
responds to , and the speed of flow. Results of preliminary work are shown 

in Fig. 31-17, and indicate considerable promise. 

31.93. In summary, the measurement of free-stream static temperature 

(the temperature recordedby an ideal temperature receiver moving with the fluid) 
becomes increasingly difficult as the speed of flow increases. The value of T, 
depends on r, which, in turn, depends on probe geometry, M, PN, and RN, so 
that even the static case presents serious difficulties. Analytical evaluations of 
these relationships are almost impossible, but a given instrument may be cali¬ 
brated for use in uniform flows without excessive effort. For nonuniform flows, 
calibration procedures are somewhat unsettled. At high speeds of flow, the heat¬ 
ing resulting from compression and viscous dissipation raises the value of T, far 
above T„^). This may be countered by placing the probe in the cold-air core of a 
vortex tube, although this development is still in its earlier phases. 



End View of 
Vortex Tube 


Side View of 
Vortex Tube 


Shape of 
Cold*Air 
Core Inside 



Fig. 31*16. Vortex tube. 
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Fig. 31*17. Results of flight tests of o vortex thermometer. 

[From Fig, 25 of PocJier and Box (P6).] 

CONCLUSION 

31.94. The performance of temperature-measuring instruments is discussed 
in the previous sections from the standpoint of the basic physical processes in¬ 
volved when heat flow effects associated with the receiver determine the dynamic 
characteristics. When this condition is fulfilled, thermometers for measuring 
fluid temperatures often behave as first-order systems with characteristic times 
that depend on fluid velocity. Such a thermometer is chosen as an example to il¬ 
lustrate principles and procedures for theoretical analysis and experimental tests. 
The characteristic time varies with air speed, but it is effectively constant at a 
given air speed for a temperature step of at least 75 degrees centigrade. This is 
generally typical of devices for measuring air temperature. For example, Harper, 
Hendrickson and Brombacher, and Hendrickson* report conclusions from tests 
made on a group of twenty-two air thermometers of various types. At an air speed 
of 17 miles per hour, the tests showed that step function responses all followed the 
exponential response law closely enough to indicate constant characteristic times. 
These characteristic times were distributed in groups that roughly corresponded 
to the type of thermometer under test. The results are summarized inTable31-2. 


Table 31*2. Chorocterisfic times of tempefolure-meosuring instruments. 


i 

1 

Thetmoraetet Type 

Chatacleiistic Tine Range 
(seconds) 

Vapor pressure ot liquid^filted bulb with Bourciofl cube 

30 to 75 

Laboratory Uqui<l*SD*gUss 

20 (0 30 

Bioetal 

10 to 20 

Electric resistance 

jto 10 


• Sec Harper (H7), Heodricksoo and Brombacher (H8), aod Hendrickson (H9). 
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31 95 Under the definition of response time given in Fig. 6-8 of Chapter 
three characteristic times* must elapse before the response has completed per¬ 
cent of the magnitude of the forcing step. For the particular case of measuring in¬ 
struments, it is reasonable to define Indication tinne as identical with the more 
general concept of response time. When measurement situations reauire indica¬ 
tion times that do not fall within the range established by three times the upper 
and lower limits given in Table 31-2, It will usually be necessary to construct 
special equipment. Each problem will have its peculiar difficulties, but the prin¬ 
ciples discussed in this chapter may always be applied in the design of instruments 

to meet the required specifications. 


• This statement is true because the response time 1 
forced response, which is the final constant level for a step 


imii is taken as 0.05 of the step height from the 
function, and 0.05 is substantially equal to 1/e 
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CHAPTER 32 


ELECTROMECHANICAL MEASURING INSTRUMENTS 


INTRODUCTION 

32.1. Electromechanical measuring instruments are devices in which the 
quantities to be measured are represented by voltage or current inputs that act 
through force- or torque-generating components and a mechanical coupler to posi¬ 
tion the index of an indicating system. In practice, the components that convert 
electrical quantities to mechanical quantities are usually designed to produce 
torque as the basic output quantity. For example, the input current to the conven¬ 
tional ammeter generates a torque that under static conditions is balanced by the 
elasticreactionofaspring, whichdetermines the deflection of an index with respect 
to a scale calibrated in terms of the input quantity. Electromechanical instrument 
theory and practice are discussed in physics texts, in books on electrical meas¬ 
urements, and in manufacturers' publications.* 

32.2. Ammeters, voltmeters, and wattmeters are generally familiar to sci¬ 
entists and engineers as instruments for measuring quantities that vary slowly. 
Oscillographs with mechanical or optical indicating systems are indispensable 
for recording quantities that vary rapidly with time. Wide variations in design 
and construction** exist among individual examples, but as a general rule the oper¬ 
ating components of any electromechanical instrument will fit into the pattern 
described by the generalized functional diagram in section a of Information Sum¬ 
mary 32-1. 

32.3. In the generalized functional diagram, the current or voltage input is 
applied to an input receiving network that reduces the input to a form and magnitude 
adapted for operation of the torque generator . For the purposes of a functional 
diagram, the properties of the torque generator that affect the output of the input 
receiving network are considered as part of this network. This means that the 
resistance of a galvanometer coil is functionally associated with a branch of the 
input receiving network. This resistance is therefore represented by a dotted line 

• Physics: sec Pa«c aud Adams (P7} and Sears (S3); elccaical measuremeots: see Laws (L7) aod Hague 
{H2): manufacturer's publications: see Tcston Elecaical Instrument Corp. (W4) and General Electric Company 

(G2). 

•• See ffeston Electrical Instrument Coip. (T4) and General Electric Company (G2). 
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in the pictorial-functional diagram of section b, Information Summary 32-1, to show 
that its physical presence in the network is only one of its important properties. 
Any coil connected to the input receiving network is an essential part of the torque 
generator, which is designed so that its input current interacts with magnetic flux 
lines to produce the output torque. The element on which the output torque acts 
directly is attached to the coupler . The coupler produces the coupl er ou^t ang^, 
which is mechanically transferred to the indicating system . The indicating system 
output is the indication or the index angle . This angle is the input to the scale, 
from which the input quantity reading is taken as the essential output of the meas- 

uring instrument. 

32.4. Many different designs using the fundamental principles of electricity 
and magnetism have been developed for receiving networks and torque generators. 
The details of construction vary with the quantities to be measured and the accuracy 
required, but the essential function of producing a torque output from an electrical 
input quantity is always preserved. So far as the static-functional diagram in sec¬ 
tion a of Information Summary 32-1 is concerned, the coupler merely receives a 
torque and produces an output angle that is completely determined by the input 
torque. Because of mechanical effects of the type illustrated in the examples of 
Chapters 4 and 8, torque components not accounted for in the generalized static- 
functional diagram will appear when dynamic conditions exist. The sources of these 
torque components* and the components themselves are represented in the func¬ 
tional diagram of Derivation Summary 32-1. 

32.5. The static-functional diagrams of sections b through e of Information 
Summary 32-1 illustrate the essential features that are characteristic of four 
commonly used types of electromechanical measuring instruments. The actual 
construction of these and many other types is shown so well in readily available 
manufacturers' catalogs and special pamphlets** that no detailed description of 
design features is required here. However, it is worth while to show how physical 
principles are applied in the operation of a group of typical electromechanical 
measuring instruments and to develop performance equations for the individual 
members of the group. 

32.6. The four instrument types illustrated in sections b through e of Informa¬ 
tion Summary 32-1 are classified on the basis of the principle applied in the torque 
generator. Moving-coil instruments*** (represented in section b) are designed 
around a coil and a magnetic circuit structure (usually including a permanent 


* laeitia reaction torque components do not appear eiplicitly in the functional diagrams of this book. In 
accordance with the conveotioo established in Qiapter 7» any mechanical component that is accelerated In 
operation is assumed to have inenia reaction effects* 

** See Oscillograph manufacturers (03). 

••• Meters using the moviog*coil principle are commonly called D*Arsonval insmiments* 
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magnet) that establishes an effectively uniform field at right angles to the wires in 
the torque-producing parts of the coil. The input receiving network is a combina¬ 
tion of resistors connected In series and in parallel with the toroue generator coU, 
and is designed to produce a current suitable for the torque generator coil, with a 
known relationship to the meter input voltage or current. The typical coupler shown 
in section b includes a rigid coil form attached to pivots that allow rotation of the 
form with respect to the instrument case about the axis established by the pivots. 
The output angle of the coupler is determined by the balance of torque components 
from the elastic restraint springs, the damper, the torque generator, and inertia 
reaction effects associated with the angular acceleration of parts that move with 
the coil form.* The coupler output angle is received by an indicating system con¬ 
sisting of a simple mechanical index that moves with respect to a scale calibrated 
to give readings of the input voltage or current. 

32.7. Section c of Information Summary 32-1 illustrates one of many types** 
ofmoving-ironinstruments. The torque generators used in these instruments have 
a stationary coil (or coils) that set up a magnetic field in a region containing a 
configuration of elements with good magnetic permeabilities. One of these elements 
is designed to receive a torque depending on the magnetic field set up by the coil 
structure. This field varies with the coil current, which in turndependson theme- 
ter input. The coupler of a moving-iron instrument is a mechanical structure 
with the operating characteristics just described for the couplers of moving-coil 
instruments. The indicating system - scale combination for moving-iron instru¬ 
ments is functionally identical with the corresponding combination of moving-coil 
meter components. 

32.8. Section d ofinformation Summary 32-1 shows the elements of the elec¬ 
trodynamometer instrument type. In devices of this kind, the torque generator 
consists of two coil systems whose magnetic fields interact to produce the operating 
torque for the coupler. The input receiving network is effectively divided into two 
sections,thereby producing a separate current input for each of the torque gen¬ 
erator coil systems. When these two currents are associated with independent in¬ 
put quantities, the torque generator output represents the product of these quanti¬ 
ties. This characteristic makes instruments of the electrodynamometer type 
particularly suitable for measurements associated with power in alternating-current 
circuits. Couplers, indicating systems, and scales are functionally identical with 
the corresponding components for moving-coil and moving-iron instruments. 

32.9. Sectione of Information Summary 32-1 illustrates the essential features 
of electrostatic instruments. In devices of this class, the torque generator action 

• In practice, coil forms may be separate structural members, or they may be effectively replaced by ibe 
insulation varnish and cement that hold the torque generator coil wires together. 

•• See General Electric Company (G2) and Testoo Electrical Instrument Corp. (T4). 
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is designed to use the electrostatic forces between conducting surfaces charged to 
potentials that correspond to the input voltage difference. The function o t e inp 
receiving network is to reduce the input voltage to a level suitable for driving the 
torque generator and to provide a high-resistance path lor limiting current flow in 
the event of Insulation failure. Except for the input receiving network and the 
torque generator, the components for electrostatic instruments are similar to those 
of other electromechanical instrument types. In practice, electrostatic instru¬ 
ments are particularly suitable for measuring voltages with a minimum of current 

drain on the system from which the input is taken. 

32.10. The static-functional diagrams of Information Summary 32-1 are il¬ 
lustrative only and do not properly suggest the great range of individual instru¬ 
ments that have been developed for the purposes of science and industry. An in¬ 
troduction to the descriptive material in this field can be found in references (G2) 
and(W4). The theoretical aspects of electromechanical instrument performance 

are discussed in the following section. 

GENERALIZED FUNCTIONAL DIAGRAM FOR ELECTROMECHANICAL MEASURING 
INSTRUMENTS 

32.11. The static-functional diagrams of Information Summary 32-1 represent 
the operating components that are combined to make up typical electromechanical 
measuring instruments with no direct suggestion of the interactions that occur 
under dynamic conditions. These interactions are represented by the functional 
diagram in section a of Derivation Summary 32-1, which follows the pattern es¬ 
tablished by the rate-of-turn indicator and pressure indicator examples of Chap¬ 
ters 7 and 8. The same functional diagram applies to all electromechanical in¬ 
struments, including the conventional meter type described in Specification 29-1 
and the oscillograph to be discussed later. In all cases, an input receiving network 
takes the input or inputs to the instrument and supplies a corresponding input or 
inputs to a torque generator of some type. The output from this generator is one 
of the inputs to the torque summii^ member, which is one of the essential parts 
of the coupler.* The torque summing member also receives torque components 
from the elastic restraint and the damper. The coupler output is the coupler angle, 
which acts as the input to the indicating system. In conventional meters, the in¬ 
dicating system output is the indication or the index angle, which is equal to the 
coupler angle. On the other hand, when optical indicating systems are used in 
galvanometers or oscillographs, the indicating system output usually difiers from 
the corresponding input by some factor. The combination of an input receiving 

* For cooveoieoce, the coupler (symbol c) is oheo coosidcred ideotical with the torque summing 
member (symbol tsm), although (he coupler properly includes the elastic restraint and the damper in addition 
to the torque summing member* 
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network, a torque generator, and a coupler is often considered as a single unit and 
called the galvanometer.* Any instrument with a proper calibration will have in¬ 
dicating system and scale characteristics adjusted to give an over-all sensitivity 
under calibration conditions (usually defined as static conditions) equal to unity, so 
that scale readings will be equal to input levels. 

32.12. Section b of Derivation Summary 32-1 lists symbols that describe the 
performance of the operating components and subsystems shown in the functional 
diagram of section a in terms of performance functions, sensitivities, and equa¬ 
tions. As written, the performance equations are based on the assumptions that 
dynamic actions have negligibly small effects on the behavior of input receiving 
networks and torque generators. In formal terms, the differences between various 
instrument types are completely taken into account by modifications in performance 
function and sensitivity subscripts. The pattern followed in developing performance 
equations is the same for all the instrument types and leads to a form that is iden¬ 
tical for all the cases considered. In workingvariable terms,this form is identical 
with the (0;0,l,2)differentialequationdiscussedand solved for a number of forcing 
functions in Chapter 19. This means thatquantitative information on many situa¬ 
tions of practical importance in the use of electromechanical measuring instru¬ 
ments is immediately available from the solution-describing nondimensional equa¬ 
tions and curves of Chapter 19. 

32.13. To apply the generalized information of Chapter 19 to any particular 
situation, it is necessary to determine the sensitivities associated with each op¬ 
erating component and then to calculate the damping ratio, undamped natural fre¬ 
quency, or other equivalent parameters. In practice, it is seldom possible to esti¬ 
mate performance-describing coefficients with the required accuracy. This means 
that theory is primarily useful for preliminary design purposes and to suggest ef¬ 
fective test procedures for refining performance information. In applying experi¬ 
mental methods for this purpose, it is generally better to measure performance 
functions and sensitivities and record data on these quantities directly than it is to 
interpret results in terms of individual design factors. For example, it is conven¬ 
ient to study torque generator performance by applying various input levels and 
measuring the corresponding output torque so that the corresponding sensitivity 
may be found by a direct comparison as one of the quantities of primary interest. 
Once sensitivity is known for a proper range of different designs, the influence of 
any given factor may be found by proper studies of the results. 

32.14. The performance equation formsgivenby Eqs. (3) and (4) of Derivation 

• The components considered as included in a galvanometer may be changed for convenience m any 
special case. For example, a complete elecuomechanical instrument of the wall-mounted type, me ing t e 
input receiving network, maybe called a galvanometer. On the otherhand. the mechanical assembly, exclu mg 
the magnetic system, for an oscillograph is also often teferted to as a galvanometet. 
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REDUCE TO S0% 


r 


— lodicating Mechanism (im) or (n) ^ 
I-(g)-1 


(irn)l 

(lrn )2 






Note: The conventions used in this dioqrom ore defined in Chapter ?• 

o) Functfono/ diogram hr e/ecfromechoftica/ ttmasuring instrvmtnts 

Performance information on each component and subsystem of the diagram of section a follows, identified 
by the symbols defined by the diagram. 

Note: The pericrmance functions (main symbol PF) and sensHivilies (main symbol S) that follow cffe repre¬ 
sented by symbols formed urtder the conventions desalbed in Qiopter 10* 


(im) Input Receiving Network 

llicn voltage is considered as the input, 




'(lrn)(v;l](st) 


^(lrn)(v?v){8t) 


Then current is considered as the input, 




Then power is considered as the input. 




(tg) Torque Geoeracot 


[PF], 




(drrp) Damper 


[PF](dmp) • ^ldap)(A;M)(«t) ’ “Sdmp) 


where 


^(dmp) " dampin* coefficieot 

Derivation Summary 32*1. Functionol diagram and performance equations for 
electromechanical meosuring instruments. (Page 1 of 7) 
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(er) Elastic Restraint 




9ifhefe 


- elastic restraint coefficient 


(is) Indicatini System 


(s) Scale 


[PF], 


tPFJu 


'(isl(A;Al(st) 


1»)(A;v)(8I) 


'(#)lA;l)(.t) 


(g) Gal 


vanofflecer 


V«)(A;Pl(8t) 


“ ^{t»m)(«n)^g ~ Kerj^q * J S i lii » I I 




where 


^(tamKeq) “ equivalent ffiotnent of inertia of mechanical parts rotating with the torque summing 
member 


Rcananging the terms of Eq. <l) and changing signs gives 


^(tanXeql^e ^ ^(drapl^q * 


'(t9)[l:MlNlrn) 


4 4 


(irn) + (g) Input Recei ving Netwotk and Galvanometer 


* ^(diDp)^g ^er)^g 


Wn)Il;ll^(tg)li:Ml'(ln) 




Note: The eymbola v„„, and represent inatantaneoue values oJ volloge and wreni, respectively. Con. 
ventlonal altemotlng•c^rfrent forms ooy be used for steody-state sinusoidal Input variations. 

(im) + (g) + (is) Input Receiving Network. Galvanomctet and Indicating System 

i ^(irn)(y:lJ^(tg)ll;M]^(ls)(A;A)’'(jn) 

or 

5(lrnl(l:l]Wl;M]^ll-l[A:A)'flnl 

or 

^(irn)[y;i]^flrn)[l:l]^(lg)(l, :1 jJM] ^lls}[A:Al''(lnl'(Inl 

(irn) + (g) + (is) + (s) Input Receiving Netwotlc, Galvanometer, Ind icaiinn System and Scale; 
or Ivm) Voltmeter ; or (on) Ammeter; or Iwm) Tattmeter 

Derivolior, Summery 32 - 1 . Furrctionol diogrom ar»i perfo-mcrc. equutions for 
elecfromechonicol meosuring insfrumentSv (Poge 2 ot 7 ) 
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u > * 


'(t6m)(eq) / p 


'(tsm)(eq) P 


^(l»n)[v;j)^(lq)[l:M]^(l8l(A :AJ^(s)IA;v) ^ 
- j- ’'l 


Vf»l[l:t)^(tq)[l;M]^(l»)[A;A]^{«)[A;ll j 

^{l»m){eq> 


^Ufn)(vrl] Vn)[i:il^tg)[lj.l2;MAls)[A:AlV)(A;P] 

_I 




(tsmXeq) 


Rewriting Eq. (5) gives 


2(DR)w„/i 


n \ B 




where 

*^(ln) ' Vnj'un) “ *»?« power 
s power scale reading 
DR a damping ratio 


'^n ^(vra)[v;v]^(inl 
2 C 

*n ^Qinl(l;0‘(ln) 
*n^(wm)(P;P]^{ln) 


undamped angular natural fre{|uency 


(tacn)(eq) 


(Refer to Definition Summary 19*1 and Table 15V1 for additional relationships,) 

S. .t V . ^ ^»rn)(v;ll^Hq)(l;M]^(ls)(A;A]^(9)fA;vl . . 

(vm)iv;vj(st) ■■ . * voltmeter ovefall static sensitivity 


Note that 




V)(M;A](st) ^ 
’(lrB)(l:l)^(tq)(i;Ml^(l«)[A;A]Vj(A;vl 

k,... 


- ammeter overall static sensitivity 


(wm)lP;Pj(Bt} ---- 


• wattmeter over-all static sensitivity 

Not... The lB9lru™.nt .Uu-troted 1 „ .ectlcn . of Infonnotlcn Sun^mory 32-1 i. ep^ificoUv 

J,V The •leclroa.o.lc ln»tru™„, perforinance e^ion L 

be derived by use of an identical pattern to show thot ^ ^ 

V + 2(DR)w V + w*V B w*S, ,f ly 

" “ n » n (esvtD)[v;v]'(in) 


( 10 ) 


( 11 ) 


Derivotion Summary 32-1. Functional diagram and performonce equotions for 
electromechanical measuring instruments. (Page 3 of 7) 
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where OR and are as already defined and 

S f 1 - ^(irn)lT;T)^(U)[A;A1^{81 (A;v) 

(esvei1iv:vJ(Bt) -r- 

s elearostatic Tnlttseter overfall static sensicivicy 

Note: h genefcl, far properly calibrated instruments, each of the overfall static sensitivities 
has a magnitude of unity. 

b) Gtnefoliied ptrhrmonct eqtjofions for efecfromeehnn/coi meosuring instromtnts 


( 12 ) 


(im) Input Receiver Network (Static Cooditioos) 


'(in) 

'(•h) js *^(Bh) 


senes resistance 


shunt resistance 


•(eKat) 1 > 


galvanometer resistance 


• • • 

'(In) “ '(«h) * 

'(*hl^(8h) * '(q)(»t)^q 

Solving Eqs. (13), (14) and (15) /or •(,)(„) in terms of v„„, and the three resistances shows that 


(qKsO 


R 1 ^ * ^(ah)^ 

n r<,r,.h, 


(13) 

(14) 

(15) 


(16) 


so that 


^(irn)(v:i)( 8 t) “ 


R [j ^ Rl8«r)tRg ^ *^(8h)) 


^q^(8h) 


(17) 


(im) Input Receiver Network (Dynamic Conditioos} 





effeaive flux density in air gap 
effective width of coil 
effective length of coil 
number of active turns 

angular velocity of coil 
magnetic flux 


The generated back elecuomotive force is proportional to the rate of change of flux linkages: i.e., 


(beo 


" dt V^/dt 


so that 




(18) 


(19) 


Derivotion Summtiry 32-1. FunctioncI diogrom ond perforncnce eqwlions for 
electfomechanicol measuring instruments. (Page 4 of 7) 
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R„ , = iotcmal resistance of inpur circuit 
(In) 

i< >/v n = component of galvanometer cunent 
(q (bem electromotive force 

electromotive force 


''(bami) 


b d 

When viewed from points a and b, the parallel circuits + R{i„) “d R(8h) reciprocal 

resistance l/R(ab)* 


1 


1 


1 


^(ab) ^(sh) ^(aar) ^(In) 


SO that 


R 


(abl 


R(ah)(^(aarl + ^(In)^ 


^(•h) + ^(aat) + ^(In) 


To a voltage applied from d to ^(ab) series with . so that 


( 9 )(beiBt) 


(bornO 


R 




(ear) 




R,-.. + R,.„, + R. 


■(ah) ’'(ear) ‘'(In) 

Using Eqs. (18) and (19) (o express , and rearrafigiog terms gives 


<9)(beni] 


^(■j)[A;vl^c 


R 


I + 


R,.m(R 


(Bh)^''( 8 at) * '^dnl 


KJ 


or 


where 


*^q(*^{Bh) + *^(aat) + *^(ln)l 
'(qKbatnl) " ^(q)(A;l]^c 


^(0)lA:l) " ^(ql[A;vl 


1 ^ ^(ah)t^[aar) ^ ^(In)) 

*^q(^(Bh) * ^(aar) + ^(ln))J 


(tg) Moving'Coil Torque Generator 



( 20 ) 


( 21 ) 


( 22 ) 


(23) 


(24) 


(25) 


Derivofion Summary 32*]. Functiona) diagrom and performance equotions for 
elecfromechonical meosuring insfruments (Page 5 of 7) 
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The lav of cunent — fflagoetic field ioceraaioo shows that 

M,... = IMN i 


'(tg) 


10 


or 


where 


S f ,-NBbl 


( 26 ) 


(27) 


(28) 


where 


B « magnetic flux density, in lines per square centimeter 
b « width of coil, in centioeters 

I e length of coil sides in magnetic field, in centimeters 
* gahanometer cuneni, in amperes 

^(tg) ^ torque generator output torque, in dyne centimeters 

Not€: In genera], B. b, and I wUl be elective values. 

(diTV>) Damper 


The damping torque due to the back electromotWe force generated in the galvanometer coil is due to the 

back eleccrofflocive force current acting through the torque*producing action of the torque generator; i.e., 

• • 

^(dmpHbemJ) “ ^(tq)(l;Ml^(g)[A:l) 

where 

..2 •.s. 2 

1 


s 


(tq)(A:M](bemJ) 




10 


R 


1 + 


R„b)(R 


(ser) 




(30) 


Ra^R(sh) * R(ser) * R"-'^ 


(Inl'J 


By definition, 


^(tg)(A;Ml(beiiil) “ ^(dmpKbemf) 


(31) 


where 


^(dmp)(beml) * electromotive force damping coefficient 


Therefore, 


(dmp)Cbemt) 


10 R. 


j ^ R(ah)^R(«er) * R(ln)^ 
Rq(R<ah) + R(ae») + R(ln)) 


(32) 


Eddy currents in a conducting coil foro or a part of conducting material moving in the field of a per- 
manent magnet will give a damping torque component; iaCa, 

*^(q)(d[iip)(ac) “ ^lt(j)(A:M](ec)^c 


By defioicicQ, 


where 


s 


{tg)[A;M](ec) 


- C 


(dmp)(ecl 


(34) 


^(dmpKec) ■ current damping coefficient 

Drag effects generated by viscous action in a fluid (either gaseous or liquid) will produce a damping 
torque compeneot of the form • 

^(tgUdmpltvla) " ^{lq)lA:M]{»la)^c 

Derivotion Summory 32-1. Functionol diogrom and performance equotions for 
electromechonical meosuring insirumenis. (Poge 6 of 7) 


(35) 
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By definitjoD, 

^(<311Ajm){v 15) ® *^{<lmp)(vl8) 

where 

‘^(dmpHvis) “ viscous damping coefficient 
The resultant damping torque has the (orm » 

where 

Sdmp) * SdmpUbeni) **■ ^(dmpH«c) **■ ^(dmpHvls) 


(36) 

(37) 

(38) 


The elastic restraint coefficient kj^^j (or 5(er)[A;M]’ is equal to - ^(er)^ moving*coil instru* 
meats depends on design in any particular case and usually must be determined and adjusted by eiperi- 
mentation. 

With the performance-controlling coefficients related to design features by Eqs« (13) through (38), the 
typical performance equation (6) for instrutoents of the moving-coil type may be written in the working 
variable form as 

o/v + QjV 4- 0„V = b,U 

where 

°1 - ^IimllBql ■ “l “ Sdmp) = °0 “ ^er) 

and 

or 

^0 ■* Vn)(l;ll^(»g)[l?M]^U»)(A;A)^(s){A;l] 

Equation (}9) is a typical (0;0,1,2) equation, which in practice usually has coefficients that are effec¬ 
tively constant. 

Solutions for the (0;0,1,2) equation are developed and summarized in Chapter 19. 

c) Performonce equof/on for movmg-coi/ yo/fmefers and ammtttrs 


(39) 

(40) 

(41) 

(42) 


Derivation Summary 32*1. Functional diogrom and performonce equations 
electromechonicol meosuring instruments. (Poge 7 of 7) 
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Summary 32-1 are based on the assumption that the inertia reaction effects 
associated with operation of the coupler may be represented by masses attached 
to the torque summing member to form a single rigid body. This assumption leads 
to the second-order performance-describing form of Eq. (6). In practice, conclu¬ 
sions based on this form may fail to describe actual performance because the 
mechanical parts of the indicating system may not behave as a single rigid struc¬ 
ture, but show flexibility in a way that must be represented either as a continuous 
cantilever beam or as an equivalent system that approximates the action of such a 
beam. Even a first approximation, when the indicating system is represented by 
a single mass attached to the torque summing member by a simple elastic element 
and a small damper, changes the second-order performance equation to a fourth- 
order equation with solutions that are more complex than those given in Chapter 19. 
It is entirely feasible to derive engineering results from performance equations of 
any order, but the mathematical approaches discussed in Chapters 20 through 27 are 
required instead of the direct differential equation solution procedure of ChapterlO 
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DERIVATION OF PERFORMANCE COEFFICIENTS AND PARAMETERS IN TERMS OF 
DESIGN FACTORS FOR MOVING-COIL INSTRUMENTS 

32.15. From the standpoint of operation, all electromechanical instruments 
whose components follow the performance equations assumed in section b of Deri¬ 
vation Summary 32-1 follow the same performance pattern. The essential dif¬ 
ferences between instrument types depend on the mechanization used to achieve the 
behavior described by the performance equations. Differences between individual 
instruments of a given type lie in the magnitudes chosen for the design factors that 
determine performance coefficients and parameters. A development of these co¬ 
efficients and parameters for moving-coil instruments is outlined in section c of 
Derivation Summary 32-1. This example is chosen not only because of the great 
practical importance of moving-coil instruments, but also because it clearly il¬ 
lustrates a pattern of analysis that may be applied to the design of any electro¬ 
mechanical instrument. The bacl^round information on physical principles re¬ 
quired for performance equation derivations is available in texts on physics and 
electricity and in books dealing with the special field of electrical measurements.* 

32.16. The general procedure for deriving the performance equation for any 
instrument is to write an equation for the operation of each component and then to 
combine these separate equations into a single over-all equation. In the case of the 
moving-coil instrument, the first component is the input receiving network, which 
consists of a resistance in series with a parallel circuit consisting of the torque 
generator coil and a shunt resistance. When the input quantity is considered as a 
voltage, the essential action of the network is to establish a relationship between 
this voltage and the galvanometer coil current. When attention is restricted to 
operating conditions that are not accompanied by dynamic effects, the input re¬ 
ceiver performance is described by a voltage — current sensitivity that may be de¬ 
rived by a simple application of direct-current circuit theory. The expression for 
this sensitivity in terms of network resistance is given by Eq. (17) of Derivation 
Summary 32-1. 

32.17. When static conditions no longer exist, but the galvanometer coil is 
rotating so that its active wires are cutting magnetic flux lines, a b^ electro¬ 
motive force is generated in the coil. The direction of this generated voltage is 
such that, if it actually causes current to flow, the flux from this current always 
causes a torque that tends to retard the coil motion. The magnitude of the back 
electromotive force is proportional to the effective strength of the magnetic field 
in which the active sides of the coil move, the length of these sides, the number 
of effective turns on the coil, the effective radius of the active sides, and the an¬ 
gular velocity of the coil with respect to the structure that supports the magnet. 
As indicated by Eqs. (18) and (19) of Derivation Summary 32-1, this product is a 

and electricity: see Page and Adams (P7) and Sears (S}); electrical measurements: see Laws 
(L7) aod Hague (H2)a 
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simplified expression for the rate at which flux linkages are cut by the coil as it 
rotates about its axis. The angular velocity - voltage sensitivity of the torque 
generator is given by Eq. (19) as the ratio of the back electromotive force to the 
angular velocity of the coil. 

32.18. The current component due to the back electromotive force can be 

found by considering the action of this voltage on the circuit shown in section c of 
Derivation Summary 32-1. This circuit consists of the galvanometer resistance, 
Rq , in series with the shunt resistance, which, in turn, is in parallel with two 

further resistances in series: the internal resistance, R,j^, , and the series resist¬ 
ance, R(,„,, both of the input circuit. The expression for the back electromotive 
force current is given by Eq. (22) of Derivation Summary 32-1. 

32.19. Theresultof combining the expression for the back electromotive force 
current with the angular velocity - voltage sensitivity of the torque generator is the 
angular velocity-current sensitivity of the input receiving network - torque gener¬ 
ator combination. This sensitivity is given by Eq. (25) of Derivation Summary 32-1. 

32.20. The force acting on each side of the torque generator coil is propor¬ 
tional to the flux density in the air gap, the active length of each conductor in the 
coil, the number of active turns, and the current flowing in each turn. The cor¬ 
responding torque output is given by the product of the force on each of the two 
active coil sides and the radii of these sides from the axis of rotation. The result¬ 
ing torque generator performance is described by Eq. (26) of Derivation Sum¬ 
mary 32-1. The corresponding current - torque sensitivity of the torque genera¬ 
tor is given by Eq. (28). 

32.21. The damping action that occurs within the coupler is the resultant of 
the torque component produced by the back electromotive force current, the torque 
component due to eddy currents induced in conducting parts that move in magnetic 
field regions, and the torque component caused by fluid shearing actions that ac¬ 
company rotation of the torque summing member. The back electromotive force 
damping torque is equal to the product of the current - torque sensitivity of the 
torque generator, the angular velocity - current sensitivity of the galvanometer, 
and the coupler angular velocity. The form of the expression for the corresponding 
angular velocity - torque back electromotive force sensitivity of the torque gener¬ 
ator is given by Eq. (31) of Derivation Summary 32-1. As shown by Eqs. (31) and 
(32), this sensitivity has the same magnitude as the back electromotive force damp¬ 
ing coefficient, which by convention has a negative sign. 

32.22. Eddy current and viscous damping effects may be described by the 
forms of Eqs. (33) through (36). The values of the sensitivities and damping coef¬ 
ficients involved depend on the designs used for eddy current and fluid damper 
systems. The principles applied in damper designs* are well known, but the details 

* See Lamb (L13) and Biogham (Bi9)« 
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vary considerably among instrument types and are not usually easy to analyze ac¬ 
curately in general terms. For this reason, eddy current and viscous damper 
performances are described in Derivation Summary 32-1 by sensitivities and co¬ 
efficients without equations giving relationships to design features. The resultant 
damping coefficient is given in Eq. (38) as the sum of the back electromotive force 
damping coefficient, the eddy current damping coefficient, and the viscous damping 
coefficient. 

32.23. The elastic restraint coefficient of the coupler is determined by the 
mechanical features used in any particular instrument. The relationships among 
design details and elastic restraint coefficients are determined by the principles 
of the theory of elasticity. These relationships are summarized for engineering 
use by handbooks on spring design.* For the purposes of instrument performance 
analysis, it is sufficient to represent elastic restraint effects in terms of the co¬ 
efficient associated with the first-order term on the left-hand side of Eq. (4) of 
Derivation Summary 32-1. 

32.24. Equations (39) through (42) of Derivation Summary 32-1 give thedefi- 
nitions and the working variable form associated with Eq. (6), which describes 
the performance of any electromechanical measuring instrument with the features 
shown in Information Summary 32-1. As noted, Eq. (6) has the (0;0,1,2) working 
variable equation form, for which solutions are developed in Chapter 19. It is 
obvious that these results may be immediately applied to any system whose be¬ 
havior can be described by the (0;0,1,2) equation. 

PERFORMANCE CHARACTERISTICS OF ELECTROMECHANICAL MEASURING 
INSTRUMENTS 

32.25. Variations in the readings from electromechanical measuring instru¬ 

ments with the features described in Information Summary 32-1 are given by the 
nondimensional curves** of Chapter 19 for a number of typical forcing functions. 
Inorderto apply these curves, which are given in working variable terms, to any 
particular measuring instrument, it is convenient to note that the voltage, current, 
and power variables of Eq. (6) of Derivation Summary 32-1 may be represented by 
Rg for scale reading and R(Bi(eorri correct scale reading that corresponds to 

the actual level of the input quantity. In these terms, the performance equation 
takes the form 

(32-1) 

R, + 2(DR)w^Rj + w’R, - R(,)(cocr) 


• Theory of elasticity: see Love (L14) and Tinosheoko (T7); spring design: see American Steel & Tire 
Company (A8), Wallace Barnes Company (B8), aod Wick»ire Spenser Steel {WIO). 

•• These curves also apply directly to responses from systems of aoy kind with (0;0|1,2) performance 

equations. 
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where 

R = scale reading, corresponding to 


ft 


- voltage scale reading 

- current scale reading 


- power scale reading 
v,j„, - voltage input 


^(8){cort) = correct scale reading, corresponding to 


''(In) '(In) 


i(in) ~ current input 


P(in) • power input 


= “"e't scale reading - scale reading 
reference sensitivity of measuring instrument 


DR s damping ratio 


undamped angular natural frequency 


32.26. The reference sensitivity for any properly calibrated measuring in¬ 
strument is unity. This means that Eq. (32-1) reduces to 

R. . 2(DR)w„R, . »JR, . »iR,(32-2) 

32.27. In the working variable terms used in the developments of Chapter 19, 
Eq. (32-2) corresponds to the form 

V + 2<w^v + w^v . w2<ru (32-3) 


where 

V = dependent variable 
u s independent variable 
C = damping ratio 

= undamped angular natural frequency 
<r= dimensional similarity factor 

32.28. Equation(32-3)is derived from abasic working variable equation cor¬ 
responding to a generalized performance equation similar to Eq. (4) of Derivation 
Summary 32-1. The basic working variable equation is 


OjV + a,v + OijV - bj,u 

where a^, a^, a^, and b;, are differential equation coefficients. 


(32-4) 


32.29. Table 32-1, which is taken from Table 19-1, summarizes definitions 
and relationships among the parameters and coefficients of second-order perform¬ 
ance equations. These relationships are based on the second-order equation forms 
described inDefinitionSummary 19-1 and used for developments of transient solu¬ 
tions and complete solutions in Derivation Summaries 19-1 through 19-8. The 
discussion that follows outlines the general nature of these solutions and gives 
typical response curves for measuring instruments with (0:0,1,2) performance 

equations. The curves are specialized from the second-order nondimensional 
solution plots of Chapter 19. 
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IMPULSE FUNCTION RESPONSE 

32.30. Figure 32-1 gives a family of curves that describes the response of 
measuring instruments with (0;0,1,2) performance equations to impulse forcing 
functions. Functions of this type are discussed in Chapter 17 as being formed 
from a sudden rise in the forcing quantity followed by a sudden drop to theoriginal 
level after a short time interval. By definition, the impulse function strength is 
the product of the impulse height multiplied by the duration of the impulse. This 
means that the impulse function strength is proportional to the area enclosed by 
the lines representing the impulse and the level from which the change starts. In 
Fig. 32-1, the ordinate is the scale reading ratio , which is the ratio of the scale 
reading to a reference scale reading. The reference scale reading is taken as the 
product of the correct scale reading impulse strength multiplied by the undamped 
angular natural frequency. The running variable taken for the abscissa is the 
time “ undamped natural frequency product . The impulse function response curves 
are damped oscillations that start from zero at the instant of the impulse and have 
the nature of damped oscillations for damping ratios less than unity and smooth 
curves with single peaks for higher damping ratios. 

32.31. The family of curves given in Fig. 32-2 is like the impulse response 
family of Fig. 32-1, except that the abscissa is the time - high damping ratio 
characteristic time sum ratio . The high damping ratio characteristic time sum 
is defined in Table 32-1 as the ratio of the first-order differential equation coef¬ 
ficient to the zero-order differential equation coefficient. Equation (10) of Defini¬ 
tion Summary 18-1 shows that the first-order characteristic time (given the sym- 
Dol (CT) with the subscript (-; 0,1)) has this samedefinitionin terms of differential 
equation coefficients. This identity in definitions suggests the use of the charac¬ 
teristic time sum as the nondimensionalizing factor for the time variable. In 
Fig. 32-2, the impulse function curves approach, and finally become substantially 
identical to. a simple exponential as the damping ratio is made larger. This ap¬ 
proach is very nearly complete when the damping ratio has reached a value of 5, 
so that the same response curve applies for all higher damping ratios. 

32.32. Figure 32-3 is a famUy of deviation curves that shows in quantiUtive 
terms the differences between the impulse function response of a second-order 
system and the impulse function response of a first-order system that has the 
same first- and zero-order coefficients as those that occur in the second-order 
system. The deviation curves show that, except for a very short interval imme¬ 
diately after the impulse, the second-order response has a maximum difference 
less than 0.01 when the second-order response has a damping raUo of 5 or 
more. This means that satisfactory results may be achieved, so far as impulse 
function responses are concerned, by substituting a first-order performance equa¬ 
tion for a second-order performance equation associated with a high damping ratio. 
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Rg + 2(DR)w R + w^R = w^R 
® n s n s n {s)(eorr) 


n 6 



R^ = Scale readiog 
'^(s)(eorr> = Cotrect scale reading 
kicial cooditioDs: 





A 

A 

a707 


:8)(corr)(if) 


— (!FS)R 


/so 


(3)(cott) 


(DUR),...s 


Correct scale readiog 
in^ulse fuactioo level 
Forcing IfflpnUc luoc* 
tioQ level 

Correct scale readiog 
impulse function strength 

Forcing impulse function 
duration 


See Definition Summary 17-1 for a 
description of impulse functions. 


iiV^ 


-0.G 




-l.O 


(«)(«!) 


(sKref) 


= Reference scale reading 




(IFS)R 


(s)icorr) 


w s « 2rrn * Uodaaycd angular — — — — 
” ^ natural frequency 

T s s Undamped natural period 
n n 

n __ _ 

= Undamped natural frequency 
n 

DR s Damping ratio 

See Derivation Summary 19*8 and Fig. 19*24 for equations. 
See Definition Summary 19*1 and Table 32*1 for definitions* 


Time-undamped natural period ratio T(unp)R = -f- 

or " 

Time-undamped natural frequency product T(UNF)P = rn^ 


Fig. 32*1. Impulse function response curves for meosuring instruments with (0;0,1,2) performonce equations when the 

time-undamped noturol frequency product is the running variable. 

This Simplification is often very useful in describing the behavior of measuring 
instruments that actually have (0;0,1|2) performance equations. 

STEP FUNCTION RESPONSE 

32.33. Figures 32-4, 32-5 and 32-6 are curve families that describe the step 
function response of measuring instruments with (0;0,1,2) performance equations. 
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Scale reading ratio » srr 


R +"77^ 
s (CT) 


R +- 

(hdr)(euffl) ^ (CT) 


4(DR)^ - 
2 

(hdr)(8u(D) 


D 4(DR) R 

*^(s»{corrl 

VdrHau®) 


• t 

ti - 


{( = Scale readiQg 
a 

R = Conect scale reading 

(a)(corr) 

DR = Damping ratio 

(CT),vj ,, , = High damping ratio 

(hdrKsum) charactetistic time sum 

Initial conditions: 

«,. I 0 = » • “(.10 = » ‘ ' 


'*^(9)(con)(Hl 


-^('fS)R(a)(corr) 


(DUR), 


Correct scale reading 
impulse function level 
Forcing impulse func¬ 
tion level 

Correct scale reading 
impulse function strength 

Forcing impulse function 
duration 




f = 0 


See Definition Summary 17*1 for a 
description of impulse functions. 


■MS— 


[8)(r«f) 


Reference scale reading 


aFS)R 


s) corr 


(a)(raf) 

urn) 


Time-high damping ratio characteristic time sum ratio ^ - 

Of ‘^^'(hdrKsum) 

Time -first-order characterictic time ratio - 


Fig. 32-2. Impulse furKtion response curves for measuring instruments with (0;0,1,2) performance equations when the 

time - high damping rotio chorocteristic time sum ratio is the running variable. 

In each of these three families, the nondimenslonal ordinate is the scale reading 
difference ratio , which is the difference between the scale reading and an arbitrar¬ 
ily chosen constant reference scale reading divided by the difference between the 
correct scale reading that exists just after the step function occurs and the refer¬ 
ence scale reading. The difference between the families is in the quantity used to 
nondimensionalize timefor the running variable. In Fig. 32-4, the nondimension- 
alizing term is the undamped natural period; in Fig. 32-5, this term is the low 
damping ratio characteristic time; and in Fig. 32-6, the high damping ratio char¬ 
acteristic time sum is used in forming the nondimenslonal running variable. The 
curve families show that the step function response is oscillatory for damping 
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Fig. 32-3. Meosuring instrument performonce deviotion curves for second*order impulse function 

response with respect to first-order impulse function response. 
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Fig. 32-4. Step function response of measuring instruments with (0;0,1,2) performance equations when the time 

undamped noturol frequency product is the running varioble. 
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Fig. 32-6. Step (unction respoeee of measuring instruments with (0;0,1,2) performance equations 
when the time-high damping rotio chorocferistic time sum ratio ond time-first-order 

choracteristic time ratio ore running variables. 
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ratios less than unity and nonoscillatory for damping ratios greater than unity. In 
Fig. 32-4, the low damping ratio oscillation period increases as the damping ratio 
increases. Evenfor high damping ratios, the response is a considerable part of the 
forcing step at the end of one undamped period(i.e., at unity on the running variable 
scale). In contrast with this behavior, the high damping ratio curves show very 
little response at the end of one low damping ratio characteristic time (see Fig. 32-5). 
In Fig. 32-6, the second-order step function response becomes identical with the 
corresponding first-order response when high damping ratios are considered. Fig¬ 
ure 32-7 is a family of deviation curves that gives quantitative information on the 
differences between second-order step function response and first-order step 
function response as these differences change with damping ratio. It appears that 
the deviation of second-order response from first-order response is less than a 
maximum of 1 percent for all damping ratios greater than 5. 

32.34. For practical applications, it is useful to define indication time as the 
length of time required for a transient to be reduced to 0.05 of its initial value. 
The factor of 0.05 is chosen because it is nearly equal to the base of natural loga¬ 
rithms raised to the minus-third power. This means that the indication time for 
a measuring instrument having a simple exponential transient form is equal to 
three characteristic times. Indication time often has a more complicated relation¬ 
ship to the running variable than the simple exponential. For example, the plot of 
Fig. 32-8 gives the indication time - undamped natural period ratio as a function 
of damping ratio for systems with (-;0,I,2) performance equations. The derivation 
of this indication time curve is outlined in Chapter 19 as part of a discussion of 
Figs. 19-9 and 19-10. Figure 32-8 shows that the indication time - undamped 
natural period ratio has high values for both small and large damping ratios. The 
minimum point is about 0.48, and occurs at a damping ratio of about 0.7. 

32.35. In Fig. 32-8, the high indication time - undamped natural period ratio 
for low values of the damping ratio is due to the considerable number of oscilla¬ 
tions required for the response to pass within the 0.05 limit and then b rema jn 
within the 0.05 limit . The step-like discontinuities in the left-hand branch of the 
curve are due to oscillation effects. The upward-sioping right-hand branch of the 
curve is due to the increasing slowness with which response curves complete the 
forcing step as the damping ratio is increased beyond unity. 

RAMP FUNCTION RESPONSE 

32.36. Figures 32-9, 32-10 and 32-11 represent the ramp function response, 
with respect to an arbitrarily chosen scale reading relerence, of measuring instru¬ 
ments with (0;0,1,2) performance equations when the scale reading is constant a 
the reference level at the time the ramp function starts. Figure 32-9 is an illustrativ 
ramp function response curve for a damping ratio of unity. The ordinate is a scale 
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Fig. 32-7. Measuring instrument performonce deviation curves for second-order step function response with respect to 

first-order step function response. 

readingdifference ratio in which the numerator is the difference between the scale 
reading and the reference scale reading, and the denominator is the amount the 
correct scale reading changes in one low damping ratio characteristic time. The 
abscissa is the time - low damping ratio characteristic time ratio. The correct 
scale readingdifference raUo, equal to the time - characteristic Ume ratio, is shown 
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Fig. 32*8. Indicotion time - undomped noturol period rolio os o function of domping rotio for meosuring 

instruments with (-;0,1,2) performonce equotions. 


by a heavy dashed line as the forcingfunction . The scale reading different ra^ is 
shown by a heavy full line representing the response . The forced response is 
shown by a light dashed line parallel to the forcing function line. The scale reading 
transient response period is the period from the start of the ramp function to the 
point at which the difference between the response and the forced response reaches 
a level equal toO.OSof its initial value. The period that starts after the end of the 
transient response period is the forced response period , which continues indefinitely 
so long as the ramp forcing function continues. In Fig. 32-9, this occurs at a 
time - low damping ratio characterist.j time ratio of about 4. The scale rea^ 
difference ratio forced dynanuc error and thesc^ re^ djffer^ ^ forc^ 
dynamic response delay are shown in Fig. 32-9 as special cases of the generalized 


definitions illustrated in Fig. 6-1. 

32.37. Figures 32-10 and 32-11 give curve families for the ramp function re¬ 
sponse of measuring instruments with (0;0,1,2) performance equations. The in¬ 
dividual curves of these families are each generally similar to the illustrative re¬ 
sponse curveot Fig. 32-9. In Fig. 32-10, the time - low damping ratio 
istlc time ratio is used for the running variable. In Fig. 32-11, the second-order 
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Derivation Summary 15).4 
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With (0;0,1,2) performance equations when the time- tow domping ratio characteristic 

time ratio is the running variable. 
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Scale reading difference ratio $rdk 



Fig. 32-10. Romp function response for measuring instruments with (0;0,1,2} performonce equotions when the time- low 

damping rotio chorocteristic time rotio is the running varioble. 


response curves are made to merge into the corresponding first-order response 
curve by using the time - high damping ratio characteristic time sum ratio as the 
running variable. Figure 32-12 is a curve family showing deviations of second- 
order ramp function response from first-order ramp function response. It is 
apparent that first- and second-order ramp function responses are substantially 

identical for damping ratios greater than 5. 

32.38. Figure 32-13 gives a family of curves showing the ramp function 
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Scale reading difference ratio srdr 



Time-high damping ratio characteristic time sum ratio —^- 

Time-first-order characteristic time ratio 7 ■ - 

Fig. 32-11. Ramp function response for measuring instruments with (0;0,1,2) performonce 
equations when the time-high dumping rotio choracteristic time sum rotio and time- 

first-order characteristic time ratio are running variables. 

response - forcing function ratio as a function of the time - low damping ratio 
characteristic time ratio. This ratio is asymptotic to unityfor all damping ratios 
as the running variable increases indefinitely. The low damping ratio curves rise 
rapidly after the initial instant and have oscillations for a period that decreases as 
the damping ratio increases. High damping ratios produce smooth ratio curves 
that rise more slowly as the dampii^ ratio increases. 
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PARABOLIC RESPONSE 

32.39. Fi^re 32-14 is a family of second-order response curves for a par¬ 
abolic forcing function based on the results of Derivation Summary 19-5 and 
Fig. 19-21. The ordinate is the ratio of the scale reading difference to the change 
in the square-law forcing function that occurs during one low damping ratio charac¬ 
teristic time. The forcing function is shown as a heavy dashed curve, with the 
responses represented by full lines. It is apparent that the response curves "open 
up " with respect to the forcing function as the running variable increases. This 
means that the forced dynamic error and forced dynamic response delay are both 
variables that increase with time. These opening-up effects are larger for high 
damping ratios than for small damping ratios. 

RAMP-FOLLOWED.BY.STEP RESPONSE 

32.40. Figure32-15,which is based on Fig. 19-23, gives afamily of response 
curves for a ramp followed by a constant level. The ordinate for this family is the 
ratio of the difference between the scale reading and the reference scale reading 
to the forcing ramp function that occurs in one low damping ratio characteristic 
time. The abscissa is the time - low damping ratio characteristic time ratio. The 
particular forcing function used in Fig. 32-15 represents a situation in which the 
ramp function is suddenly replaced by a constant correct scale reading after the 
lapse of two low damping ratio characteristic times. It is obvious that a new re¬ 
sponse curve family will be required when the transition point for the forcing 
functions is shifted along the abscissa scale. However, the family of Fig. 32-15 is 
sufficient to show the principles involved. The lower damping ratio curves in this 
figure differ considerably among themselves, while, during the ramp function period, 
the higher damping ratio curves all tend toward the axis of abscissae as a limit. 
This means that for a sufficiently high damping ratio, very little response has 
occurred and a low response rate exists when the ramp forcing function reaches 
a constant level. For the damping ratio range in which this situation exists, the 
constant level starts while the response is effectively at the reference level, so 
that the forcing condition is effectively identical with that associated with a step 
function. The result is a curve like a step function response for the step between 
the reference level and the constant level. The generalization to be drawn from 
this fact is that any forcing change of arbitrary shape that is completed before an 
appreciable response occurs may be replaced by a simple step between the initial 

and final forcing levels. 

STEADY.STATE SINUSOIDAL RESPONSE: PERFORMANCE FUNCTIONS 

32.41. The steady-state response of a measuring instrument to a sinusoidal 
forcing function of arbitrary amplitude and frequency is a very important operating 
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Fig. 32’14. Parabolic response for measuring instruments with (0;0,1,2) performance equations 
when the time-low damping ratio characteristic time rotio is the running voriable. 

characteristic. This is true, first, because it is very often convenient to represent 
forcing function shapes by means of Fourier series or Fourier integrals in which 
the basic forms are sinusoidal and, second, because the solutions corresponding 
to terms of this type are especially simple to write down and manipulate. Various 
applications of sinusoidal forms to the description of physical situations and 
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Fig. 32-15. Romp^followed^by^'constont response for measuring instruments with (0;0,1,2) performonce equotions when 

the time ^ low domping rotio chorocteristic time rotio is the running varioblo. 












graphical meanings of the expressions involved are discussed in Chapter 12. The 
general nature of the steady-state response of an operating system to a sinusoi 
forcing function and various methods for expressing and representing this response 
are described in Chapter 13. 

32.42. It is shown in Chapter 17 that a considerable practical advantage is 
gained in finding solutions for differential equations when the initial conditions 
are zero. This situation exists when the forcing function is represented as the 
sum of sinusoidal terms, and the response is formed as the sum of the corre¬ 
sponding steady-state solution terms. Under these conditions, it is possible to 
express the action of an operating system having a linear performance equation 
with constant coefficients by means of a performance function that is determined 
by the differential equation. When attention is restricted to forcing functions 
represented by terms of the proper type, the corresponding response function is 
given by an equation of the form 


/ RESPONSE\ 
FUNCTION / 


PERFORMANCE 

FUNCTION 


/ FORCING \ 
VFUNCTION/ 


(32-5) 


The relationship in Chapter 17 that corresponds to Eq. (32-5) is 


/ RESPONSE \ 
VFUNCTION j " 


RELATING] / FORCING \ 
FUNCTION FUNCTION y 


(17-1) 


This means that all the discussions, derivations, and results of Volume II that are 
associated with the relating function as an abstract concept may be immediately 
applied to the performance of actual operating systems by noting that the relating 
function, which is not directly associated with any physical situation, is equivalent 
to the performance function expressed in mathematical terms. 

32.43. From the standpoint of engineering applications, expressions describing 
steady-state sinusoidal behavior provide very useful performance function forms. 
Derivation Summary 17-3 outlines a development of sinusoidal relating function 
expressions to represent the effects associated with linear integro-differential 
equations of arbitrary order with constant coefficients. The particular forms taken 
by the sinusoidal performance function for first-order integro-differential equations 
are developed in Derivation Summaries 18-9, 18-10 and 18-11. Similar develop¬ 
ments for second-order integro-differential equations are given in Derivation 
Summaries 19-9 through 19-13. 

32.44. InformationSummary32-2bringstogether the background of concepts, 
definitions, notation, and procedure leadii^ to the description of second-order 
measuring instrument behavior in sinusoidal performance function* terms. Section a 

• When the cerm "performance function" is used in practical applications, it is usually obvious from 
context whether siausoidni forcing hinccions or facing functions of some ocher type are considered. 
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of Information Summary 32-2 gives the basic performance equation for an ideal 
second-order measuring instrument and identifies the terms of this equation with 
the terms of the (0; 0,1,2) working variable equation from Derivation Summary 19-10. 
The dependent working variable is identified with the difference between the actual 
scale reading and an arbitrarily selected constant reference scale reading. The 
independent working variable is identified with the difference between the correct 
scale reading and the reference scale reading. The dimensional similarity factor 
of the working variable equation is identified with the correct scale reading - scale 
reading sensitivity , which may also be called the measuring instrument over-all 
sensitivity or simply the over-all sensitivity . Except for the replacement of 
Greek-letter working variable symbols by self-defining symbols, damping ratio 
andundampedangular natural frequency appear unchanged in both working variable 
equations and performance equations. 

32.45. Section b of Information Summary 32-2 defines the concepts and symbols 
for describing a sinusoidal forcing variation in the correct scale reading - reference 
scale reading difference, and the corresponding steady-state response of an operating 
system in terms of a sinusoidal variation and a dynamic response angle. 

32.46. Section c of Information Summary 32-2 gives various forms for ex¬ 
pressing the correct scale reading difference - scale reading difference perform- 
ancefunction, which describes the relationship between a sinusoidal forcing func¬ 
tion and the corresponding steady-state response. The basic performance function 
relationship is given by Eq. (7). Equation (8) shows the performance function re¬ 
solved into a reference sensitivity and a frequency function. In Eq. (9), the per¬ 
formance function is written as the product of an over-all sensitivity and an imag¬ 
inary exponential, with a dynamic response angle as the coefficient of the imaginary 
unit in the exponent. Equation (10) is similar to Eq. (9), except that the sensitivity 
has been multiplied and divided by the reference sensitivity, so that performance 
function is a product of the reference sensitivity, the sensitivity - reference sensi¬ 
tivity ratio , and the imaginary exponential of Eq. (9). 

32.47. Equation (12) of Information Summary 32-1 identifies the over-all 

sensitivity with the dynamic amplitude ratio (symbol (OAR)), which is the ratio of 
the response amplitude to the forcing function amplitude. Because of the unity 
value for the reference sensitivity of any ideal measuring instrument, performance 
functions are identical with frequency functions, and over-all sensitivities are 

identical with sensitivity - reference sensitivity ratios. These facts are recognized 

in Eqs. (13) and (14) of Information Summary 32-2. 

32.48. Equations (15), (16), (17) and (18) of Information Summary 32-2 give 
the particular frequency function, sensitivity, and dynamic response angle expres¬ 
sions that describe the steady-state sinusoidal characteristics of ideal measuring 
instruments with (0;0,1,2) performance equations. In effect, Eq. (15) completely 
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Tl. « E,. (6) ol D.ci.a.ioa E..a..-y 3M f». s 

„,i„g «a, b= gbocaliari .. Eq. (1) b.lo., which .cpccscn.s .he bcha,,., of .n«»ow„. 

wi,h scco.d-..dc, cha,ac,c,is.i=,. Ihcn ,hc R. . .«d .he £«£«! 5£*U ’ 

are replaced by differences from an arbitrarily chosen constant refer^ sc^ tca^. IsKrel'- ' ' 

formance equation becomes 

. 2(DR)w,R, f w^[R^- R„„„„l = W^S,^„[n.B)[R„„corr)- R(s)(ren3 d* 

Equatton (1) is similar to the (0;0.1.2) working variable form of Eq. (3) of Derivation Summary 19-10, 
which in titn^derivative form (i.e., with v"-^ v. v'— v as noted tn section f of Definition Sum- 


• • 

V + 


* n •• 

The correspondence between symbols in Eqs. (1) and (2) means that all the (0;0.1.2) solution results of 
aapeet 19 may be immediately applied to the tesponse of measuring instruments with (0:0,1,2) perform- 

aoce equations when 

^ » DR - damping ratio 

a a undamped angular natural frequency 

V » [Rj - « scale reading difference 

or 

scale reading difference response 

« = tR.sHeorr) - Rl.Kr.lJ = correct scale reading difference 

or 

scale reading difference forcing function 

V B 1 « cofteci scale reading-scale reading sensitivity 

For convenience this sensitiyity may be written in simpler forms; i.e., 


tr • 


s 


mi 




s 


(mi)lR;Rl 


♦s 


'{mO(ref 


and may be called the measuring insttument ovet^all sensitivity , the measuring instrument sensitivity , ot. 
when no misunderstanding is possible, metely the reference sensitivity . 

\o/e that for an ideal measuring instrument the reference sensitivity is unity, 
a) Genero/tze d and wording yoriablo forms of (Q;0,l,2) meosuring instrvmnt performonce equofion 

When the forcing function is a sinusoidal variation with respect to the reference scale reading, i.e., 
whOQ 






which, under the relationships illustrated in Fig. l^5 and section a of Defirutioo Summary 13-2, may be 
written in the equivalent fortn ^ 

^^(sKcorr) “ * f^(i)(corr) “ 

then the corresponding steady-state solution is given by the expression 

" RlsHtBl)] = [Rs “ R[aKr.fJoS‘“ + (^R^)(mll(R:R J 
or the equivalent form .,r.DAi . . 

rp p 1 - fR • R 1 

“ ^{aUfeoJ - 

where 

f^(8)lcorT) “ ^(»)(fen^a * conect scale reading forcing function amplitude 

or 

conect scale reading difference amplitude 

- scale reading tesponse amplitude 
ot 

scale reading difference amplitude 

Information Summary 32*2. Description of steady-state sinusoidal response forms for 
measuring instruments with (0;0,1,2) performance equations. (Page 1 of 3) 
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Of “ oorren scale reading -scale reading dynamic response 

angle for a (0:0,1,2) oeasuriog instruffleoc 

The following figure, which is similar to (he figure of section c of Definition Summary lyi, gives the 
graphical imeepfetation of E<js, (5) through (6). 
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(FDRD)Rg - scale readwo faced drnomle (mlHM.M) j ^ 

response dels, ID o 1 ^ 

DRA l'^|8)(con)“ "(eKref)J 

^ ^ “[Rli)(co«)“R(s)(renla*‘"*f' 

Note: ^ af^ewn negative, which cerrespends to o loo and o positive forced dynamic respense deloyi 

b) SfworfysfoTe response of moosvfing instruments to sinvsoitfol forcing functions 


Definition Summaries 13*5t 13*4, 13*5 and 1>6 show that the relationship of steady-state response to a 
sinusoidal forcing function may be desaibed in many ways* For eiample, when the input quantity, 
and the output quantity, Definition Summary 13*6 are taken as corresponding to the correct scale 

reading difference and the scale reading difference , respectively, Eqs. (1)» (10), (16) and (19) of that sum¬ 
mary may be rewritten in the forms 

[^s- l^lsHrenl “ [R(B)|c«tt - ^(sKwf)] 

f^s ■ ^Islltej)^ * ^(BiOlR:R)(fen^^^(iU»R;R) f^lsKcorrl ■ ^(sHtsD^ 

[R.- R,......3 = (9) 

[Ri “ R(s)(/en3 ~ ^(ml)[R;Rl(rsl) [^R^R3(inl)IR:RI* tR(t)(co«l “ R(i){f«l)3 

where, in addition to the definitions already given, 

® PP]/midH .ft I * correct scale reading-scale reading sinusoidal 

’ (aHcorr)’ a performance function for measuring instruments 

** correct scale reading-scale reading frequency 

function for measuring inscrumeots 

5(n,itlB:R] = ^(mil[R,„„^,:R,l = t«ding-scsle t«diog s^sitivity 

(#)(corT) a measuring instruments 


measuring instrument over-all sensitivity 
or 

measuring instrument sensitivity 

Informotion Summory 32-2. Desaipfion of steody-slote sinusoidol response forms for 
meosuring instruments with {0;0,1,2) performonce equotions. (Poge 2 of 3) 
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^{mi)[R:nl 


(11) 


Comparison of Eqs. (16) and (17) of Definition Summary l)-6 shows that 

c , , - fDAR) I [^s" ^{sKrellJa ^ scale reading difference - concct 

talllB.Rl- (-l|B:Rl [R „,_R,seal.-cadiag dy..«ic 

amplitude ratio 

For any properly calibrated measuring instrument S{^,[R.R](jon = *’ conesponding sinusoidal 

t^spocisc m^y be written in (he forms 

f^s “ ^(sllrel)^ “ (^^(ml){R;R) t^(8)(corr) ** ^(s)(reJ)^ 


(13) 


Ll'a - “ 6)(fe()J - ^ml)lR;R)* ' 


aXcorr) ^{aKraJ) 


(14) 


The steadystate sinusoidal response characteristics of any given measuring instrument are completely 

described by numerical or graphical representations of (FF)(^)(R;R) ^{mi)(R:B) (^^^^(mDlR.R) • 

Section a of Fig. 15*1 illustrates a compler plane plot similar to that for a typical frequency function. 
Sections b and c of Fig. IJ-l illustrate linear scale and logarithmic scale plots similar to those for a 
typical sensitivity and a dynamic response angle. 

Id the plots of Fig. 1>1 aod the equatioos of DefinitioQ Summary 15-6, the following relatioDships exist 
between measuring instrument performance symbols and working variable symbols: 

FF • ijja Tf » [RP] ■ dimensionless relating function 
[S(RS)R] » ft s dimensionless amplitude ratio 
DRA Cl ^ a dynamic response angle 
PR « ^ « frequency ratio 

Note that when properly calibrated measuring instruments are considered, i.e., when S,„i,[R.R](,el)» 1, 

^(mtllB;Rl “ “ f* 

c) Generalize d repnsenfations for ths steodysfofa sinusoidol nsponse of mtasuring instruments 

The particular expressions that desaibe steady-state sinusoidal response for measuring instruments 
with (0;0,1,2) performance equations are developed in Derivation Summaries 19-9 and 19-10. These expres¬ 
sions are given by Eqs. (6), (7) and (8) of Derivation Summary 19-10 as 

'ij - P^(mt)lB:B] “ (^^(nil)(R:R) ' - - - 


l-(FR)\i2{DR){FR) 


= s 


(ml)(R;R) 


,)IDRA)j^„r.r) 


(16) 


'(mi)(R;Rj 


[l-(FR)*]*f [2(DR){FR)r 


(17) 




-I - 


[ i . (FR)* J 

d) Steady-state si nusoidal response charaeteristie equations for measuring instruments with (0;0,1,2 ) 

perfofmonce 

Informotion Summary 32-2. Description of steody-stote sinusoidal response forms for 
measuring instruments with (0;0,1,2) performance equotions. (Page 3 of 3) 
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describes the performance function and provides in a single expression the in¬ 
formation given by the sensitivity and dynamic response angle expressions of 
Eqs. (17) and (18). In each case, the variables that determine the performance 
function and its components are the frequency ratio and the damping ratio. The 
relationships involved are developed in Derivation Summaries 19-9 and 19-10 and 
are plotted in nondimensional working variable terms in Figs. 19-27, 19-28, 19-29, 
19-30, 19-34 and 19-35. The curve families of these figures, which are expressed 
in general terms, are specialized to describe the performance functions of ideal 
second-order measuring instruments in Figs. 32-16 through 32-21. Each of these 
figures lists references containing essential information on the concepts, defini¬ 
tions, symbols, and derivations that are used in plotting the curve families. 

LINEAR COMPLEX PLANE PERFORMANCE FUNCTION PLOTS 

32.49. Figure 32-16 shows a family of performance function plots on linear 
complex plane coordinates based on Eq. (15) of Information Summary 32-2. The 
axis of ordinates is used for imaginaries, and the axis of abscissae is used for 
reals, in accordance with the conventions shown in Figs. 12-1 and 13-1. With this 
choice of coordinates, the relationships of Eqs. (16), (17) and (18) mean that dis¬ 
tance from the origin along radial lines represents sensitivity, and angles meas¬ 
ured from the axis of reals to radial lines represent dynamic response angle. 
Each of the full-line curves passing through the origin, and also the +1 point on the 
axis of reals, represents the performance function for a constant damping ratio. 
The dashed half-circles, all of which pass through the origin at the point of tan- 
gency to the axis of imaginaries and have their centers on the axis of reals, are 
lines of constant frequency ratio. The +1 point on all the performance function 
curves corresponds to zero frequency ratio, while the origin of coordinates cor¬ 
responds to a frequency ratio of infinity. The performance function curves approach 
a semicircle of unit diameter lying below the axis of reals and passing through 
the origin and the +1 point. Reference to Fig. 18-10 shows that this semicircle is 
identical with the performance function plot for the (0;0,1) differential equation. 
As the damping ratio is decreased, the performance function curves become more 
and more distorted from the semicircular shape, so that a maximum occurs in the 
value of the sensitivity. This maximum first appears in the lower right-hand sec¬ 
tion of the plot with a value slightly greater than unity and moves downward and 
toward the negative side of the axis of imaginaries, which is part of the unity fre¬ 
quency ratio "circle," until itreachesa value of minus infinity when the damping 
ratio is made equal to zero. 

32.50. All the performance function curves start with a dynamic response 
angle equal to zero for zero frequency ratio and all approach the origin from the 
negative direction of the axis of reals. This latter characteristic is easily apparent 
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Fig. 32-17. Linoor-scolo overfall sensitivity and dynamic response ongle curves lor the stoody'^state sinusoidal 

response of meosuring instruments with (0;0,1,2) performance equotions. 































































for low damping ratios, but for high damping ratios it occurs at such high frequency 
ratios and small sensitivities that it is concealed in the curve family of Fig.32-16 

LINEAR SCALE SENSITIVITY AND DYNAMIC RESPONSE ANGLE PLOTS 

32.51. Figure 32-17 includes two linear scale curve families plotted with 
frequency ratio as the abscissa. The left-hand ordinate scale is marked in terms 
of over-all sensitivity. The ordinate scale on the right is marked in dynamic re¬ 
sponse angle degrees. Each curve of the full-line family represents the variation 
of sensitivity*with frequency ratio for a constant damping ratio. The dashed-line 
curves show the changes in dynamic response angle with frequency ratio. At zero 
frequency ratio, all the sensitivity curves start at unity and finally become asymp¬ 
totic to zero for very high frequency ratios. For damping ratios larger than the 
reciprocal of \jT, a maximum sensitivity occurs for some frequency ratio between 
zero and unity. This maximum is slightly over unity and near zero frequency ratio 
for damping ratios that just allow a peak, and moves toward infinity at unity fre¬ 
quency ratio as the damping ratio approaches zero. 

32.52. The dynamic response angle curves of Fig. 32-17 all start at zero 
degrees for zero frequency ratio, all pass through -90** at unity frequency ratio, 
and are all asymptotic to -180** at very large frequency ratios. The change from 
zero to -180® occurs sharply at unity frequency ratio for zero damping ratio. As 
the damping ratio is made larger, the angle increases in magnitude from zero 
more rapidly at low frequency ratios and slopes more gently toward zero for high 
values of the frequency ratio. 

32.53. Figure 32-18 is an expanded-ordinate linear scale plot of dynamic re¬ 
sponse angle as a function of frequency ratio. 

32.54. Figure 32-19 gives the families of sensitivity and dynamic response 
angle with ordinate scales similar to those of Fig. 32-17, and the frequency ratio 
scale expanded for the region from zero to unity. 

LOGARITHMIC SCALE SENSITIVITY AND DYNAMIC RESPONSE ANGLE PLOTS 

32.55. In Fig. 32-20, the family of sensitivity curves given in Fig. 32-17 are 
plotted with logarithmic scales for both coordinates. The features noted in the 
discussion of Fig. 32-17 are all present in the curves of Fig. 32-20, but the curved 
regions for low damping ratios and high damping ratios have both been replaced by 
straight lines. Theslopein the low-frequency-ratio region is zero for all damping 
ratios. The slope in the high-frequency-ratio region is -2. For low damping 
ratios, the sensitivity curves show maxima in the region of zero on the abscissa 
loru scale (zero on this loru scale corresponds to unity frequency ratio) and have 
straight-line portions in this same region for high damping ratios. 

32.56. The coordinate scales ofFig. 32-20 have uniform divisions representing 
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. 35-18. Logorithmic-scole curves of forcing velocity input ~ relative displocement output dimensionless sensitivity 

ratio for the seismogrophic system with viscous domping only. 
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Fig. 32-20. Logorithmic-scale over-oil sensitivily curves for the steadystote sinusoidol response 

of measuring instruments with (0;0,1.2) performonce equotions. 










the three logarithmic systems illustrated in Fig. 5-4. Numerical values of the vari¬ 
ables are given on logarithmically divided scales. The logarithmic scales used are. 

1) Lorus - logarithmic ratio units , which are logarithms to the base ten. 

Lorus are also called deciles . 

2) Decibels - 20 times logarithms to the base ten. 

3) Octaves - logarithms with the base two. 

Logarithmic spacing is used in Fig. 32-20 for the grid lines parallel to the axis of 
ordinates. Uniform spacing with ten subdivisions for each loru is used for the 
grid lines parallel to the abscissa axis. This arrangement is convenient for lorus 
and also for decibels, which have two units for each 0.1 loru. Intermediate divi¬ 
sions on the coordinate scales are provided to assist in reading numerical values 
from the curves in terms of lorus, decibels, or direct numbers. An abscissa 

scale in octaves is provided for comparison purposes. 

32.57. Figure 32-21 gives the familyof dynamic response angle curves plotted 
with a uniform ordinate scale for angles and logarithmic abscissa scales for fre¬ 
quency ratio. The features of this family are identical with those of the dynamic 
response angle plots of Fig. 32-17, but the curves have the same general shapes 
right and left of the zero loru line. 

SENSITIVITY AND DYNAMIC RESPONSE ANGLE DEVIATION CURVES 

32.58. The curve families of Figs. 32-16 through 32-21 show the general 
characteristics of the performance function associated with the (0;0,1,2) perform¬ 
ance equation, but the requirement of reasonable size for the plots prevents their 
use for reading accurate numerical values. This situation is greatly improved by 
the deviation curve families of Figs. 32-22 and 32-23. 

32.59. In practical applications of measuring instruments, it is generally de¬ 
sirable to have over-all sensitivities independent of the input frequency over the 
operating range. For this reason, a value of unity is taken as the reference 
sensitivity for the curves of Fig. 32-22. The frequency ratio scale is logarithmic 
and covers the range from just less than -2 lorus up to 0 lorus (the frequency 
ratio number range from 0.005 to 1). A linear ordinate scale is used in Fig.32-22, 
covering the range between -0.14 and +0.14 in the upper family of curves and -0.014 
to +0.014 in the lower curve family. Both families are drawn for a series of 
damping ratio values between 0.1. and 10. The values are chosen to give curves 
with fairly even spacing over the region covered. The scales used in Fig. 32-22 
are expanded in comparison to those of Fig. 32-17,so that sensitivity data accurate 
to better than 0.1 percent may be read directly from the curves. 

32.60. Figure32-23 is a semilogarithmic plot of dynamic response angle de¬ 
viations covering the frequency ratio range from -3 lorus to 0 lorus (the frequency 
ratio number range from 0.001 to 1), and the damping ratio range from 0.1 to 100. 
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Fig. 32-21. Semilogorithmic^scate dynamic response angle curves for the steady*stote sinusoidal response 

of meosuring instruments with (0;0,1,2) performance equations. 
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Because it is very often desired to have scale readings follow correct scale read¬ 
ings as closely as possible, zero is chosen as the dynamic response angle refer¬ 
ence. The scales chosen for Fig. 32-23 make it possible to estimate angle devia¬ 
tions to 1 degree or better. 

APPLICATIONS OF PERFORMANCE.DESCRIBING EQUATIONS AND CURVES TO 
ENGINEERING PROBLEMS ASSOCIATED WITH MEASURING INSTRUMENTS 

32.61. The engineering problems associated with measuring instruments oc¬ 
cur in many forms, ranging from preliminary design work through detailed design, 
manufacture, adjustment, test, inspection, installation and maintenance. In addi¬ 
tion to these phases of instrument engineering practice, which are directly con¬ 
cerned with equipment and its unit behavior, the engineering of systems in which 
instruments serve as operating components is a field of great and increasing 
importance. 

32.62. The theoretical aspects of measuring-instrument engineering involve 
problems of three types: 

1 ) Direct performance analysis , in which performance equations {or equiva¬ 
lent performance functions), forcing functions, and initial conditions are 
known, and the corresponding responses are to be found. 

2) Performance function design , in which it is required to determine the per¬ 
formance function necessary for a system to have specified response char¬ 
acteristics when it is subjected to specified forcing functions. 

3) Inverse performance analysis , in which specific quantitative information 
on the responses of a given system to known forcing functions with known 
initial conditions is available, and the performance equation (or perform¬ 
ance function) of the given system is to be found. 

32.63. The combination of Derivation Summary 32-1, Derivation Summary 19-4, 
and the calculations required for plotting the ramp function curve of Fig. 32-9 
is an example of direct performance analysis. The performance equation is the 
(0;0,1,2) equation; the forcing function is the ramp function; and the initial condi¬ 
tions are zero scale reading difference and zero rate of chaise of scale reading. 

32.64. The curve families of Figs. 32-16 to 32-23 are typical of the informa¬ 
tion required for performance function design. For example, when limits are 
specified on sensitivity and dynamic response angle changes within a given fre¬ 
quency ratio range, the curve families of Fig. 32-17 may be used to determine by 
inspection whether or not a (0;0,1,2) system is capable of providing the required 
characteristics. If the {0;0,1,2) system characteristics are found to be suitable, 
the necessary damping ratio may also be estimated directly from one of the plotted 
curves or by interpolation between two of these curves. In practice, performance 
function design problems are frequently too complex for solution by any commonly 
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available family of performance function curves. It is not possible to give any 
simple, universally effective procedure for performance function design, but a 
number of mathematical approaches to this problem are described in Chapters 15 
through 27. In any particular situation, the method to be used must be selected on 
the basis of the theoretical knowledge, practical experience, and judgment of the 
engineers concerned. The examples discussed in the following chapters of this 
book are intended to help in building up the background required to find effective 
solutions for performance function design problems. 

32.65. In any given situation, inverse performance analysis starts with re¬ 
cordings or numerical data on the response of the measuring instrument under 
study to a known forcing function when known initial conditions exist. It is theo¬ 
retically possible to "work backward" from this informationto find the performance 
characteristics of the instrument producing the response. When the instrument is 
a functionally complex system, the problem of identifying the form of the perform¬ 
ance equation involved and finding reasonably accurate numerical values for the 
necessary parameters may be an involved procedure requiring applications of 
several of the techniques described in Volume II. It is always reasonable to start 
the testing process by applying a step forcing function. When the response does 
not exhibit any oscillation, a semilogarithmic plot will show whether the instru¬ 
ment is a first-order system or has a higher-order performance equation. The 
discussion of Derivation Summary 31-3 shows that when the semilogarithmic plot 
is a straight line, the system concerned is a first-order system with a character¬ 
istic time that may be determined from the slope of this line. When the semiloga¬ 
rithmic plot of step function response is not astraight line, it immediately follows 
that the operating system involved has a performance equation of second or higher 
order. Applications of the general theory developed inChapter 19make it possible 
to identify second-order systems from semilogarithmic plots of step function re¬ 
sponse. When any given step function response record does not show either 
(-;0,1) or (-;0,1,2) characteristics (i.e., does not correspond to linear first-or 
second-order differential equations with constant coefficients), it must have been 
produced by a linear system of higher order with constant coefficients or by a 
nonlinear system of some type. If this situation exists, it is still possible to asso¬ 
ciate a performance equation with the available information, but the procedure of 
analysis must be worked out for each case using the physical principles and mathe¬ 
matical relationships involved. 

32.66. Performance functions may be derived from the response produced 
by a forcing function of any type. For example, transients following impulse or 
pulse inputs of known characteristics may be used to establish performance equa¬ 
tions. Steady-state responses to known forcing functions may also be used for this 

purpose. For example, thefirst-orderrampfunctionresponsefunction of Fig.31-2 
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shows a constant forced dynamic error equal to the characteristic time. From 
the standpoint of usefulness for engineering purposes, the steady-state sinusoidal 
response that directly represents the performance function of a system is of primary 

importance. For linear first- and second-order systems with constant coefficients, 

the relationship between steady-state sinusoidal response and impulse or step tran¬ 
sient responses is known and expressible in convenient form. Similar relation¬ 
ships are more complex tor linear systems of higher than second order and for 
nonlinear systems, but they follow such well-defined general principles that pulse, 
step, ramp, sinusoidal, or other forcing function forms can always be applied to 
an operating system to produce response curves from which performance equation 
forms and parameter values may be deduced. The linear second-order differential 
equation with constant coefficients has solutions that are completely known. They 
can be concisely described in terms of equations and represented by relatively 
simple curve families that illustrate all the basic features that appear in responses 
from operating systems having performance equations of arbitrary complexity. 
Because of these facts, it is worth while to examine typical response patterns 
associated with the(0;0,l,2)equation. These patterns illustrate oscillatory tran¬ 
sients and steady-state sinusoidal response characteristics that pass through points 
of maximum magnitude as frequency changes. In addition, the general procedure 
for finding performance equations and parameters from experimental data is de¬ 
monstrated and specific methods applying to second-order systems are described. 

32.67. Figure 32-24 shows the frequency ratio at which the maximum values 
of over-all sensitivity occur on the full-line curves of Fig. 32-17 as a function of 
damping ratio. For zero damping ratio, the peak occurs at unity on the frequency 
ratio scale. The peak location moves back toward zero frequency ratio as the 
damping ratio increases, until the damping ratio reaches 0.707 (the reciprocal of 
the square root of 2) when the peak value is unity. No peak exists for damping 
ratios higher than 0.707. Figure 32-25 shows the peak height as a function of 
damping ratio. The peak height remains between 1 and 2 for damping ratios higher 
than about 0.25. For lower damping ratios, it increases very sharply to a theo¬ 
retical value of infinity when the damping ratio is zero. The information given by 
Figs. 32-24 and 32-25, which is taken from Figs. 19-31 and 19-32, makes it pos¬ 
sible to estimate damping ratio at a glance from frequency response data on any 
system that is known to have a (0;0,1,2) performance equation. 

32.68. Table 32-2 summarizes the procedures for determining quantitative 
information on the performance parameters of (0;0,1,2) systems from step func¬ 
tion response data. The definitions and notation used in this table are listed in 
Table 32-1. The mathematical equations applied in Table 32-2 are developed in 
Derivation Summary 19-2 and plotted in the curve families of Figs. 32-4 32-5 
32-6 and 32-7. The column on the left-hand side of Table 32-2 gives the damping 
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ratio ranges for which step function transients from a (0;0,1,2) system will have 
the general features shown in the next column to the right. The third column lists 
the most convenient performance parameters to use in the damping ratio ranges 
for each row. The fourth column summarizes briefly a procedure that may be used 
in finding performance parameters for each type of response curve. The last 
column lists equations from Table 32-1 that describe the relationships of the first- 
and second-order term performance equation coefficients to the performance pa¬ 
rameters and the zero-order term equation coefficient. A procedure for finding 
the zero-order coefficient is omitted from Table 32-2 because this coefficient may 
be found from static tests that are independent of the way input changes are made. 

32.69. When step function response data are available, the first step isto 
identify the damping ratio region involved by inspection. When the response shows 
damped oscillation at a single, well-defined frequency,* it is immediately obvious 
that the system has a damping ratio less than 0.6. In this situation, the procedure 
outlined in the top row ofTable 32-2will provide performance parameter informa¬ 
tion. If the step function response curve is not clearly oscillatory, but starts from 
the initial instant with a slope that steepens before the final asymptotic shape be¬ 
gins, the damping ratio will probably lie in the region between 0.5 and 2.0. This 
hypothesis can be checked and the parameters determined by the procedure de¬ 
scribed in the middle row of Table 32-2. When a nonoscillatory transient curve 
slopes downward sharply near the initial instant after a short low-slope region, the 
damping ratio will lie in the region of 1.5. In this region, the procedure given in 
the bottom row can be applied to find the performance parameters. When 
nonoscillatory response curves are encountered, confusion may arise as to which 
of the nonoscillatory curve procedures is to be applied. This question may be 
resolved by applying the method of the middle row and then that of the bottom row 
if the first method does not give satisfactory results. 

DETERMINATION OF SYSTEM PERFORMANCE PARAMETERS FROM OSCILLATORY 

STEP FUNCTION TRANSIENTS 

32.70. When the step function transient given by a measuring instrument is 
oscillatory, the procedure of the top row of Table 32-2 is to measure the scale 
reading ratios at peaks in the curve and also the time intervals between points at 
which the curve crosses the zero ordinate line. The peak heights are considered 
as magnitudes only and may be measured either in actual scale units or in length 
units of any kind. The units are immaterial, since the peak magnitudes are used 
to form nondimensional ratios. The abscissa scale, on the other hand, must be 

• nic «isten« of a single frequency shows that the operating system producing the transient has a 
second-order performance equation. »lten more than one frequency appears, the system is obviously at least 
founh order, (or reasoos discussed io Chapters 21 and 22* 
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calibrated in time units in order to translate distance between crossing points 
into the damped natural period. 

32.71. In measuring the natural period, it is important to locate the zero 
scale reading axis accurately, either by information from recording equipment or 
by trial and error, until the distances between crossing points for various half 
cycles are equal. When this axis is located properly, ratio comparisons of various 
pairs of peaks will correspond to a single damping ratio. On the other hand, when 
the zero ordinate axis is either displaced or tilted, inconsistencies may appear in 
damping ratio values based on different pairs of transient peaks. When transient 
peaks in scale reading have been identified and measured, transient peak ratios 
for various peaks, with the initial peak taken as the reference, are formed. These 
ratios are used to enter the curve families of Fig. 32-26, in which transient peak 
ratio is the ordinate and damping ratio is the abscissa. Each curve is plotted for 
the difference between the identifying numbers for the peaks, with later peak 
height divided by the earlier peak height. For example, the identification of 1 for 
the upper curve in Fig. 32-26 means that the transient peak ratio is computed for 
the next peak after the reference peak. The family of Fig. 32-26a is plotted on 
semilogarithmic coordinates, and the family of Fig. 32-26bis plotted on completely 
logarithmic coordinates. The former plot is well suited for accurate readings in 
the low damping ratio range but gives poor results for high damping ratios, while 
the regions of poor and good accuracy are reversed for the latter family. 

32.72. In practice, the relationship between step function response and steady- 
state sinusoidal response is important, because it often happens that data on only 
one type of forcing function are available, while information on the other type of 
response is of primary interest. It is always possible to determine the perform¬ 
ance relationships by finding the parameters from tests of one type and then using 
these parameters to enter the curve families describing performance of the other 
type. This procedure, however, is made unnecessary by the curve family of 
Fig. 32-27, in which maximum over-all sensitivity is plotted on a logarithmic 
ordinate scale against transient peak ratio on a uniform abscissa scale. Damping 
ratio ordinate scales are placed outside the coordinate field for reference purposes. 

DETERMINATION OF (>-;0,1,2) SYSTEM PERFORMANCE PARAMETERS FROM NON- 
OSCILLATORY TRANSIENTS IN THE CRITICALLY APERIODIC DAMPING RATIO REGION 

32.73. When the step function response curve is nonoscillatory, with a well- 
defined region of low slope near the initial instant, the procedure outlined in the 
middle row of Table 32-2 may be used. Starting from the initial scale reading 
ratio as unity, three levels below unity are marked off on a linear ordinate scale. 
These levels (0.736, 0.406 and 0.199) are the theoretical points reached by a 
(-;0,1,2) system with critical damping (i.e., with unity damping ratio) after the 
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Refer to DefinUion Summery 19-1, Derivation Summary 19“2, Fig* 19*4^ Table 32-1 and Figs. 32-4 through 32-8. 

Fig. 32-26. Tronsient pook rctio as o function of domping rotio lor step function oscillotory response 

of measuring instruments with (0;0«1/2) perlermonce equations. 
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Fig. 32-27. Logorithmic-scole curves of moximum over-oil sensitivity os a function of step function 
transient peolc rotio for instruments with (0;0,1.2) performance equations. 
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. 32«28. Time rotio ond undamped ongulor naturol frequency — time product os a function of damping rotio for the step 

function response of measuring instruments with (0;0«1^2) performance equations. 











lapse of 1, 2 and 3 characteristic times, respectively. When, in any specific case, 
the abscissa intervals corresponding to the three marked ordinates are all equal, 
it follows immediately that the system giving the response has critical damping, 
with a low damping ratio characteristic time corresponding to the common length 
of the abscissa intervals. 

32.74. When the abscissa intervals corresponding to the 0.736, 0.406 and 
0.199 ordinate levels are different in length, the abscissa interval ratios defined in 
the fourth column of the second row in Table 32-2 are formed. It is to be noted 
that under the definitions, the abscissa intervals do not have to be in time units, 
but may be expressed in any convenient units of ler^th. The abscissa interval 
ratios may be used to enter the interval ratio curve family of Fig. 32-28 so that 
the corresponding damping ratios may be taken from the abscissa scale. If the 
system producing the response curve under analysis actually behaves as an ideal 
second-order system and the response data values are accurate, the three interval 
ratios will give a single damping ratio. In practice, the three damping ratio values 
are usually not in perfect agreement, and it becomes a matter of judgment and 
experience as to the degree of confidence to be placed on the derived damping 
ratio. In particular, if the interval ratios correspond to a damping ratio above 
about 1.3, the curves of Fig. 32-28 are too flat to permit accurate estimates of 
damping ratio values. When this occurs, the procedure of the bottom row of 
Table 32-2 should be applied. 

DETERMINATION OF (-;0,1,2) SYSTEM PARAMETERS FROM NONOSCILLATORY RESPONSE 
TRANSIENTS IN THE HIGH DAMPING RATIO REGION 

32.75. The procedure described in the bottom row of Table 32-2 is to plot 
scale reading ratio* as taken from a given response curve in which the logarithmic 
scale ordinate is plotted against time as the linear scale abscissa. The fact, shown 
in Derivation Summary 19-2, that high damping ratio step function response is rep¬ 
resented by an equation made up of two real exponential terms, means that the 
semilogarithmic plot just described reduces to a straight line when one of the 
exponential terms becomes negligibly small. In the region for which this condi¬ 
tion exists, the response curve plot is essentially similar to the first-order step 
function response on semilogarithmic coordinates that is discussed in Derivation 
Summary 31-3. By extending the straight portion of the semilogarithmic plot to 
the zero time line (i.e., the axis of ordinates), the second-order step function re¬ 
sponse plot is reduced to the representation of a single real exponential whose 
slope is determined by the larger high damping ratio characteristic time. This 
characteristic time may be determined from the slope of the extended straight line 
by the procedure described in Derivation Summary 31-3. 

• Because taclos are used, any length units may be used for the original plots, so long as the initial 
level i$ (akeo as uoicy. 


281 



32.76. The high damping ratio characteristic time ratio defined in Table 32-1 
is often useful to supplement damping ratio as a performance parameter for the 
high damping ratio region. The high damping ratio characteristic time ratio de¬ 
termines the relative importance of the two real exponentials that make up the 
step function response immediately after the initial instant and may be found by 
taking the ratio of the extended straight line response component ordinate point to 
the difference between this point and the actual initial ordinate point. Once the 
high damping ratio characteristic time ratio is known, the corresponding damping 
ratio may be found either by using the proper relationship from Table 32-1 or by 
means of Fig. 32-29, which shows damping ratio on a linear ordinate scale against 
high damping ratio characteristic time ratio on a logarithmic abscissa scale. 

DETERMINATION OF (0;0,1.2) SYSTEM PERFORMANCE PARAMETERS FROM STEADY-STATE 
SINUSOIDAL RESPONSE INFORMATION 

32.77. Performance parameters for operating systems may be determined by 
means of frequency response tests in which steady-state responses to sinusoidal 
input variations of known amplitude and frequency are measured in terms of dynamic 
amplitude ratio and dynamic response angle. By using a series of properly se¬ 
lected frequencies, it is possible to cover the operating range that is of interest 
for any given measuring-instrument problem. 

32.78. In taking frequency response data, the first step is to select a rai^e 
of input amplitudes that are compatible with the capabilities of the equipment to be 
tested and the situations in which it is to be applied. The second step is to ex¬ 
perimentally determine the frequency at which the steady-state response has a 
lagging (i.e., negative) dynamic response angle of -90 degrees with respect to the 
sinusoidal input. The frequency at which this 90-degree angle occurs corresponds 
to the frequency ratio value of unity (refer to Derivation Summary 19-10 and 
Figs. 32-17 and 32-18). With the unity frequency ratio frequency determined, a 
schedule of frequency ratios is laid out with close spacing in the vicinity of unity, 
and with progressively wider spacing for high and low frequency ratios. Dynamic 
amplitude ratio and dynamic response angle readings are taken for each of the 
frequency ratio settings and compared with the theoretical values found by com¬ 
putation from Eqs. (17) and (18) of Information Summary 32-2, taken from second- 
order data tables, or read from curves like those of Figs. 32-16 through 32-21. 
This comparison shows the shape of the experimental frequency response curves 
as compared to the theoretical frequency response curves for various damping 
ratios, so that the damping ratio of the system under test may be estimated. 

32.79. The procedure outlined in the preceding paragraph shows whether or 

not the tested system behaves as a second-order system. When the experimental 
frequency response data indicate that the system is actually a second-order system, 
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Fig. 32'29. Damping ratio as a function of high dotnping rotio choracteristic time ratio for measuring instruments 

with (0;0,1,2) performance equations. 

the damping ratio may be found directly from an observation of the maximum 

over-all sensitivity (identical with the dynamic amplitude ratio} and the frequency 
at which it occurs. With the maximum sensitivity known, the corresponding damp¬ 
ing ratio may be read directly from one of the curves of Fig. 32-25 or computed 
from the equation given on that figure. The corresponding frequency ratio for 
maximum sensitivity may be read from the curve of Fig. 32-24. With this in¬ 
formation and a knowledge of the actual frequency at which the maximum takes 
place, the undamped natural frequency for the tested system may be found from 
the proper relationships given in Table 32-1. 
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INTERPRETATION OF RESPONSE INFORMATION NOT COMPATIBLE WITH THE 
THEORETICAL RESPONSE OF (0,0,1,2) SYSTEMS 

32.80. When the experimentally determined step function response, steady- 
state sinusoidal response, or response to any other known forcing function from 
any given operating system do not match one of the first- or second-order re¬ 
sponse patterns described in the figures of this chapter and those of Chapter 31, 
the performance equation for the system is either nonlinear or is linear but has an 
order higher than the second order. In situations of this kind, the available data 
and the accuracy requirements of the applications considered should be studied to 
determine whether or not the errors introduced by the use of first- or second- 
order approximations are intolerably large. When the discrepancies associated 
with simplifying assumptions of this kind are not acceptable, one or more of the 
methods discussed in Chapters 23, 24, 25 and 27 may be applied to the determina¬ 
tion and description of performance characteristics. This will usually involve 
plots and tables in addition to numerical values for a number of parameters that 
may have various values for different ranges of operation. The choice of method 
and parameters for describing performance in any specific case must be based on 
the experience and judgment of the engineer concerned. A number of typical ex¬ 
amples appear in the later chapters of this book. 

MOVING-COIL OSCILLOGRAPHS 

32.81. Oscillographs are electrical indicators designed to follow rapidly 
changing inputs. Instruments of this kind are ordinarily either of the cathode-ray 
type or the electromechanical type. Under usual conditions cathode-ray oscillo¬ 
graph behavior depends primarily on the electrical circuits involved and will not 
be discussed here. On the other hand, electromechanical oscillographs fit directly 
into the pattern of Information Summary 32-1. These instruments have relatively 
small torque generators and are combined with either optical or stiff, light-weight 
mechanical indicating systems to make records by photography, inking pens, or 
other means. The performance equations developed in Derivation Summary 32-1 
may be applied without modification to electromechanical oscillographs. 

32.82. Figure 32-30 is a pictorial schematic diagram showing the essential 
features of the photographic recording oscillograph using the moving-coil galva¬ 
nometer. The galvanometer consists of a small moving coil located between the 
pole pieces of a permanent magnet and carried by an elastic suspension. A mirror 
is rigidly attached to the coil assembly. The combination of a spherical lens over 

the mirror and a cylindrical lens placed before the sensitive side of the photographic 

paper or film used for recording brings light from a special incandescent lamp 
into focus as a sharply defined spot. Rotation of the coil assembly about its sus¬ 
pension axis causes the spot to shift in a direction at right angles to the motion of 
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Fig. 32*30. Pictoriol schemotic diagrom for a photogrophic recording oscillograph with a moving-coil 

galvanometer. 


the recording surface as the film or paper is moved by a drive motor. Moving- 
coil oscillographs with optical recording systems are available from many elec¬ 
trical equipment and instrument manufacturers .* Other moving-coil oscillographs 
use mechanical inking pens or hot wires to melt line traces on paraffined paper .♦* 
Optical recording systems impose such light mechanical loads on the moving-coil 
system that they do not introduce serious dynamic errors, but mechanical re¬ 
cording systems often show resonance effects at high forcing frequencies. This 
means that oscillographs with optical recording systems ordinarily have second- 
order performance equations, but that oscillographs with mechanical indicating 
systems often require higher order equations to describe their performance. 

DETERMINATION OF OPTICAL OSCILLOGRAPH PERFORMANCE CHARACTERISTICS FROM 
OSCILLATORY STEP FUNCTION RESPONSE 

32.83. The procedures summarized in Table 32-2 may be applied to determine 

• See General Electric Company, Westinghouse Electric Corporation, Consolidated Engineering Corpora¬ 
tion, VUliam Miller Corporation and Heiland Research Corporation (03). 

•• Inking pens: see Hathaway Instrument Company; hot wires: see Century Geophysical Corporation (03). 
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oscillograph performance characteristics from step function response records. 
A record of this type from an oscillograph with oscillatory response character¬ 
istics is shown in Fig. 32-31. Distances proportional to transient peaks and time are 

marked on the figure. The processing of these data by the procedure given in the 
top row of Table 32-2 to determine performance parameters is outlined in Data 
Analysis Summary 32-1. This summary shows that with the damping shunt re¬ 
sistance of 1000 ohms that was used in taking the record of Fig. 32-31, the oscil¬ 
lograph behaved nearly enough like a (0; 0,1,2) system to give a close check be¬ 
tween the damping ratio values for successive pairs of peaks. The damping ratio 
for a third pair of peaks differs somewhat from these values, but should be given 
relatively less weight because of the relatively small magnitude of the third peak. 
The damping ratios read from Fig. 32-27 for the zero-to-first and the zero-to- 
second transient peaks have an average value of 0.157, which can be reasonably 
approximated by a damping ratio of 0.16 for the oscillograph used in taking the 
record of Fig. 32-31. 

32.84. The half-cycle distance taken from successive crossing points of the 
Fig. 32-31 record is 3.07 centimeters. When the known film speedof 100 inches 
per second is applied to the distance, the natural frequency appears as 41.4 cycles 
per second. Correction of this frequency for theeffectof damping gives 42 cycles 
per second as the undamped natural frequency of the oscillograph. 

OSCILLOGRAPH PERFORMANCE CHARACTERISTICS FROM APERIODIC STEP FUNCTION 
RESPONSE 

32.85. Figure 32-32 is a step function response record for the oscillograph 
used for Fig. 32-31, with the damping shunt resistance changed from 1000 ohms 
to 120 ohms. Inspection shows that the record is nonoscillatory, with a definite 
region of increasing slope near the start of the transient. These characteristics 
mean that if the oscillograph acts as a second-order system, the damping ratio is 
nearly equal to unity. Under these circumstances, the procedure given in the mid¬ 
dle row of Table 32-2 is properly applied to the record. Data Analysis Sum¬ 
mary 32-2 outlines the application of this procedure to the record of Fig. 32-32. 
In that summary, it appears that the interval ratios corresponding to indication 
ratios of 0.736, 0.406 and 0.199 give damping ratio values of 0.99, 0.99 and 1.01, 
respectively, from the curves of Fig. 32-28. This agreement indicates that the 
oscillograph behaves as a (0;0,1,2} system with a damping ratio of unity. 

32.86. The 0.92-centimeter distance for the first time interval in Fig. 32-32, 
with the known 97 inches per second film speed, corresponds to 0.0037 second. 
Entering the undamped natural frequency - interval product curves of Fig. 32-28 
gives an undamped natural frequency of 42.6 cycles per second. This value is in 
good agreement with the analysis of the record of Fig. 32-31, which gives the re¬ 
sponse for the same oscillograph with a different damping shunt resistance. 
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Fig. 32-31. Step function response record from moving-coil oscillograph with oscillotorychorocteristics. 
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HeiUnd Oscillograph 
Type SE 404 R-6 
Serial No. 515 
Galvanometer Type A-8668 
Damping shunt resistance 


[ah) 


1000 ohms 


0.170 


Scale sensitivity 

« 0.061 millivolt/mm 

Special film drive (See 
Fig. 32-31.) 


Indication ratio « IR 


Ind 


(lnd)„ 


Reference indication » 


From Fig. 32-31, * 1-05 

Film speed « 100 inches per second 
Inches per cycle * 2(3.07/2.54) « 2.42 
Natural frequency * n * 100/2.42 * 41.4 cycles per second 


Undamped natural frequency s 


41.4 


Vl-( 0 . 16 )^ 


42 cycles per second 


(Sec Table 32-1 for formula fi « Vi-(DR)') 


Peak 

NuRibet 

m 
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at Peak m 

Tiansient Peak m 

(TP). 


Qth_n,th pggij 
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from 

Fig. 32-27 

0 

1.05 

1.00 


1 

0.65 

0.618 

0.155 

2 

0.39 

0.371 

0.158 

3 

0.20 

0.190 

0.170 


The agreement of damping ratio values for (1 R)((;^|) and (IR)(o. 2 ) shows that the oscillograph may be 
considered as a second-order (-;0,1,2) system with a damping ratio of 0.157. 

It is reasonable to discount the (I point because of the low (TP )3 value. 

(Refer to Table 32-2 for analysis procedure.) Analyzed 9/25/52 

By C. S. Draper 

Data Analysis Summary 32-1. Analysis of step function data for an optical oscillograph 

with oscillatory response. 
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Fig. 32*31 Step function response record from moving-coil oscillograph with nonoscillotory 

chorocteristics. 
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OSCILLOGRAPH PERFORMANCE CHARACTERISTICS FROM STEADY-STATE SINUSOIDAL 
RESPONSE 

32.87. Figure 32-33 shows an effective arrangement for taking data on the 
steady-state sinusoidal response of instruments with optical indicating systems. 
For optical oscillographs with the features illustrated in Fig. 32-30, a narrow slit 
with its opening at right angles to the recording light spot motion is placed in the 
position normally occupied by the film. A photocell is located behind the slit so 
that it receives a pulse of light when the light spot passes across the slit. The 
output from this photocell is passed through a pulse-sharpening amplifier and 
applied to the spot intensity terminals of a cathode-ray oscillograph. 

32.88. A special electronic oscillator, giving two signals of the same fre¬ 
quency but with a 90-degree relative phase displacement, is connected to the cathode- 
ray oscillograph. One of the signals is connected to the horizontal deflection ter¬ 
minals. The othersignal isconnectedto the verticaldeflectionplates. With proper 
adjustment, a circle of low intensity appears on the face of the cathode-ray tube. 

32.89. Momentary actuation of the angle reference switch of the oscillator 
changes the circular trace to a line. Due to the use of a long-persistence screen, 
however, the circle remains visible long enough for its two points of intersection 
with the line to be observed. These points correspond to the zero-voltage instants 
for the signal connected to the vertical deflection plates. 

32.90. When an optical oscillograph is to be tested, the galvanometer is con¬ 
nected to the oscillator output signal that has its zero points synchronized with the 
angle reference line. A rough setting of the photocell slit is made by positioning 
the slit along the length of the light spot path to give a maximum output signal with 
no input to the oscillograph. 

32.91. An observation of dynamic response angle is made by depressing the 
angle reference switch long enough for a given applied sinusoidal input to impress 
the angle reference line on the cathode-ray screen and then releasing the switch. 
When the switch is released, the circle appears with bright spots at positions cor¬ 
responding to the instants when the photocell slit is illuminated by the passage of 
the oscillograph light spot. Zero dynamic response angle is indicated by the co¬ 
incidence of the two bright spots on the input signal circle with the two ends of the 
angle reference line. When the slit adjustment for this condition is completed, the 
apparatus is ready for taking dynamic response angle data. 

32.92. The procedure for measuring the dynamic response angle at a given 
frequency involves the following steps: 

1) Set the frequency adjustment knob to the given frequency. 

2) Depress the angle reference switch to place the angle reference line on 
the cathode-ray tube. 

3) Release the angle reference switch. 
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Fig. 32-33. Arrongement for determining dynamic response ongle of osciilogroph. 

(Photocell detects null position of light beam.) 


4) Use tlie dynamic response angle protractor to measure the angle between 
the ends of the angle reference line and the bright spots corresponding to 
the instants of zero oscillograph light spot deflection. 

5) Record the angle measured in step 4 as the dynamic response angle for 
the frequency setting of step 1. 

32.93. The dynamic response angle curves of Figs. 32-17, 32-18 and 32-21 
show that the dynamic response angle associated with the steady-state sinusoidal 
response of systems having (0;0,1,2) performance equations is -90 degrees when 
the applied frequency is identical with the undamped natural frequency of the sys¬ 
tem (i.e., when the frequency ratio is unity). This fact makes it simpleto deter 
mine the reference frequency for the frequency ratio as the first step in measuring 
the performance characteristics for an operating system by the steady-state 
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sinusoidal response method. The procedure is to vary the input frequency andob- 
serve the corresponding dynamic response angle until this angle becomes - e- 
grees. The frequency at which this angle occurs corresponds to unity frequency 
ratio and is the undamped natural frequency ii the instrument under test behaves 

as a (0;0,1,2) system. 

32.94. Data Summary 32-1 lists the dynamic response angle results of a 

steady-state sinusoidal input test of the indicating performance for anoptical oscil¬ 
lograph. This test was carried out with the arrangement of Fig. 32-33. The fre¬ 
quencygiving -90degreesas the dynamic response angle was 42 cycles per second. 
The corresponding frequency ratio was taken as unity, and tests were run at fre¬ 
quencies corresponding to frequency ratio values from 0.1 to 2.0, with intervals 
at the one-tenth points. Beyond the frequency ratio of 2.0, points were taken at 
2.5, 3.0 and 3.5. To illustrate the effect of damping, one frequency analysis run 
was made with a damping shunt resistance identical with that used in making the 
step function record of Fig. 32-31 (i.e., = 1000 ohms), and a second run was 

made with the damping shunt resistance used in taking the step function record of 
Fig. 32-32 (i.e., R{,h, = 120 ohms). 

32.95. The data listed in Data Summary 32-1 are plotted as identified points 
in Fig. 32-34. Theoretical curves for the sinusoidal response of (0:0,1,2) systems 
with damping ratios of 0.155 and 1.0 are given in Fig. 32-34 for comparison pur¬ 
poses. The experimental dynamic response angle points do not fall perfectly on 
the theoretical curves, but the agreement is generally close enough to show that the 
oscillograph under test behaved as a (0;0,1,2) system with both values of the shunt 

damping resistance. The points taken with the higher damping shunt resistance 
are close enough to the 0.155 damping ratio curve to show that the frequency anal¬ 
ysis result is in substantial agreement with the step-function-determined damping 
ratio value of Data Analysis Summary 32-1. Similarly, the points for the lower 
damping shunt frequency analysis run are effectively identical with the theoretical 
unity damping ratio curve and thus give a result identical with that of Data Analysis 
Summary 32-2 for the step function test record of Fig. 32-32. 

32.96. In addition to the variation of dynamic response angle with frequency, 
theover-allsensitivity of any measuring instrument also changes with the forcing 
frequency. Because the quasi-static sensitivity of any properly calibrated meas¬ 
uring instrument is unity, it follows that the ratio of actual sensitivity at any fre¬ 
quency to the quasi-static frequency sensitivity as the reference sensitivity is just 
the actual sensitivity itself. In taking frequency analysis data, either scale readings 
or indications in any convenient units will give identical results. This follows 
from the sensitivity definitions, i.e., 


Over-all sensitivity of measuring instrument = S, .,r , 



(32-6) 
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so that 




S 


*»‘l(q(ift):q,](q») 


(32-8) 


32.97. In general, the over-all sensitivity is the product of the indicator 
sensitivity and the scale sensitivity, i.e., 


^(™l)(q„„,;q,)(qi) ^(l)(q(,„|:(lnd)l(qi»^(il((Ind);q,) 


(32-9) 
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Forcing frequency n^ cycles/second 

Fig. 32*34. Lineor^scole experimentol data plots of dynamic response angle as a (unction of frequency and frequency ratio 

for on opticol osciHogroph* 



















32.98. The scale sensitivity is not affected by dynamic actions, so that 
Eq. (32-9) may be combined with Eqs. (32-6) and (32-8) and written as 


S 


tsl)[ 


‘'(in):'’: 


,1 


(32-10) 


where 


IBIQ 


(Ind)g = indication amplitude 
(*'“^)(qi)a = quasi-static indication amplitude 


32.99. From Eq. (32-10), it follows that if in the experimental procedure the 
input amplitude, , for all forcing frequencies is held constant at the quasi¬ 
static level, i.e., 

9(ln)a " 9(in){qsla (32-11) 

then 


s 


(ml>[q„„,:qj 


(Ind), 


(Ind) 




‘''(In)q* 


(32-12) 


32.100. Equation(32-12)is a generalized result that holds for any measuring 
instrument. When an optical oscillograph is considered with voltage as the scale 
reading, 

^(nii)[q{,„);q,] ■■ ^{oo)[*:v] ^ ^(oo) (32-13) 

where 

^(oo)(»;*) = over-all sensitivity for voltage-reading 
optical oscillograph 

32.101. The frequency analysis data on sensitivity for an optical oscillograph 
like that illustrated in Fig. 32-30 may be taken by applying a constant input voltage 
amplitude and making an exposure with the film stationary at a new place for each 
test frequency. After development, the indication amplitude may be read from the 
photographic records as half of the line lengths of the individual records. Any 
convenient length unit may be used in making these measurements. The quasi¬ 
static indication amplitude required by Eq. (32-12) is found by making at least two 
records at the lowest possible frequencies. The quasi-static nature of the response 
is identified by the substantial equality of amplitudes for two frequencies, one of 
which is at least twice the other. 

32.102. Sensitivity data for frequency analysis runs onthe optical oscillograph 
used in the tests of Figs. 32-31, 32-32 and 32-34 are given in Data Summary 32-2 
for frequency ratio points identical with those used for the dynamic response angle 
plots of Fig. 32-34. The quasi-static response amplitude is based on a frequency 
ratio of 0.024. 

32.103. The over-all sensitivity values of Data Summary 32-2 are located as 
points in Fig. 32-35. Theoretical curves with damping ratios of 0.155 and 1.0 for 
(0;0,1,2) systems are also plotted. Inspection shows that the frequency response 
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Helland Optical Cscliloqroph, Type SE 404R-6. Serial No. SIS; Galvanometer Type A>8668. Data taken 12/2/S2 

by S. Lees and G. Masters 


Data Summory 32-2. Steodystote sinusoidal indication sensitivity for an opticol oscillograph 

with two damping shunt resistances. 


sensitivity points are consistent with the step function and dynamic response angle 
results and show that the high and low shunt damping resistors gave damping ratios 
of about 0.16 and 1.0, respectively. 

32.104. The procedure of taking data for a range of frequency ratios like those 
illustrated in Figs. 32-34 and 32-35 may be reduced to a single frequency adjust¬ 
ment and a single sensitivity measurment when it is known that the instrument 
under test behaves as a (0;0,l,2)system and when either the quasi-static over-all 
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sensitivity or indication sensitivity is available. Under these circumstances, the 
damping ratio may be determined by the following procedure: 

1} Vary the forcing frequency to find the point at which the dynamic response 
angle becomes equal to -90 degrees. This determines the undamped natu¬ 
ral frequency of the instrument under test and establishes the point at 

which the frequency ratio is equal to unity. 

2) Measure the indication or scale reading amplitude for the frequency of 

step 1 and compute the corresponding sensitivity.* The damping ratio is 

given by the relationship (refer to Table 32-1) 

Damping ratio = DR =- ^ - = —--^- (32-14) 

2^(ml>lR,Rl(DRA b- 90®) ^^(J)U(jn,;{In<i)](DRA 

For convenience, this relationship is plotted in Fig. 32-36. 



Over-all sensitivity at dra = 


Indication sensitivity ratio at dra - -90** 

Fig. 32*36. Relationship between dompingrotio and sensitivity at dynamic 
response angle =-90® for instruments with (0;0,1,2) performance equot ions. 

• It is worth while to note that the procedure for determining performance parameters may be applied to 
(0;0»1»2) sysc«ni$ of any (ype when scnsitiTicy is replaced by dyoamic a/oplttude radoe 
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MEASUREMENT OF INSTRUMENT PERFORMANCE PARAMETERS BY STROBOSCOPIC 
OBSERVATIONS 

32.105. Photographic methods must be used to take response data on instru¬ 
ments designed for visual observations when rapid changes must be recorded. Re¬ 
sponse variations may be photographed by a motion-picture camera supplemented 
by a system to give timing information on the film. It is also possible to use a 
light flashing at accurately-timed intervals to make stroboscopic exposures for a 
conventional still camera. In general, the choice between the motion-picture 
method and the stroboscopic-light method depends on the availability of equipment 
and the nature of the variations to be recorded rather than on any basic limitation 
of either method. 

32.106. Figure32-37 illustrates the essential components of an arrangement 
to make stroboscopic records* of the response of a conventional voltmeter. A 
commercial high-intensity stroboscopic light illuminates the meter, which is 
photographed by a still camera with open shutter. A sine-function potentiometer, 
mounted on the output shaft of a variable-speed motor is used to produce a sinusoidal 
voltage input for the meter. The motor is also fitted with a cam-actuated micro¬ 
switch to synchronize the light flashes with the step function input change. 



Fig. 32*37. Arrongemenf for making stroboscopic light photogrophs of instrument response. 


The arran^emeoc shown in <he figure was de?eloped by Assc. Prof. j. £. Forbes of the Massachusetts 


Institute of Technology. 
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0.675 

1.875 
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0.543 
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0.430 

0.430 

3.125 

-0.655 

0.345 

0.345 

3.750 

-0.722 

0.278 

0.278 

4.375 

-0.779 

0.221 

0.221 

5.000 

-0.821 

0.179 

0.179 

5.625 

-0.858 

0.142 

0.142 

6.250 

-0.883 

e 

0.117 

e 

0.117 

e 

• 

• 

oe 

e 

-1.000 

e 

• 

0 

e 

e 

0 

Data taken 6/U/S2 by J. C. Forbes 


Fig. 32-38. Drawing of o stroboscopic light photograph 
and data summary (or step function response of special 
heavily damped voltmeter X-1. 


32.107. Figure 32-38 gives a 
typical stroboscopic-light photo¬ 
graph showing the index positions 
at successive equal time intervals 
of 0.625 second after the occurrence 
of the step function, and includes a 
summary of data read from the 
photograph. At the initial instant, 
the scale reading was zero, and 
a voltage input step of -1.0 volt 
was applied. The data summary 
of Fig. 32-38 lists the voltage dii- 
ference for each instant correspond¬ 
ing to one of the stroboscopically 
recorded index positions. This 
difference is found by subtracting 
the final reading of -1.0 volt from 
the actual reading. The voltage 
reading difference ratio is the ratio 
of the voltage reading difference to 
the difference between the initial 
and final voltage readings. 

32.108. ThedataofFig. 32-38 
are plotted on semilogarithmic co¬ 
ordinates in Fig. 32-39. This plot 
shows that the step function re¬ 
sponse data fall close to a straight 
line except for the initial point. 
This result is characteristic of a 


heavily damped aperiodic transient from a (0; 0,1,2) system that may be interpreted 
by theproceduredescribedinthebottom row of Table 32-2. The slope of the straight- 
line portion of the response record of Fig. 32-39 is determined by the larger high 
damping ratio characteristic time. This characteristic time is determined by the 
time interval required for the straight line to fall from its intercept on the ordinate 
scale to a level equal to 1/e of the intercept value. In Fig. 32-39, the larger high 
damping ratio characteristic time found by this procedure is 2.83 seconds. The 
high damping ratio characteristic time ratio found from the proper equation in the 
bottom row of Table 32-2 for the plot of Fig. 32-39 is 26. The smaller high damp¬ 
ing ratio characteristic time is found by dividing the larger characteristic time by 
the characteristic time ratio. The value found by this procedure is 0.109 second. 
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Voltage reading difference ratio vrdr 



Fig. 32-39. Semilogorithmic plot of step function response of speciol heovily damped voltmeter X-1 
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M^iol'^lnother method for evaluating the performance Parameters of an 

operating system may be described as pu^ tes^. In this me o , e p 
quantity to the system is disturbed from a stationary reference value and then re 
stored to this value after going through a defined variation. The response of the 
system to this input is then examined for information concerning the per ormance 

parameters. 

32 110. An introductory description of pulse functions as weU as impulse 
functions is given in Definition Summary 12-7 of Chapter 12. Chapter 17 shows 
how to relate the response of a system to an arbitrary input with zero initial con¬ 
ditions by means of the known response of the system to a unit impulse function 
input. In Chapter 25, a general method is presented by which the performance 
function of a given system may be determined from its response to a known pulse 
function. The method of Chapter 25 is to convert the input and output time histories 
into equivalent frequency distributions by means of numerical Fourier transfor¬ 
mations. The performance function is found as the ratio of the output frequency 

distribution to the input frequency distribution. 

32.111. Generally, pulse functions have beenassociatedwith the rectangular 


shape defined in previous chapters as the rectangular pulse function. As indicated 
in Chapter 25, other pulse shapes are frequently employed. The theoretical ad¬ 
vantages of rectangular pulse functions are the ease of mathematical treatment 
and the simplicity of generating such forcing functions. In practice, however, it 
is not a simple matter to generate a true rectangular pulse function since discon¬ 
tinuous changes of the manipulated quantity are required. Furthermore, the 
system performance for discontinuous inputs large enough to produce a usable out¬ 
put is often quite different from the performance for continuous inputs. For ex¬ 
ample, limit conditions are often reached if the input changes too rapidly. When 
electrical components reach such limits, they are said to saturate . 

32.112. It is suggested in Chapter 25 that the input pulse have the shape de¬ 
scribed as the displaced cosine pulse. Such pulses are generated by a function 
that is equal to one minus the cosine for the duration of the pulse and zero else¬ 
where. The argument of the cosine is 2ir multiplied by the ratio of time to pulse 
duration. Displaced cosine pulse functions and their first time derivatives are 
continuous. Discontinuities exist in the second and higher time derivatives. 


RECTANGULAR PULSE FUNCTIONS 

32.113. Rectangular pulse functions are Introduced in Derivation Sum¬ 
mary 12-7. Additional properties and applications of these functions are given in 
Chapters 12, 16, 17 and 25. A rectangular pulse function is one that changes 
discontinuously from one value to another at the beginning of the pulse. For the 
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duration of the pulse, the function isconstant until it discontinuously returns to its 
initial value. Figure 16-1 shows how a rectangular pulse function may be con¬ 
structed from an increasing step function beginning at time tj followed by a de¬ 
creasing step function at time t*. Atypical rectangular pulse function is shown in 
the figure of Derivation Summary 32-2. It is important to recognize that the pulse 
function defined by Eq. (1) of the summary begins at zero time. This property 
affects the expression for the Fourier transform of rectangular pulse functions 
that is developed in the summary. Rectangular pulse functions may be defined that 
begin at a different instant from zero time. However, when a rectangular pulse 
function input is applied to a system, and the system response is to be related to 
the specified input, it is convenient from practical considerations to have the input 

begin at the Initial instant. An additional property of pulse functions is the pulse 
stre^, which is defined as the area of the pulse. The strength of a rectangular 
pulse function is equal to the pulse height times the pulse duration. 

32.114. With these considerations taken into account, the Fourier transform 
for rectangular pulse functions is developed in Derivation Summary 32-2. The 
expressions of Eqs. (5), (6), (8) and (9) show how to represent this type of function 
in terms of a continuous frequency distribution. A useful form of the frequency 
function is given by Eq. (6). It is seen to be the product of three quantities. The 
first factor is the pulse height. The second is the sine function divided by its 
argument. The third factor is an imaginary exponential function with its exponent 
equal to the negative argument of the second factor. The argument of the second 
and third factors is u times the frequency ratio multiplied by the nondimensional 
pulse duration. 

32.115. From the definitions given in Derivation Summary 12-1, the contin¬ 
uous frequency distribution may be represented by an amplitude ratio distribution 
and a phase angle distribution . The amplitude ratio distribution is equal to the 
magnitude of Eq. (6) ofDerivationSummary32-2divided by a reference amplitude. 
For convenience, this reference amplitude is taken as the nondimensional pulse 
height. Since the sine function divided by its argument appears frequently in Fou¬ 
rier transformations, it has been given numerically in Table 25-1 of Chapter 25. 
The function is plotted in Fig. 25-1, where it is seen to be alternately positive and 
negative. The amplitude ratio function associated with rectangular pulse functions 
is equal to the magnitude of the sine function divided by its argument as given by 
Eq. (8) of Derivation Summary 32-2. A plot of the magnitude function is shown in 
Fig. 32-40. 

32.116. The phase angle distribution is equal to the sum of two quantities ac- 
cordingtoEq. (6) of Derivation Summary 32-2. The first quantity is the phase angle 
of thesinefunctiondivided by its argument. The second is the exponent of the im¬ 
aginary exponential factor. The expression for the phase angle function is given by 
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Rectangular pulse functions are defined in Derivation Summary 25-4 of Chapter 25. Let t) be a 

nondimensional rectangular pulse function, '(rpf). 

= 0 : 't < 0 




'(PH) 

't = 

0 't: 



*1(10) 

.. oS'tSX 

%n) 


(1) 


= 0 ; 'T < 't 


where 


(PH) s nondimensiona) pulse height 
T a s nondimeasioaal pulse duration 

P T 

* (ref) 


a_1— a oondimeosional time 

'*'{refl 

T(ref) * reference period 


( 2 ) 


The strength of the pulse is equal to the pulse height times the pulse duration; i.e*, 

RPFS a tPH) Tp a rectangular pulse function strength 

From Eq, (1) of Derivation Summary 25^1, the nondimensional Fourier transform for the expression of 
Eq, (1) above is given by an integral relationship. This may be written as 

FT]q„„('i) - qi.„iO> ■ / qi,„,‘-’”^'''<«'') = (3), (4) 


^00 


where 


-iPH) [i - tPH) 'L 

i2pT .8 X 


(5W6) 
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n. 


(ref) 


(7) 


n 


:ref) 


Define the reference amplitude as the pulse height* (PH). From Derivation Summary 12*1, the amplitude 
ratio function is 


(AR) 


(rpf) 


sin nB T, 






The phase angle function is 

(PA){,pf) = -n/3 Tp + Off for n < P Tp < 0 + 1 ; ^o » 0, 1, 2, . . . 

The phase angle is discontinuous for integral values of the argument, ^ Tp. 

Derivotion Summary 32-2. Fourier trartsform for rectangular pulse functions. 


(8) 


(9) 


Eq. (9). It is plotted as the dashed line curve in Fig. 32-40. The phase angle 
function is discontinuous for integral values of the frequency ratio - pulse duration 
product because of the alternations in the sense of the sine function. The phase 
angle function is different from zero because the rectangular pulse function is not 
symmetrical with respect to zero time. 

DISPLACED COSINE PULSE FUNCTIONS 


32.117. Displaced cosine pulse functions represent a type of input that, unlike 
rectangular pulse functions, are continuous and have continuousfirstderivatives. 
A discussion of these functions is given inChapter 25. The definition of a typical 
displaced cosine pulse function in nondimensional terms is given by Eq. (1) of 
Derivation Summary 32-3, and is illustrated in the accompanying figure. The 
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plicude ratio (AR) 



Fig. 32'40. Fourier tronsform of o rectongulor pulse function. 


pulse is different from zero onlyduringafinite interval defined as the pulse dura¬ 
tion. During this interval, it takes the form of an amplitude multiplied by one 
minus a cosine function. Again, as for the rectangular pulse function just dis¬ 
cussed, the displaced cosine pulse function defined in Derivation Summary 32-3 
begins at zero time. This affects the phase angle function of its Fourier transform. 
The pulse strength is equal to one-half of the pulse height multipled by the pulse 
duration. 

32.118. The continuous frequency distribution associated with the displaced 
cosine pulse function is found from the Fourier transformation carried out in 
Derivation Summary 32-3. An appropriate form for this expression is shown as 
Eq. (7). It may be seen that this is one-half the product of the Fourier transform 
for the rectangular pulse function and a (0:0,1,2) frequency function with damping 
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Displaced cosine pulse functions ore defined in Derivation Sumnury 25*5 of Chapter 25. Let t) 


be a nondimcDsional displaced cosine pulse functioo» (depf). 



't < 0 


cos 


2.^). oS-.5'T, 


( 1 ) 


Tp < '• 


. I- j 

^(in)(a) = amplitude 

j period 

Tp s —P s non dimensional pulse duration 

The strength of the pulse is equal to one«half the pulse height times the pulse duration; i^e., 

DCPFS = -i- (PH) Tp a displaced cosine pulse function strength 


( 2 ) 


From Eq. (1) of Derivation Summary 2$*1» the oondimensional Fourier transform of the displaced cosine 
pulse function is obtained from the following integral: 
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Define the reference amplitude as (PH)/2. From Derivation Summary 12*1, the amplitude ratio function 


IS 


(AR) 


(depil 


sin ff/3 T 


T. 
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1 - 0 X)' 
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1 - X)' 


(AR) 


(rpO 


(9) 


where (AR)(fp() is given by Eq. (8) of Derivation Summary 32-2. The phase angle function is 

(P^)«icpfl = -"^X 0 < ^X ^ 2 

s Tp + (n + l)ff for n < ^ Tp < 0 + 1 for n > 2 ; n » 2, 3, 4, . . . (10) 

The phase angle function is discontinuous for integral values of the argument, /3 Tp, greater than 2. 


Derivation Summary 32*3. Fourier transform for displaced cosine pulse functions. 
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ratio equal to zero. By defining the reference amplitude as equal to one-half the 
pulse height, the amplitude ratio function is given by Eq. (9) of the summary. 
This function is equal to the product of the rectangular pulse function amplitude 
ratio and the magnitude of zero-damping-ratio {0;0,1,2) frequency function. A 
plot of the amplitude ratio function is given by the solid-line curve of Fig. 32-41. 
A comparison with the corresponding curve of Fig. 32-40 is helpful. The major 
difference is that the displaced cosine pulse function amplitude ratio goes to zero 
more quickly than the rectangular pulse function amplitude ratio. For /3 'Tp equal 
to 9.5, the rectangular pulse function amplitude ratio is still 3 percent of the initial 
amplitude ratio. The displaced cosine pulse function amplitude ratio is essentially 
zero for all values of the running variable greater than 4. Almost all of the dis¬ 
placed cosine pulse function harmonic content occurs for values of the running 
variable less than 2. Another detail is that the rectangular pulse function amplitude 
ratio is zero for p Tp equal to unity, but the displaced cosine pulse function is 0.5. 
The displaced cosine pulse function emphasizes the effect of the lower frequencies 
more than the rectangular pulse function does. 

32.119. The phase angle function is given by the expression of Eq. (10) of 
Derivation Summary 32-3. This is a discontinuous function because of the change 
in the sense of the sine function in Eq. (7) for integral values of v. The dashed- 
line plot representing the phase angle function in Fig. 32-41 is seen to be a straight 
line with negative slope as /3 *Tp goes from 0 to 2. It attains a minimum value of 
-360 degrees before it returns to -180 degrees. Thereafter it varies cyclically from 
-180 to -360 degrees between integral values of the running variable. The dif¬ 
ference between phase angle functions of the two types of puise functions may be 
noted by comparing Figs. 32-40 and 32-41. 

EVALUATION OF PERFORMANCE FUNCTIONS FROM PULSE FUNCTION RESPONSES 

32.120. A general method is presented in Chapter 25 for determining the 
performance function of a system from its response to a known pulse forcing function. 
The basis for the method may be derived from Eq. (32-5), given earlier in this 
chapter. By rearranging the terms of that equation, it is found that 

[PERFORMANCE FUNCTION] - (RESPONSE FUNCTION) (32-15) 

(FORCING FUNCTION) ' ’ 

32.121. A practical procedure for using Eq. (32-15) is to apply a displaced 
cosine pulse forcing function input to a system and record the response time history. 
When both the forcing function and the response function are reduced to con¬ 
tinuous frequency distributions, the performance function may be deduced from 
Eq. (32-15). The displaced cosine pulse function frequency distribution is obtained 
from Derivation Summary 32-3 and Fig. 32-41. The response function frequency 
distribution is obtained by numerical Fourier transformation, using the methods 
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mpliCude ratio (AR) 



Frequency ratio-pulse duration product (FRXPD) *. /3'T 
Fig. 32*41. Fourier transform of o displaced cosine pulse function. 


Of Chapter 25. A linear differential equation with constant coefficients maybe 
approximated by use of the profile templates described in Chapter 24. 

RESPONSE FUNCTIONS OF {0;0,1,2) MEASURING INSTRUMENTS 

32.122. When the performance of aparticular measuring instrument may be 
associated with a (0;0,1,2) performance equation, it is possible to dispense with 

Fouriertransformationsinevaluatingperformanceparameters from pulse function 

inputs. The background theory for this procedure is developed at the end of 
Chapter 25. The method makes use of simultaneous measurements of the input 
forcing function and the response. 

32.123. A subfigure in each of Figs. 32-42, 32-43 and 32-44 shows a typical 
displaced cosine pulse forcing function as a dashed-line curve. A typical response 
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Pulse duracion ~ response peak rime ratio <pdkR^pt)R 













function of a (0;0,1,2) measuring instrument is given by the solid-line curve. Since 

the input forcing function has a peak, the response must also show at least one 
peak. In order to use the method that follows, it is necessary to determine the 
pulse height, the first response peak height, the pulse duration and the time at 
which the first response peak occurs. In some instances, it is convenient to 
measure the time of tlie first response peak by referring to the initial instant of 
the pulse. In other situations, it is more practical to determine the delay between 
the displaced cosine pulse peak and the first response peak. These two durations 
are uniquely related since 


(PRD) = 



pulse response delay 


(32-16) 


where 

t,,p, = time of response peak; ifp^, = time of pulse height; 'Tp = pulse duration 

32.124. From the measured data, the first response peak - pulse height ratio 
and the peak response delay - pulse duration ratio are computed. Alternatively, 
the pulse duration - peak response time ratio may be found for the nondimensional 
time quantity. Figures 32-42, 32-43 and 32-44 show how these nondimensional 
ratios vary as a function of damping ratio and pulse duration - undamped natural 
period ratio. By plotting the appropriate forms of the computed data as indicated 
on each of these figures, the damping ratio and undamped natural period of a 
(0;0,1,2) measuring instrument may be determined. 

32.125. In Fig. 32-42, the ratio of the height of the first response peak to the 
pulse height is plotted as a function of the undamped natural period - pulse duration 
ratio. Curves for constant damping ratio are plotted on a log-log scale, with one 
loru equal to 5 inches. The abscissa is comparable to a frequency ratio employed 
in steady-state sinusoidal response curves. The ordinate may be likened to a 
dynamic amplitude ratio. The plotted curves bear a resemblance to the steady- 
state sinusoidal response curves shown in Fig. 32-20. The curves are asymptotic 
to unity at the left-hand side for small values of the abscissa. They are all asymp¬ 
totic to straight lines with a slope of -1 for large values of the abscissa, rather 
than a slope of -2 as in Fig. 32-20. The maximum value of the first response 
peak - pulse height ratio never exceeds 2. While the curves are asymptotic to 
parallel lines of slope -1 for large values of the abscissa, there does not seem to 
be a common break point as for the steady-state sinusoidal responses. 

32.126. By plotting the ratio of the first response peak delay to the pulse du¬ 
ration as a function of the undamped natural period - pulseduration ratio, the curves 
shown in Fig. 32-43 are obtained. Curves for constant damping ratios are given, 
with the ordinate plotted to a uniform scale and the abscissa to a logarithmic scale 
for which one loru is equal to 5 inches. Figure 32-43 corresponds to the dynamic 
response angle curves shown in Fig. 32-21. The peak response delay - pulse 
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duration ratio tends to zero for small values of the abscissa, but increases indef¬ 
initely as the poise duration decreases compared with the undamped natural period. 
There does not seem to be a limit value as for steady-state sinusoidal responses. 
The curves cross over for values of the abscissa between 1 and 3, rather than at 
a unique point as in Fig. 32-21. Lightly damped measuring instruments suffer 
less response delay than more heavily damped ones when the pulse duration is 
long compared with the undamped natural period, while the reverse condition holds 
for short-duration pulses. 

32.127. Thecurve families of Figs. 32-42 and 32-43 may becombinedtopro- 
duce a curvUinear grid. One way to do this is shown in Fig. 32-44, which is an 
extended plot of Fig. 25-16 of Chapter 25. The coordinates are plotted to a uniform 
scale. The ordinate is the same as for Fig. 32-42, namely the first response 
peak - pulse height ratio. Theabscissacorrespondstotheordinate of Fig. 32-43, 
but in Fig. 32-44 it is taken as the pulse duration - response peak time ratio. The 
solid lines represent curves of constant pulse duration - undamped natural period 
ratio, the inverse of the abscissa for Figs. 32-42 and 32-43. The dashed lines 
correspond to constant damping ratio curves. 

32.128. The limiting situation as the displaced cosine pulse durationin- 
creases is for the response to be identical with the forcing function. In the 
limit, the first response peak - pulse height ratio becomes unity, while the pulse 
duration - response peak time ratio becomes equal to two. The curves show that 
for sufficiently large damping ratios, the response function approaches the limit 
uniformly. However, for lightly damped measuring instruments, the situation is 
more complicated. Four responsecurves are shown in Fig. 32-45 for a measuring 
instrument with a damping ratio of 0.01. The ratio of the pulse duration to the 
undamped natural period Increases from 1.5 to 3. When this ratio is 1.5, the first 
response peak occurs after theforcingfunction peak, and a well-defined oscillatory 
transient exists after the termination of the pulse. The first response peak is sharp 
enough to define the time at which the maximum occurs. For a pulse duration - 
undamped natural period ratio equal to 2, the transient has effectively vanished at 
the end of the forcing function pulse. When this time ratio is 2.6, an oscillatory 
transient reappears. The first response peak is somewhat misshapen and the 
maximum occurs prior to theforcingfunction peak. When the time ratio is 3, the 
oscillatory transient has again been suppressed. The first response peak is so 
broad that it is difficult to locate the maximum precisely. 

32.129. This condition occurs because to the measuring instrument the forcing 

function for large pulse durations resembles an increasing ramp followed by a 
constant value followed by a decreasing ramp. When the damping ratio is small 
enough, the measuring instrument response follows the input closely during the 
first increasing portion. At the crest of the displaced cosine pulse, the measuring 
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Displaced cosine pulse forcing function 



Fig. 32-45. Typical displaced cosine pulse function responses of a measuring instrument with a 
very low damping ratio (0;0,l,2) performonce equation. Pulse duration is long compared with 

undamped natural period. 

instrument response transient becomes dominant. The location of the response 
maximum depends upon the transient excitation and the position of the first oscil¬ 
latory peak during the pulse. 

32.130. When imperfections due to uncertainties are present in the response, 
the location of the peak for responses like the bottom curve in Fig. 32-45 may be 
rather imprecise. For this reason, it is not recommended that the curves in 
Fig. 32-44 be used when the abscissa is greater than two. 

DISPLACED COSINE PULSE FUNCTION TEST OF A RECORDING OSCILLOGRAPH 

32.131. An example of displaced cosine pulse function test procedures is 
illustrated in Fig. 32-46. The measuring instrument being tested is the recording 

oscillograph shown previously in Fig. 32-30. A special film drive is used to re¬ 
place the one supplied with the Instrument in order to provide a higher film speed. 
As demonstrated earlier in this chapter, optical recording oscillographs may be 
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associated with (0;0,1,2) performance equations. The input forcing function is 
generated from the output of an oscillator with an electrical output, as shown in 
Fig. 32-46. The displaced cosine pulse controller allows one cycle of the oscillator 
output to be applied to the galvanometer when the pulse release button is depressed. 
After the passage of the displaced cosine pulse, the controller is restored to its 
original condition and it is necessary to depress the pulse release button to pass 
another pulse. The pulse duration is adjusted by changing the frequency of the 
oscillator output. The pulse height is controlled by attenuatingthe oscillator output. 

32.132. For the purposes of the test, it is necessary to use a second galva¬ 
nometer to provide an output forcing function trace. The reference galvanometer 
is chosen to have an undamped natural frequency much greater than the one being 
tested. 

32.133. The sensitivity of the galvanometer is determined from d-c inputs 

and is found to be 0.061 millivolt per millimeter. Four pulses are applied, with 
durations of 0.2, 0.1, 0.05 and 0.02 second. The resulting traces are shown in 
Fig. 32-47, along with the reference trace for each pulse. The height of each input 
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response records from on optical recording 

oscillograph. 


pulse as weU as the corresponding 
first response peak height are meas¬ 
ured from the records. Each peak 
response delay is determined by com¬ 
parison with the pulse duration as a 
reference period. It is helpful to 
provide marks indicating the begin¬ 
ning and end of the displaced cosine 
pulse. 

32.134. The information de¬ 
rived from the traces shown in 
Fig. 32-47 is presented in Data Anal¬ 
ysis Summary 32-3 with derived 
quantities suitable for use on the 
prepared curve families. The first 
three columns and the fifth are meas¬ 
ured data. The other three are de¬ 
rived nondimensional ratios. By 
taking the height of the response to 
the longest pulse as a reference, the 
values of the nondimensional response 
peak - pulse height ratio shown in 
the fourth column are computed from 
the second and third columns. The 
two types of time ratios given in the 
last two columns are self-explanatory. 

32.135. The data from the 
fourth column of Data Analysis Sum¬ 
mary 32-3 is plotted as the ordinate 
of Fig. 32-48, while the abscissa 
comes from the extreme right-hand 
column of the summary. The points 
fall on the curve for which the damp¬ 
ing ratio is unity. Two values of 
the pulse duration - undamped nat- 

From the pulse duration corresponding 


ural period ratio have been determined, 
to each point, it is found that the undamped natural frequency is a little greater 
than 41 cycles per second. 

32.136. Figures 32-49 and 32-50 have been constructed by plotting the data 
from the fourth and sixth columns of Data Analysis Summary 32-3 to the indicated 
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Fig. 32-SO, Plot of peok response delay-pulse durotion ratios from displaced cosine pulse tests of 

on optical recording oscillograph. 

ordinates and adjusting the abscissa values for the best fit. The plotted points in 
eachcasefall on theunitydampingratiocurve. From the abscissa values of these 
points, the undamped natural frequency is found to be between 41 and 42 cycles 
per second. These frequency values compare favorably with the information in 
OataAnalysisSummary 32-2, obtained by an analysis of step function response. 
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CHAPTER 33 


PRESSURE-MEASURING SYSTEMS 

Y. T. Li 


INTRODUCTION 

33.1. Pressure measurements in gases, fluids and solids are of primary im¬ 
portance not only for science and industry but also for military applications and the 

commonplace activities of everyday living. Science is often interested in accurate 
measurements over a wide range of pressures; Industry is generally concerned 
with pressure data for either automatic or manual control of processes. Modern 
military equipment such as jet aircraft could not operate without pressure- actuated 
instruments, while systems such as home heating plants and automobiles provide 
pressure gages as normal equipment to be used in routine operations. 

PRESSURE-MEASURING UNITS 

33.2. Many physical principles are applied in pressure-measuring devices, 
which vary in complexity from the simple Bourdon tubes or bellows devices used 
for automobile oil-pressure indications to the complex electrical systems re¬ 
quired to record the cylinder pressures of modern high-performance Internal 
combustion engines.* When a single unit receives the pressure input and also 
provides the pressure scale readings, the situation is often generally similar to 
that described in Chapter 2 for the diaphragm-type pressure gage. Chapters 2 
through 8 outline a procedure that may be applied to describe the physical 
features and set up the performance equation of any pressure-measuring unit. 

33.3. When performance equations are available for specified units, the 
methods developed in the chapters of Volume II may be applied to find the pres¬ 
sure readings for given input variations and other performance information. A 
typical pattern for presenting these data is given in Specification 29-1. The problem 
of writing specifications is especially simple when the unit can be described by 
first- or second-order differential equations, because it is possible to apply the 
procedure developed in Chapters 31 and 32. In any case, the generaUzed concepts 
discussed in Chapter 29 for describing indicating and measuring instruments may 
be used to meet the requirements of special situations. 

• Bourdon tubes: see Vm det Pyl (V2); sutonobUe oU-ptessure gage: see Blsnchwd (B20); engine indi- 
catofs: see Draper and Li (D13) *ad Gtinstesd, Frawlejr, Chapman and Schultz (Gl 1). 
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PRESSURE-MEASURING SYSTEMS 

33.4. In practice, it is often impossible to carry out satisfactory pressure 
measurements over a wide range of application with any single unit. This is 
understandablebecause access to the source of input pressure is frequently limited 
to a small space with such unfavorable environmental conditions that it is impos¬ 
sible to mount and use any satisfactory single pressure-recording unit. In addi¬ 
tion to problems of this kind, it is very often completely out of the question to 
combine all the necessary mechanical and electrical functions in one package of 
feasible size. For example, high-speed piston-engine pressure indicators must 
have small receivers capable of withstanding severe shock and vibration while 
generating interference-free signals for use with amplifying and recording equip¬ 
ment of considerable weight and size. This means that apressure-measuringunit 
must often be replaced by a pressure-measuring system that comprises a group 
of components, eachselectedto provide one of the functions that must be combined 
to produce satisfactory over-all performance. 

33.5. The discussion of this chapter is largely concerned with procedures 
for using the methods of Volumes I and n in the development and specification of 
performance characteristics of pressure-measuring systems. From the stand¬ 
point of the measurement problem discussed in Chapters 8 and 29, the components 
required are arranged so that they fall into the class of open-chain systems under 
the definition of Fig. 3-3 of Chapter 3. In the present chapter, attention is con¬ 
fined to systems of this type. Units that appear as parts of measuring-system 
chains may contain feedback loops, however. The theory of such loops is consid¬ 
ered in Chapters 36 and 37, but is disregarded in this chapter as being a detail 
of internal design in units whose properties of concern here are externally meas¬ 
urable performance characteristics only. 

METHODS OF PERFORMANCE ANALYSIS 

33.6. Performance characteristics for complete pressure-measuring systems 
can be derived from the differential equations associated with the performance of 
individual components by combiningthe component equations into a single equation. 
The required information can then be derived from the solutions of the single equation, 
carriedoutbythemethodsdescribedinChaptersl4throughl9. A generally useful 

alternative procedure is to transform the differential equations for individual com¬ 
ponents into relating functions of the type discussed in Chapter 17. This change in 

form has the effect of replacing problems in differential equations by much less 
difficult problems in algebra. Definition Summaries 28-6, 28-7 and 28-8, which 
outline concepts andnotation developed in Volumes I and n, show that the relating 
function, which is basically an abstract mathematical concept, corresponds to the 
performance function when a specific physical situation is considered. 
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33 7 Performance characteristics for operating systems are particularly 
easy to describe when attenUon is concentrated on physical quanUty changes re^ 
resented in terms of sinusoidal forms by one or more of the 
in Chapter 12. When the physical systems involved are made up of 
components with characterlsUcs that may be described by first- or second-order 
differential equations, steady-state sinusoidal performance information is im¬ 
mediately available from the curve famiUes developed in Chapters 18 and and 
applied to measurement problems inChapters 31 and 32. When a number of open- 
chain connected components have either first- and second-order characteristics 
or sinusoidal performance that must be representedby plots for more compUcate 
relaUonships, it is convenient to derive results by use of the complex plane pro¬ 
cedures of Chapter 23 or the graphical techniques described in Chapter 24. In 
many situaUons, it may also be advantageous to handle performance function 
problems in terms of the forcing-pulse method of attack described in Chapter 25. 

33.8. The units involved in the discussion of this chapter are all assumed to 
be functionaUy stable under the definitions of sUbiUty given in Chapter 20. When 
components of this kind are combined to form open-chain systems, amplitude 
ratio and dynamic response angle curves are convenient for building up over-all 
performance information. The procedure in any given situation is some special 
case of the generalized frequency response technique discussed in Chapter 24, 
Applications of this technique are given primary importance in this chapter. 

STATIC-FUNCTIONAL DIAGRAMS FOR PRESSURE-MEASURING UNITS AND SYSTEMS 


33.9. Figure 33-la is a static functional diagram, based on the pattern es¬ 
tablished in Definition Summaries 29-1 and 29-2, for representing the essential 
features of all pressure-measuring instruments* or pressure-measuring systems. 
A pressure receiver of some kind is acted on by the input pressure and produces 
a corresponding pressure receiver signal. This signal is applied to a coupling 
system, which generates a signal suitable for operation of the indicating system . 
The output of this system is the indication, ** which gives the indicated pressure 
reading when it is properly interpreted with the aid of the scale. Figure 33-la 
differs from Fig. 2-6 of Chapter 2 by the replacement of the "coupler" by a 
coupling system, and by the omission of the linear acceleration interfering input. 
The components of the diaphragm-type pressure gage described in Chapter 2 fit 
immediately into the pattern of Fig. 33-la. 

33.10. Figure 33-lb illustrates a breakdown of the spring-and-piston-type 
engine indicator described in Figs. 8-1 and 8-2 of Chapter 8 into the operating 

* As a maner of conveoieoce, the texms pressure^measuriog iostnupent and pressure«measuriog uaic are 
used iocerchaogeabl/ co iDeao any anangement of devices chat operates to produce pressure measuremeDts, 
•• See Chapter 29. 
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Note: The pressure receiver* tncy be ony ^vice designed to 

receive pressureond produce o suitable electrical signal. 
Several examples oi such pressure receivers ore shown In 
rig. 33-4. 


Note: A cothode-rayaBcllloscope Indicating system is shorn 
In the dlaqram. In practice, the indlcotlng sy*t«'" 
be on oscillograph of any type. 


The pvess^e receiver Is olten colled the 'Vre^nure pickup/' 

d) Siatic^lijncfionol dioorom for qo e/eefneo/ pre5$ttfa*meo$i^/ng system 


Fig. 33*1. illustrotive stolic-funcfionol diogroms of pressure-meosuring instruments ond systems, 
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component pattern of Fig. 33-la. Figure 33-lc shows a similar diagram for a 
diaphragm-type optical engine indicator.* The receiver is a simple diaphragm 
that subjects a system of mirrors in the coupling system to rotaUons when the 
diaphragm bends under a pressure input. The indicating system is made up of a 
Ught source, lenses and a prism that combine to deflect a Ught beam when the 
coupUng system mirrors are moved by diaphragm bending. The scale is associ¬ 
ated with photographic paper** mounted on arotatlng drum that is effectively part 

of the indicating system. 

33.11. Spring-and-piston-type engine indicators and optical engine indicators 
are typical pressure-measuring units capable of handling changing pressures. 

In practice, the many existing examples of these instruments*** are not satisfactory 

for use with modern high-speed piston engines, because they are so large that 
they can not be fitted into the space available near operating cylinders. They are 
also unsuitable for making records that are free from the interfering effects of 
temperature changes, shock, and vibration. In addition to these troubles, it is 
also practically impossible for spring-and-piston-type instruments to meet the 
dynamic performance specifications that are required in modern practice. 

33.12. The difficulties outlined in the previous paragraph may be reduced to 
tolerable levels by means of systems based on electronic amplifying and recording 
techniques. The general features of a typical electrical pressure-measuring 
system**** are illustrated in Fig. 33-ld. The receiver is a small, rugged pressure 
pickup, designed to be screwed into an engine cylinder opening, that produces an 
electrical signal corresponding to the pressure input. This signal acts as the 
input for an electronic amplifier that provides the coupling function. The indicating 
system is a cathode-ray oscillograph that receives the coupling amplifier output 
and produces deflections of a light spot as the indication. The scale is a grid 
superposed on the face of the cathode-ray tube. In practice, any oscillograph 
with proper performance characteristics may be used instead of the cathode- 
ray instrument shown in the illustrative diagram of Fig. 33-ld. 

33.13. Many physical principles have been applied in receivers for pressure¬ 
measuring systems, but the commonly available units usually generate electrical 
signals, so that it is possible to use electronic amplifiers for coupling purposes. 

In practice, the indicating system unit is usually a cathode-ray oscillograph or 
an electromechanical recording oscillograph with a D'Arsonval galvanometer of 


* See Heldt (H12) aod Nakuiishi, Ito aad Kicaaura(N4). 

*■ The scale might be printed on the paper, but it is toore often associated with a separate ruler or 
template to be applied when finished records are available for study. 

••• See Dejohasz (D12). 

•••• See Draper and Li (D13), Grinstead, Frawley, Chapman and Schultz (Gil), U ai5), and Taylorand 
Draper (T8). 
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the type discussed in Chapter 32. Magnetic tape recorders or punch-card-type 
recorders are also used in limited applications. 

TYPICAL PRESSURE.MEASURING INSTRUMENTS 

33.14. Figure 33-2 illustrates two pressure-measuring-unit types that are 
commonly used as gages for static or slowly varying pressures. The fluid ma¬ 
nometer of Fig. 33-2a balances the pressure of a Uquid column against the input 
pressure. The height of the supported Uquid column is a direct measure of the 
pressure. Bourdon-tube gages with the features of Fig. 33-2b are the staple in¬ 
struments of the pressure-measuring field. In operation, pressure is appUed to 
a bUnd, curved elastic tube of oval cross section. The forces generated by this 
pressure tend to move the closed end of the tube by straightening out the curve. 

A mechanical linkage transforms this motion into rotation of a shaft that carries 
the index. The indication is the angle of the index from its zero-pressure position. 
For any given indication within the operating range of the gage, pressure readings 
may be taken directly from the scale. 



o) monomefef 


b) 8o*jnion‘tvbt prtsturt gogt 


Note: Per t*a\het detaUi ol constrtidlon, eee leits on eAglA^erlrtg InAtrumenlt; Diederlch# and Androe (D7)» 


Fig. 33*2. Essential features of two commonly used pre$$ure*measuring instruments. 
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33.15. Mechanical pressure gages of the Bourdon-tube type or the diaphragm 
type described in Chapter 2 must be calibrated against known inputs in order to 
insure satisfactory readings. On the other hand, fluid manometers are primary 
standard instruments* when the density of the liquid and the acceleration of 

gravity are given. 

33.16. In many cases, the characterisUcs of pressure gages Uke those il¬ 
lustrated in Fig. 33-2 are essentially those of first- or second-order systems. 
This means that it is often possible to use the curve families of Chapters 31 and 
32 as sources of performance data in any specific situation. The detailed working 
out of an illustrative pressure-gage example is omitted at this point because it 
would not add any new feature to the general principles already developed. 

33.17. Figure 33-3 shows the features of two typical automobile oil-pressure 
gages. Each of these instruments consists of a receiver exposed to the input 
pressure, and an indicating unit , mounted on the instrument panel, with an elec¬ 
trical circuit interconnection. The pressure receiving element of the gage shown 
in Fig. 33-3a is a diaphragm that deflects under pressure to move the slider on a 
wire-woundcoil and reduce the resistance of a circuit energized by the automobile 
battery. The indicator unit is a moving-magnet galvanometer with two field coils 
and three pole pieces. The pole pieces are magnetically coupled through the case 
of the indicating unit. The current in one of the colls is controlled by the resist¬ 
ance of the recelverunit circuit and causes the magnetomotive force of this coil to 
vary as a function of input pressure. The winding of the second coll is connected 
directly between the battery supply terminal and ground and produces a constant 
magnetomotive force. The direction of the resultant magnetic field depends on 
the relative strengths of the two field coils. The permanent magnet of the gal¬ 
vanometer is pivoted so that it is free to rotate, and in operation It aligns itself 
with the direction of the resultant flux fieldproduced by the two coils. The Index 
is rigidly attached to the magnet. The two coil circuits, both supplied by the same 
battery, produce a compensating action as far as battery voltage is concerned. 

33.18. Figure 33-3b shows a pressure-gage system utilizing a thermal follow¬ 
up system for driving the indicating pointer. The pressure receiver consists of 
a diaphragm similar to that shown in Fig. 33-3a. The deflection of the diaphragm 
closes a pair of electrical contacts, one of which is mounted on the tip of a bi¬ 
metal strip, while the other is at the end of a cantilever mechanically driven by 
the diaphragm. When the contacts are closed, current from the automobile battery 
flows in a resistance coil wound around the bimetal strip. This strip is mounted 
so that it moves its contact away from the cantilever point when it is heated. This 
means that in operation the intermittent current causes the strip deflection to 
match the pressure-determined position of the diaphragm contact. The indicating 
unit conta ins a bimetal strip and resistance-winding combination similar to that 

* See discussioo of Fig« 
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W Bimtfal’Strip'typt otl-presttfe goge 


Fig. 33-3. Typical automobile-engine oil-pressure goges. 

used in the receiver. This winding is connected in series with the receiver winding 
so that the deflection of the indicating-head cantilever tends to match the movement 
of the bimetal in the receiver. This deflection is changed to a rotation of the index 
by a mechanical coupUng Unk. Index positions are associated with pressure read¬ 
ings by means of the scale, which usually carries a coarse graduation. 

33.19. The performance characteristics of the pressure-indicating systems 
shown in Fig. 33-3 are somewhat more complicated than those of the gages shown 
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In Fig. 33-2. However, the primary object of the ordinary oil-pressure gage is 
to give reUable readings of relaUvely low accuracy under conditions in which 
dynamic performance characteristics are not important. Because of construc- 
Uonal features that are dictated by reUability, price, and production considerations, 
performance analysis of gages Uke those of Fig. 33-3 present problems that are 

not considered here because of their specialized nature. 

33.20. Dynamic performance characteristics are relatively unimportant for 
pressure gages like those of Fig. 33 - 2 , in whichhighstatic accuracy is of primary 
interest, or the gage types of Fig. 33-3, in which reliability and cost are primary 
considerations. On the other hand, high-quality dynamic performance in units 
with low sensitivity to interfering inputs is an essential characteristic for re¬ 
ceivers to be used in pressure-measuring systems of the type illustrated in 
Fig. 33-ld. Figure 33-4 gives illustrative pictorial diagrams and functional 
diagrams for seven electrical signal generating receivers that have such high- 
quality performance. 

33.21. Diaphragms are used as pressure receiving elements for all the 
receiver types of Fig. 33-4 except that shown in section f. In each case, the 
diaphragm is exposed to the input pressure on the outer side and to some refer¬ 
ence pressure on the other side, which is internal to the unit. The unit shown in 
section f uses a flexible metal bellows as the receiving element. The output of 
each receiving-element type is, in general, a mechanical displacement that is ap¬ 
plied as the input to the pressure receiver signal generating system to produce 
the pressure receiver signal as the output. 

33.22. In Fig. 33-4, each type of pressure receiver is represented in a 
separate row according to a common pattern. A pictorial diagram of the unit 
appears at the left-hand side; a static-functional diagram Is shown next; and the 
corresponding basic electrical circuit diagram is given at the right-hand side 
of each row. 

33.23. Figure 33-4a shows the essential features of a carbon-disc-stack 
resistance bridge receiver.* The carbon-disc stacks are mounted under an ad¬ 
justable pressure on either side of a steel cantilever beam that is connected to 
the pressure-receiving diaphragm by means of a steel rod. Each stack is one of 
the adjacent arms in a Wheatstone bridge, with wire resistors as the opposite 
pair of arms. These wire resistors are located in the pressure receiver unit 
so that the interfering effects of temperature can be minimized by maintaining all 
bridge arms under the same environmental conditions. The bridge is excited 
with either alternating-current voltage or direct-current voltage applied across 
one pair of arm connection points. The voltage taken from the other pair of arm 
connectio n points is the pressure receiver output signal. This signal is made a 

* See Mania aod Caris (Ml6)* 
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function of the input pressure by the action of the connecting rod, which bends the 
cantilever and unbalances the bridge by changing the resistances in the carbon- 
stack arms through variations in compression between the discs. 

33 24. Figure 33 - 4 b illustrates the essential features of a strain-gage pres¬ 
sure receiver of the catenary-diaphragm type.* The pressure receiving element 
is a diaphragm designed with a double catenary shape to have maximum load¬ 
carrying capacity with minimum bending stiffness. The outer radius of the dia¬ 
phragm is fixed to a shell (the receiver body) that screws into the vessel con¬ 
taining the pressure to be measured. At the inner boundary of the catenary annulus, 
the diaphragm is supported by the end of a strain tube whose radius is approximately 

equal to the shell radius. The diaphragm itself is so thin that the strain tube 
carries substantially all of the load corresponding to the input pressure. This 
means that strain in the tube is effectively proportional to the input pressure. 

33.25. The pressure receiver signal generating system consists of the strain 
tube and two electrical-bridge arms of strain-sensitive wires bonded to the tube 
with high-temperature-resisting cement. Because the two arms occupy effectively 
the same space, they are subjected equally to all temperature variations, which 
thus have compensating effects as far as the output signal is concerned. One 
strain-gage winding has its wires looped parallel to the axis of the strain tube, 
while the other arm is looped circumferentially around the tube. With this ar¬ 
rangement, a given compressive strain in the tube produces a maximum net re¬ 
sistance unbalance between the two strain-wire bridge arms. 

33.26. Two resistance-wire bridge arms, connected together through a poten¬ 
tiometer for balancing purposes, complete the resistance bridge as shown by the 
circuit diagram of Fig, 33-4b. Excitation, which may be either a-c or d-c, is 
supplied to the bridge across one pair of interconnection points for the arms. 
The voltage change appearing across the opposite pair of bridge connection points 
is the pressure receiver signal. 

33.27. Figure 33-4c illustrates the essential features of a capacitance-type 
pressure receiver** whose pressure receiving element is a flat diaphragm. The 
deflection of this diaphragm under pressure changes the capacity of the condenser 
formed by the air gap, the inner surface of the diaphragm, and a fixed electrode 
parallel to the low-pressure surface of the diaphragm. The circuit diagram 
shows this condenser as an element of a tuned circuit in a rectifier detector system. 
The circuit is designed so that a variation in the condenser air gap causes a capacity 
change, which in turn modifies the resonant frequency of the tuned circuit. When 
this frequency changes with respect to the fixed-frequency oscillation of the ex¬ 
citation supply, the associated electrical circuits produce a voltage change that is 

* See Draper and Li (D13). 

** See Giiastead, Frawley, Chapmaa aod Schultz (Gil), 
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picked up by an inductively coupled winding and then rectified. This rectified voltage 
is the output signal of the pressure receiver. 

33.28. Figure 33-4d shows the elements of a tuned-ribbon-type pressure 
receiver.* The pressure receiving element consists of a diaphragm and a thin 
strip of metal ribbon stretched between the diaphragm and the receiver body. 
The natural frequency of the ribbon in its lateral mode of vibration is a function 
of the tension of the ribbon. Since the tension of the ribbon is determined by 
diaphragm deflections, a change in the pressure applied to the diaphragm causes 
a change in the natural frequency of the ribbon. The ribbon motion is linked 
through the coils and magnetic circuit shown to an electronic unit that supplies 
power to the coils. The complete electromechanical system acts as an oscillator 
whose frequency is determined by the ribbon tension. The frequency of this oscil¬ 
lator is the output of the pressure receiver. 

33.29. Figure 33-4e shows the essential elements of a piezoelectric-type 
pressure receiver.** The pressure receiving element consists of a diaphragm 
supported by a piezoelectric material, such as an X-cut quartz crystal. In principle, 
the elastic portion of the receiving element is composed of the combined structure 
of the diaphragm and the crystal, although the crystal is also used to produce the 
electrical signal. When pressure is applied to the diaphragm, a certain amount 
of strain is placed on the crystal, and an electrical charge is produced on the 
crystal faces due to the piezoelectric action. A voltage is determined by the 
charge, the capacity of the condenser formed by the crystal, and the leakage in 
the electrical connections to its surfaces. This voltage is the output signal of the 
pressure receiver. 

33.30. Figure 33-4f shows the arrangement of the components in a typical 
bellows-inductance-type pressure receiver. The pressure receiving element of this 
receiver is a bellows supported by a coil spring to increase its mechanical stiff¬ 
ness. The deflection of the bellows under pressure produces axial motion of an 
iron sleeve inside a series of three coils. These coils are used as a transformer, 
with the center coil serving as the primary and the outer two coils as the second¬ 
ary. The two secondary coils are connected in series opposition, so that with the 
cylindrical iron armature sleeve in its magnetically centralized position the net 
voltage output is zero. The armature is mechanically connected to the free end 
of the bellows and adjusted so that zero electrical signal occurs for zero input 
pressure. A constant frequency excitation is supplied to the primary of the 
signal generating system. The terminals of the series-connected secondaries join 
the ends of a potentiometer, with the common point connected to the slider for 


• See Ohnan (04). 

•• Sec Head (HID. 
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balancing purposes. The pressure receiver output signal is taken from the po- 
tentiometer terminals. 

33.31. Figure 33 - 4 g shows the arrangement of a magnetostriction-type pres¬ 
sure receiver. The pressure receiving element of this unit consists of a diaphragm 

supported by a column made of some magnetostriction material such as nickel. 
A ring-shaped magnet is placed on top of the column. The case of the receiver 
and the diaphragm complete the magnetic flux circuit. A coil is placed outside 
the column to sense a change in flux. In operation, a change of pressure applied 
to the diaphragm causes a change of strain in the column and so produces a change 
in magneUc flux, which in turn produces a voltage across the coil. Because the 
coil can produce a voltage signal only in proportion to a change of flux, a device 
like this is virtually a rate-of-change-of-pressure pickup. An integration unit 
must be used if a pressure signal is desired. 

PRESSURE-MEASURING SYSTEMS AS OPEN-CHAIN SYSTEMS 

33.32. Pressure-measuring devices of various kinds are represented by 
illustrative diagrams in Figs. 33-1, 33-2, 33-3 and 33-4 from the standpoint of 
physical features. By judicious applications of the method illustrated in Chapters 2, 
3, 7, 8, 31 and 32 it is possible to set up a more or less exact performance equa¬ 
tion for each of the instruments described. When pressure-measuring units are 
considered, the technique in any given case is substantially identical with that 
demonstrated in the chapters noted. On the other hand, when systems are made 
up by the combination of several components, the procedure used for single units 
must be generalized to provide satisfactory solutions for the engineering prob¬ 
lems of measurement. The illustrative diagrams of sections a and d of Fig. 33-1 
show that measuring systems may be represented as open-chain combinations of 
operating components. This means that, from the standpoint of theory, the problem 
of developing performance equations for measuring systems is a special case of 
the problem of deriving the performance equation for the generalized open-chain 
system illustrated by Fig. 3-3 of Chapter 3. 

33.33. Open-chain system performance equations depend on the performance 
equations for the operating components that make up the chain. For the purposes 
of the present discussion, it is assumed that performance equations or effectively 
equivalent information is known for each operating component before any attempt 
is made to derive the performance equation for a complete system. It is im¬ 
material whether or not the internal organization of the components involved 
follows an open-chain pattern or some closed-chain pattern so long as proper 
information on the over-all performance that may be measured externally is 
available. For example, when a self-balancing bridge recorder has certain response 
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characteristics for indicating-system application, it is unimportant whether or not 
these characteristics depend on servomechanism actions within the recorder. 

33.34. In the developing pattern of this book, the discussions of Chapters 31 
and 32 have concerned themselves with typical measurement devices having per¬ 
formance characteristics describable by first- and second-order differential 
equations, respectively. The next step in complexity is the open-chain system 
made up of components with known characteristics. The pressure-measuring 
system is actually only one of many examples that fall into the open-chain category, 
but because of its place in a lexical sequence of instruments with increasing 
complexity, it will be used in this chapter to illustrate methods suitable for treat¬ 
ing generalized open-chain systems. 

PERFORMANCE PROBLEMS ASSOCIATED WITH PRESSURE-MEASURING SYSTEMS 

33.35. Performance information on pressure-measuring systems should make 
it possible to predict the response in terms of indicated pressure to any given 
input variation, or to determine the input change that must have occurred toproduce 
a record of indicated pressure. In practice, the problems associated with de¬ 
scription of performance occur in two ways: 

1) Performance data are known for each component of the pressure- 
measuring system, and it is required to find the resultant perform¬ 
ance characteristics of the complete system. 

2) The measuring system is available in operational form, and it is 
necessary to determine performance characteristics from the re¬ 
sponse records produced by known input variations. 

A third variant of the performance problem is associated with design. In this 
form, the problem is to select the performance characteristics of each one of a 
number of components so that they may actually be realized in practice and at 
the same time may be put together in an open-chain combination with specified 
over-all performance properties. 

33.36. A very effective and widely used method ofattackfor all three aspects 
of the pressure-measuring-system performance problem is based on the steady- 
state response to a combination of sinusoidal input variations. This approach is 
generally useful because steady-sUte sinusoidal response is particularly simple 
to handle. The principles discussed in Chapter 12 make it possible to resolve 
many arbitrary pressure variations into the discrete sinusoidal components of a 
Fourier series. When the Fourier series representation is not satisfactory, it 
may be supplemented or replaced by Fourier integrals based on a continuous fre 

quency spectrum of sinusoidal components. 

33.37. When the representation of any given physical input is reduced to si¬ 
nusoidal forms, the essential operational characteristics of any measuring unit 
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or system that receives the input may be based on steady-state performance equa¬ 
tion soluUons.* The discussion of Chapter 17 shows that, under these circum¬ 
stances, differential equations may be replaced by easily derived relating fu^ 
tions that depend on forcing frequency and the equation coefficients. When the 
relating function is given, the response corresponding to a given sinusoidal forcing 
function component is found by taking the operational product of the relating func¬ 
tion and the expression for the input variation. Generalized procedures and tech¬ 
niques for applying relating functions to solutions of problems in terms of steady- 
state sinusoidal components are described in Chapter 24. The corresponding 
information for open-chain systems is outlined in Procedure Summary 33-1, and 
the theoretical background for first- and second-order systems is given in Deri¬ 
vation Summaries 33-1 and 33-2, respectively. 

33.38. The relating function is a concept derived from an extensive back¬ 
ground of mathematical reasoning. However, this background is not required for 
ordinary engineering applications of the relating function and, in fact, it is usually 
an advantage to stress the physical significance of the concept rather than the 
mathematical implications involved. For this reason, it is practically useful to 
make the term performance function , defined in Chapter 3 on the basis of physical 
considerations, mathematically equivalent to the relating function of Chapter 17. 
Under the meaning of Chapter 3, the performance function for an operating com¬ 
ponent describes the performance of the component to the extent that the compo¬ 
nent produces output variations corresponding to given input changes. A number 
of mathematical forms and graphical representation methods for sinusoidal re¬ 
sponse characteristics in performance function terms are defined in Chapter 13. 

PERFORMANCE FUNCTIONS FOR OPEN-CHAIN SYSTEMS 

33.39. Measurement and control systems and their subsystems that are 
organized as open- chain configurations fit into the pattern that appears in Fig. 33-1. 
When open chains are to be analyzed, the frequency-response procedure of Chapter 24 
is particularly effective. This technique may be applied by carrying out, in order, 
the stepsdetailedinProcedureSummary33-l. Through this procedure, beginning 
with descriptive functional diagrams accompanied by component performance func¬ 
tions, performance function information for the complete system may be obtained. 

33.40. From the standpoint of mathematical theory, the performance func¬ 
tion forms ofDefinition Summary 13-6 have the properties of the relating function 
as this conceptis defined and discussed in Chapter 17. The essential fact is that, 

as far as steady-state sinusoidal input components are concerned, the performance 


• H equations are not available, frequency response plots may be used to describe performance char- 
acteriscics* 
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1) Draw a funaional diagram for the system under consideration, with names and symbols for all essen¬ 
tial components and physical quantities. (Refer to Chapters 1, 2 and 3 of Volume I.) 


Input 

Quancicy 


Component 

a 

(oco) 


Output 


Output 1 


Output 

Quantity 
of (oco) 

Operating 

Component 

Quantity 
of (ocb) 

Operating 

Component 

Ouantit) 
of (occ 

^(oc<s) 

(ocb) 

^locb) 

(occ) 

^(occ) 


Component 

(oJd) 


2) List the operating characteristics for each of the components in terms of performance funaions. These 
functions may be (a) given as special equations, (b) identified with standard equation forms, and (c) 
given as graphical plots based on experimental data. (Refer to Chapters 3, 4, 5, 6, 7, 10 and 13 of 
VoluiDc 1.) For the system rcpreseoted by the fuoctiooal diairam: 

(<>Co) Operating com pooeot a 

= K(FR)(„(,, Pp Pj. . (1) 

where 

(FR). ■ ^ (2) 

”lref) 

Hi s forcing frequency 
^(ref) “ arbitrary reference frequency 

*-”(ref) ^alue that reduces the (FR},p^,j numbers to simple values. 

It is usually convenient to take as the multiple of ten nearest in value to the imponant 
undamped natural frequencies or reciprocal characteristic times of the components involved. 

P| I Pj . . . « special parameters for Eq. (1) 

(ocb) Operating compooem b 

by plots; 

I 1 

DRA 


log mm 


(Refer to Cbaptet 13.) 


log(FR),,,„ - log In,/«(,,,)1 




(r.O 


Procedure Summary 33-1. Logarithmic-scale-plot graphical method for finding oper>-cham 
performance functiorts from the performance functions of the operating components 

in the chains. (Page 1 of 3) 
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(occ) operating component c 

(Refer to DeriTation Summary 18*10 and Figs. 18*6 through 18*9.) 


seconds 


T - 1 

‘(ref) --JT 


seconds ; (l>p){ocel 


(r«f) 


(CT) 


(ref) 1 
2jt 

(occ) 


(3) 


{4).(5) 


(Refer to Derivation Summary 33'1.) 


(ocd) Operating component d 

(Refer to Derivation Summary 15^10 and Figs* 19*27 through 19*37e) 

■_cps ; (DR) » ■, 

!!(„„ --cps ; (bp)«,cd) - = - 

(Refer to Derivation Summary 3>2.) 



3) Reduce all performance functions to reference sensitivities and curves of the logarithm of sensitivity - 
reference sensitivity ratio and the dy namic response angle plotted against the logarithm of reference 
frequency ratio based on a common reference frequency. Use identical scales for all component func¬ 
tions. 

Note: Profiles moy be used to draw first- ond second-order performance function curves. These profiles 
are located by break points and the low-lrequency ratio asymptote (raler to Flqs. 24-5, 24-11 ond 
24-12). For convenience, eoch curve should be labieled with the Identifying letters of the operating 
component with which It Is associated. To avoid confusion when several components are Involved, 
it Is desirable to make the plots of the sensitivity-reference sensitivity ratio separate from the 
plots of the dynomic response angle. 

4) Sum the component curves graphically to generate plots of the sensitivity - reference sensitivity ratio 
and the dynamic response angle for the performance function of the complete system corresponding to 
the functional diagram of step 1. A technique fot carrying out this summation is described in Procedure 
Summary 24*1. 

5) Change the reference frequency ratio scale to a forcing frequency scale by marking the zero point on 
the reference frequency scale with the reference frequency and continuiag the logarithmic frequency 
scale on either side of this point. (Note chat for logarithms to be used, the frequency labels on the plot 
must actually be nondimensionat with the reference frequency in this special case taken as unity.) 

6) Find the reference sensitivity for the complete system as the product of reference sensitivities of the 
components; i.e., 

(7) 

Procedure Summary 33-1. Logarithmic-scale-plot graphicol method for finding open-chain 
performance functions from the performance functions of the operating components 

in the chains. (Page 2 of 3) 
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log [S(RS)R] 



Graphicol construction of sensitivity-rtforonco lonsitivity and dynomrc roiponso on 9 U eurvot 

for systom (s) described in step 4« 

Procedure Summory 33»I. Logorithmic-scale^plot grophicol method for finding open*choin 
performance functions from the performance functions of the operating components 

in the choins. (Poge 3 of 3) 
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funcUon for an open-chain system is the product of the performance functions for 

the components of the chain. This product may be 

a) generated by conventional mathematical processes when the per¬ 
formance functions are expressed by equation forms, 

b) found by numerical operations, or 

c) generated by graphical procedures when the performance function 
information is available in the form of curves plotted in one of the 
typical forms that are illustrated by Fig. 13-1 and the figures of 
Chapter 24. 

GRAPHICAL MANIPULATION OF COMPONENT PERFORMANCE FUNCTIONS TO PRODUCE 
OPEN-CHAIN SYSTEM PERFORMANCE FUNCTIONS 

33.41. The representation illustrated by the curves of Fig. 13-lc is partic¬ 
ularly effective for handling performance function problems with all degrees of 
complexity. Logarithms of frequency ratio are used for the abscissae, with dy¬ 
namic response angle and the logarithms of the nondimensional amplitude ratio 
as the ordinates. Because multiplication corresponds to the addition of logarithms, 
the logarithm of the nondimensional amplitude ratio for the resultant performance 
function may be plotted by a simple addition of ordinates for the nondimensional 
amplitude ratio curves that are associated with the performance functions of the 
components. In a similar way, the resultant dynamic response angle curve is formed 
by addition of the corresponding curves for the component performance functions. 

FIRST- AND SECOND-ORDER LOGARITHMIC-SCALE PERFORMANCE FUNCTION PROFILES 

33.42. The background theory associated with the use of logarithmic-scale 
plots for the combination of component performance functions to form resultant 
performance functions is developed in generalized terms by discussions given in 
Chapter 24. Specialized derivations for first- and second-order performance 
functions are outlined respectively in Derivation Summaries 33-1 and 33-2. These 
summaries also provide complete information for computing all the necessary 
parameters from performance equations. Graphical techniques based on the use 
of templates with properly shaped profiles for quickly drawing logarithmic-scale 
plots of first- and second-order performance functions are discussed in Chapter 24. 
Profiles of these two types may actually be combined to produce any arbitrary 
performance function. In addition to the profile method, component performance 
functions may be described by mathematical equations of any order, or may be 
based on plots made from experimental measurements of amplitude ratios and 
dynamic response angles. 

33.43. Plotting problems are simplified when equations are available for 
which standard-form profiles either may be purchased or made up as required. 
The generalized discussion of Derivation Summary 24-2 shows that it is always 
possible to make up a performance function for any arbitrary linear integro- 
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differential equation with constant coefficients from first- and second-order 
steady-state sinusoidal relating functions. In logarithmic coordinates, a wide 
range of situations may be covered by a relatively small number of profiles giving 
nondimensional amplitude ratios and dynamic response angles. These profiles 
have forms that are not affected by position on the abscissa scale and may be 
easily located on this scale by means of the break points defined in generalized 
terms in section a of Derivation Summary 24-2. 

33.44. The essential features of the generalized performance function de¬ 
velopment in Derivation Summary 24-2 are repeated in simplified forms in Deri¬ 
vation Summary 33-1 for the first-order differential equation and in Derivation 
Summary 33-2 for the second-order differential equation. These summaries 
express results in terms of an arbitrarily selected reference frequency and break 
points. These break points depend only on the coefficients of the differential equa¬ 
tions associated with the performance functions. In practice, the numbers rep¬ 
resenting the frequency ratios that are used for the logarithmic abscissa scale 
are simplified by choosing the reference frequency as the multiple of ten nearest 
in value to the important undamped natural frequencies or reciprocal character¬ 
istic times that are involved in any given problem. Profiles based on the final 
performance equation forms of Derivation Summaries 33-1 and 33-2 are used in 
finding solutions for many of the problems discussed in this volume. 

DYNAMIC ERROR EFFECTS IN TERMS OF SINUSOIDAL RESPONSE CHARACTERISTICS 

33.45. Dynamic error, as this term is defined in Chapter 6, appears in the 
scale readings of any measuring unit or measuring system when input variations 
become too rapid for the indicating mechanisms to follow accurately. The use of 
performance functions in the frequency response method provides an easily 
handled systematic pattern for reducing dynamic error information to quantitative 
terms. The basic features of this pattern are illustrated in Chapters 31 and 32, 
respectively, for units with first- and second-order characteristics. In this chap¬ 
ter, the pattern is extended to include open-chain combinations with an arbitrary 
number of components. Typical pressure-measuring systems are used as the 

illustrative examples for this development. 

33.46. When a sinusoidal input variation is applied to a measuring unit or 
system, the corresponding readings are subject to dynamic errors of two types; 

1) The over-all instrument sensitivity* is, in general, a function of the 
forcing frequency, so that it varies from the sensitivity for ideal 

performance. 

2) The dynamic response angle is a function of forcing frequency, so 
that, in general, it differs from the value for ideal performance. 

• This term is idemictl with che iapia gimgicy ~ scsJe readio^ sensititjty for a ncssuring iostnimeftt. 
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The (0:0,1) differcDtial equation has the form (refer to Definition Summary 18-1) 

a,v + a^v = bgU 

where 



q) Ceneroliz^ (0;0, J) difftrtnfiol equofiort 



Dividiog che terms of Eq* (1) by 0^ gives 

V + V a —i g 

In accordaDce with (be Dotation of Eq* (2)» Definition Summary 18* 1» define 
<7 a —- a dimeosiooal similarity factor 


r a (CT) a-Ti 

0 . 


characteristic time 


Note: Greek letters represent working variables. The symbol a Is used to mean '^corresponds to. 
In the symbols of Eqs. (3) and (4), Eq* (2) becomes 


It 


rv + V a <7U 


or 


(CT)v ♦ V a au 

bJ (0:0,1) diHnnntiol equation in sptciol notation form 


( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 


Consider the case of steady-state response to a sinusoidal forcing function (refer to Derivation Sum¬ 


maries 18-9 and 18-10)* 

Take (refer to Definition Summary 13*2) 


U a 


(7) 

it)i « 2irni a .20^ B 

T, 

angular forcing frequency 

(8) 

n| a forcing frequency 

; a ^ ■ forcing period 

(9) 

With the form of Eq* (7) substituted in Eq* (5) 



rv + V 

IdJii 

(10) 

Assume a solution of the form 



V 

a rjo 

(11) 


where 


V * * relating function (refer to Chapter 17) 

Equation (11) will give che steady-state solution of Eq* (10) when is constant and the proper form is 
used for v). 

Differeodating Eq. (11) gives 


V » IJU - 7J<U,Ua< ‘ - 710),U 
Subsdcutiag (he expressioDs of Eqs. (11) and (12) io Eq. (10) gives 

7(j ro>, -K l)u ■ <ru 


( 12 ) 


(13) 


Derivation Summary 33-1. (0;0,1) equotlon performonce function as the steady-state sinusoidal 
response for operating components with (0;0,1) chorocteristics: expressed in terms of reference 

frequency ratio ond break point. (Page 1 of 5) 
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Equation (13) is always true whtn is consranc 


1 ^ 


1 •f \2fTC 


(14a) 


Note that in common operational nocacioo» with p 


1 « 


d/dt, 


1 4^ p r 


(14b) 


Identifying the results with the (0:0,1) equation by means of the subscript (0;0,1), and using the noia* 
tion of tqs. (3) through (14) of Derivation Summary 18-10 gives: 

a *— = « [(CT)(FP}R] » characteristic time •forcing period ratio ( 15 ] 

X I 


n * — 


j2’ro 


10rA.j 


* P(r)(0;0,l)^0;0.n^ * (OlO.l) equation relating function 

^(r){ 0 ; 0 ,l) “ ^ ® (0;0,1) equation reference amplitude ratio (18) 

f‘io;o,ii“ t(t)AR)(RAR)R],„.,^„= ^ (19) 


\1 + (2ffa)^ 

» (0;0,1) equation dynamic amplitude ratio •reference amplitude 
ratio ratio (or (0;0,1) dimensionless amplitude ratio) 

^I0;o,i) " (20) 

- (0;0,1) equation dynamic response angle (or (0;0,1) phase angle) 

(See Figs. 18-6, 16-7, 18-6 and 18-9 for plots of l|.) 

c) Forms of fhe f0;0,l) equofion rtlofing fvncUon 


The relating function forms of £qs. (16), (17), (19) and (20) may be used to describe the behavior of any 
operating component with a single input and a single output and having performance characteristics that 
are desaibable by a (0;0,1) linear differential equation with constant coefficients. 

The typical functional diagram is 


Input 

Quantity 

'((In) 


Identified Operating Component 

(id) 


Output 

Quantity 

^(out) 


- <l(lnl ■ - %.i) 

In the notation of Eq$. (1). (3). (19), (20) and (21) of Definition Summary 13-6, and Definition Sum- 
maries 28-6, 28-7 and 28-6, 

„ ^ [Rp] —^ [PF]r,j^f- .a 1 " quantity - output quantity performance function of 

(Jn)' (out) identified operating component 

o m (RAR)rijif. 1 » input quantity-output quantity reference amplitude ratio for (id) 

^ (In)' (out) identified operating component 

Also 

0 n (RARlnj^ 1 • SimiL .fl \{tmi\ ® input quantity-output quantity reference 

Pr ^ sensitivity for (id) identified operating com¬ 

ponent 

u « f(DAR)(RAR)R]„.w input quantity-output quantity dynamic amplitude tatio- 

1* (id»q(in).<t(ou,)) ,e(cfcnce amplitude ratio ratio for (id) identified operatini 

—component 
* Se« Hlldebrond (HI3). 

Derivotion Summary 33-1. {0;0,1) equation performance function os the steady-state sinusoidal 
response for operofing components with (0;0,1) choractcristics: expressed in terms o re eren 

frequency rotio and breolc point. (Poge 2 of 5) 
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Also 


[(DAR)(RAR)R] 


(ld){q(in)Jq(out) 


rS(RS)Rl.jw 5= input quantity-output quantity 

^ **‘’(in)'‘*(out) sensitivity-reference sensi¬ 

tivity ratio for (id) identified 
operating component 


0 = (DRA),..w „ , = input quantity -output quantity dynamic response angle for (id) 

(out) ideniificd operating component 

Note: Square brockets. l,e.. [ 1, on the input^utput subscript meon that dimensions and algebraic signs «e 

gulred to completely detlne the symbol canylng the subscript. Bounded brockets, l.e.. 1 >. , 

subscript quantities ore for identlflcotlcn purposes only. (Refer to section b of Definition Summary 


Also define: 

n,, .-L .ini. [(CT)(FP)R] o characteristic timeforcing period ratio (repeated from 


T, 


Eq. (15)) 




T| 


(CT)n, a [(CT)(FF)P] a characteristic time-forcing frequency product 


( 21 ) 

( 22 ) 


"^(ref) “ arbitrarily selected reference period 


n 


(r«f) 


(r.f) 


reference frequency 


P, a (f^R)(ref) * — 


iUlL a reference frequency ratio 


(23) 


(reO 


[(RP){CT)R] a . 

(CT) 

Combining Eqs. (21), (23) and (24) shows that 

i^a [(CT)(FP)R] a JCT). LieIL 


B reference period ~ characteristic time ratio 


(24) 


n. 


Tf 


(ref) 


"(ref) T 


(FR) 


(ref) 


(ref) 


(CT) 


[(RP){CT)R] 


(25) 


d) Summary of performonce funcfion dtdnifions ond noforion for the specie/ cose of on operofing 

con^onenf wifh (0:0,1) choract^risfics 


From Eqs« (13)> (16)» (19)» (20), (21), (25)» (24) and (25), the definitions of performance function and 
reference sensitivity given in section d are 




s 


(ld)[q 


(ln)'‘’(out) 


](r«f) 


(ln)'‘*(out)' /ppi 

l+j2»r 


(26) 


[(RP)(CT)R] 


where 




(27) 


and also 




[S(RS)R] 




y 1 + ^ 2>r 


(28) 


TO.ref) V 
[(RP)(C'nR]>/ 


Derivation Summary 33-1. (0;0,1) equation performance function as the steady-state sinusoidal 
response for operating components with (0;0,1) choracteristics; expressed in terms of reference 

frequency ratio and break point. (Page 3 of 5) 
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'^.0:0.11= = tan 


.1 


- 2n 


(FR) 


(reO 


(29) 


[(RPKC-OR] 

Per(ormonce hnaion forms for operoUng components with {0;0.]} charocttristics in ferms of f/te re/erence 
frtqutncy rofio ond fht reference per^W* chorocfenstic f/me rotio 


Define 


(bp),-. . = [(RPKCDR Jm.p ,, _ ^ 


(0;0.1) 


2t lit Oj/Oj 

= (0;0,1) equation break point 

Ne!e: (bp)(g.j|_|j = (FP)(reO(bp)(0:0.1) “ lOjO.l) equation breokpolnt relerence frequency ratio. (Break point# 
are also called ccmer points.) 


(30) 


Combining Eq. (50) *ith Eqs. (26). (28) and (29) gives 






1* 


^(»dllq„„i;q,Ou,)llre« 


I+j 


. (FR) 


(31) 


(red 




V Up).o.o.. 


(32) 






(33) 


Also 


O' ti S 


b, 

“^>Kln):^(outlJ‘'*» “07 


(27) 

[repeated) 


For reference purposes, the basic (0;0,1) equation is 

OjV + o„v « bgU 


( 1 ) 

(repealed) 

f) Per/ormonce fencfion forms for optfofiog compontnfs with (0 :0, 1) cWocferisfi cs in forms of fht 

reference frequency rofio ond fhe breoik poiof 


Taking logarithms of both sides of Eq* (32) gives 


log [S(RS)R] ■ log 


1 ^ 


(FR) 


(ref) 


Then 


(FR)fr,., 

(^PU:0,1 


(^P)(0;0.1 


« 1 


- 1/2 


(34) 


(35) 


(hen 


log [S(RS)R](pp,/bp«i) ■ io8(J) “ c 


(36) 


which is the equation for the low frequency ratio asymptote, 
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When 


(FR) 


(r«f) 


>> 1 


(37) 




then 


(38) 

Pmo.o.uJ 

which t$ the equation for the high frequency ratio asymptote* 

The high frequency asymptote intersects the low frequency asymptote at the break point, also called the 
corner point , which occurs when 

so .ha. (FR),„,„o„ ■ (bp),.,,.,, (39) 

I^PmO;OJ) 

Note that (DRA)j^|,^j |j ■ tan"' (-1) ®-45^at the break point. 


^•Br^okpolnt line 

\ ™(r.n-M,o;o.n 

\ ' > Break point , olao coU 

ft / IKa f^pnAT riAtnt 


Low Irequancy ratio asymptote 
loq (S(RS)R)(pr/^,p«i,-o 


Break point , alao coiled 
the corner point 


\ 


.High frequency ratio osymptote 


\ 


\ 


^^Slope ■ • i 


log (FR),„(, 

g) Logarithmic plot nprMntathn of the (0;0,>) pefformonce fvnction 

Derivotion Summory 33-1. (0;0,1) equation performance function os the steady-state sinusoidal 
response for operating components with (0;0,1) chorocteristics: expressed in terms of reference 

frequency rotio and break point. (Page 5 of 5) 


-- 

The first effect causes actual reading magnitudes to differ from the corresponding 
correct reading magnitudes. The second effect causes a given point on a curve 
of indicated values to occur at an instant different from the correct instant. This 
difference in time is a special case of the response delay defined in Figs. 6-1 
and 6-2 of Chapter 6 and corresponds to a phase shift between the correct curve 
of measured values and the actual curve of measured values. 

33.47, When measurements are to be made of an input variation that may be 
represented by a single sinusoidal curve, or when attention is concentrated on 
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one frequency component of a complex wave form, a knowledge of instrument 
sensitivity for the given forcing frequency is sufficient information for obtaining 
accurate measurement information. On the other hand, when an instrument is 
required to supply records of input variations so complex that many sinusoidal 
components are required for satisfactory representations, variations in sensiti¬ 
vity and dynamic response angle withforcingfrequency must be considered. The 
ideal situation for measurement purposes exists when the over-all instrument 
sensitivity is unity for all important forcing frequencies and the dynamic response 
angle remains constant over the same frequency range. 

33.48. When the sensitivity and the dynamic response angle are not constant 
over the range of frequencies required to represent input variations, dynamic ef¬ 
fects cause discrepancies between instrumental records and true input wave 
shapes. It generally is not possible to estimate the exact nature of these dis¬ 
tortions for any given case without working through a detailed analysis. The pro¬ 
cedure for determining the record shape that will be produced by an instrument 
with specified performance characteristics for a given input wave shape can be 
illustrated by typical examples. The examples discussed in this chapter are based 
on the cylinder pressure variation for a piston-type internal combustion engine 
and the corresponding records produced by measurement equipment with various 
types of performance defects. 

33.49. The internal combustion engine cylinder indicator card shown in 
Figs. 12-8 and 12-10 of Chapter 12 is taken as one form of a complex input pres¬ 
sure variation. A spring-and-piston indicator of the type described in Figs. 8-1 
and 8-2 of Chapter 8, with performance that may be represented by the second- 
order equation developed in Derivation Summary 8-1, is chosen as one of the 
instruments for recording the engine cylinder pressure. To illustrate the effect 
of changes in the range of frequencies required to describe the input variations, 
record shapes are calculated for engine speeds of 2400 rpm and 800 rmp. A sys¬ 
tem of the type illustrated in Fig, 33-ld, with a high-performance pressure re¬ 
ceiver and a typical cathode-ray oscillograph indicating system, is chosen as a 
second instrument for recording the internal combustion engine cylinder pressure. 

33.50. Pressure waves within turbojet engine turbine nozzle chambers (see 
Fig. 33-13) are taken as a second type of input pressure variation to be recorded 
by a measuring system similar to that of Fig. 33-ld. The measuring system 
is assumed to be made up of a bellows-actuated strain-gage pressure receiver, 
a carrier-frequency coupling amplifier, and a D'Arsonval galvanometer record 
ing oscillograph. A pressure receiver coupler is used to transmit the input 
pressure from the nozzle chamber to the diaphragm of the receiver. This 
coupler consists of a fitting threaded for the pressure receiver and a small- 
diameter tube projecting through the chamber wall. In effect, this coupler is a 
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The (0;0,1,2) differeodal eqaatioo has the fora (refer to Definitioo Summary 19-1) 


o.v * 0 , V * Q.v 


b,u 


•There 


V = 


dv 


dt dt* 

o) Genenlized f0,-0,l,2) difhrwtial equation 


( 1 ) 


DividiAg the terms of Eq. (1) by 0. gives 

—tv 

a. 


1 • ^ ^ 
i V ^ y s ^ U 


0. 


In accordance with the notation of Definitioo Sommary 19-1. define 

^ s ^ m dimensional similarity factor 

0. 


a a 


8 2vrt. ^ - undamped angular narural frequency 

<^2 “ T_ 


e ttDiafflped natural frequency 
Tq 8 8 undamped natural period 


DR 


2\o,o^ 


daopini ratio 


Ncee: Greek letters repreaer.t wcrkln) Twisfclea* The symbol « le used to ne« "earespends to. 




Using these definitions in Eq« (2) produces the forms 

y + + V 


0*0 


01. 


o>. 


or 


V + 2Cw V + 6>^v » 

^ a Q & 


( 2 ) 


(3) 


(4) 


(5) 


( 6 ) 


(7) 


( 6 ) 


Refer to Eq* (36) of Definition Sommary l^l» 

b) ( 0 ,^ 0 , 1 , 2 ) differenfief equation in specjo) nofnfion fom 

Consider the case of the scead 3 r-state response to a sinusoidal forcing function (refer to Derivation 
Summaries 1^9 and 1^10)* 

Take (refer to Definition Sommary 1V2) 

Jaift 

U e U.€ 

where ^ 

2r 


(9) 


(j 


i 


2vn{ 


areolar forcing frequency 


( 10 ) 


f 


Rj 8 forcing frequency ; T£ « * forcing period 

It remains to find the forced solution for the equation form 

V + 2Cc*„v + 




( 11 ) 
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Assume a solution of the form 


where 


V e ,U e riUi 


r} • [RF] “ reiatiag function (refer to Giapter 17) 

E(]uatioQ (12) will be true for Wj = constant when the proper form is used for Tj 


V = iju = »}jw,u e 




(13) 


"■ •• 1 wi* 

V = JJU S )j(jCJ,)^Ug€ • B 

Substituting the expressions of Eqs. (12). (13) and (14) in Eq. (11) gives 

+ j2^w„ci», + w*)u B 

Dividing both sides of Eq, (15) by tu* and solving for tf with 


(15) 


P “ FR B _L s_L B JiL B frequency ratio 


n n I j 


(16) 


shows cbac 


1-P* +jH/3 


(17a) 


Note that in comnon operational notation, with p_^ 

dt 


(17b) 


f_p_y + 2< p . 1 

Then the transformations of section d, Derivation Summary 19*9, are used, Eq, (17) becomes identified 
with Eq, (6) of Derivation Summary 19*10; i.c,, 

1(0:0,l.i) “ ‘'f‘(0;0,I,2)* (18) 

B (0;0,1,2) equation relating function 

*''"P(0;o,i.2i “ t(WR)(RAR)R],„^, , B ^ (19) 

V(l-^*)* + (2C^)’ 

■ {0;0»1,2) equatiofl dynamic amplitude ratio •reference 
amplitude ratio ratio (or (0;0,lp2) dimensionless am* 
plitude ratio) 




■ (0;0Jp2) equation dynamic respoose angle (or (0;0»lp2) phase 
angle) 

See curve families of Figs. 19*27 through 1>}7 for plots of Eqs. (17}» (19) and (20). 

c) Forms of tho (0;0,J,2) oqoofion rolofing fonefion 


The forms of Eqs. (17)p (18)p (19) and (20) may be used to describe the behavior of any operating com* 
poncQt with a single input and a single ourputf and with performance characteristics that are describable 
by a (0;0,1|2) linear equation with constant coefficients. 

The typical functional diagram is 


Input 

Quantity 

‘>(ln) 


Identified Operating Component 

(id) 


Output 

Quantity 


Derivation Summory 33*2, (0;0,1,2) equation performance function os the steodystate 
sinusoidal response for operating components with (0;0,1,2) chorocteristics: 
expressed in terms of reference frequency ratio ond breok point. (Poge 2 of 6) 


348 



W = Idn) ; '' “ 

In the notation of Eqs. (1) and (}) of Definition Summary 13-6, 

n o rPFl„.,f 1= input quantity -output quantity performance function of (id) identified 

'’(iriV'^fout) operating component 

See Definition Summaries 28-6. 29-7 and 28-8, and also section d of Derivation Summary 33-1 for addition- 
al defioilioQs, symbols aod references. 

For the special case of an operating component with (0;0,lp2) characteristics, 

rPFl r ; 

’Itcic.i.i, ■“ J _(FR)'4 j2(DRKFR) 


( 21 ) 


b 


Pr * “ ^Ud)U(.„,;q„^,llr.f) "-5- 


PlOjO.l.J) 


[S(RS)R] 


V[i-{FR)'f + [2(DRKFR)] 
-2(DR)(FR) 


( 22 ) 


(23) 




s tan 


(24) 


i-(FR}‘ 

d) Performonce function for an operating component with (Q;Q,f.2J charocttristics in ttrms of damping 

ratio and frequency ratio 

The frequency ratio yariable of Eqs. (21), (23) and (24) may be reduced to the reference frequency 
ratio — brealcpoiot ratio form corresponding to the results of Deriyation Summary 24-2 and Deriyation 
Summary }>1 by the following steps: 

1. Otoose an arbitrarily selected reference period of convenient size. 

2. Define 


[(NF)(RF)R] - Jls!— « undamped natural frequency--reference frequency ratio 


(25) 


n 


(r®l) 


\l*heo misunderstanding is unlikely, [(NF)(RF)R] nay be reduced to (NFR) e natural frequency 
ratio 

3. Define 


n 


« (FR)ij^j^ *_ — ■ reference frequency ratio 


(26) 


Note chat 


(ref) 


FR -.II 

n_ 


n. 


1 


(FR) 


(r.f) 


n. 


n. /n. 


W) "^'"(reO (NFR) 

In terms of the relationships of Eq. (27), Eqs. (21), (23) and (24) may be written in the forms 


(27) 


^(OjO.l.l) * 


.)2(dr)£?» 


(28) 


(f.l) 


(NFR) 


(NFR) 




(29) 


f. . (FR><..nl 

2 

•f 

2 (DR) 

L (NFR)'J 


L (NFR) J 
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(Oi 


n. 


(ref) 




(ref) "(ref) 


(26) 

(repeoted with odd It Ions) 


where 

T 


(t«f) 


arbitrarily chosen reference period 

(NFR) . [(NF)(RF)R] 


n 


n 


^(ref) _ 


n 


(ref) 


2jrn. 


n 


(25) 

^{ref) (repeated with additions) 





(34) 


f) Performance function for an optroting component with (0;0,),2) characftristics in ferm5 of damping fofio ^ 

reference frequency rofro, and breokpoi^ 


Id logarithmic coordioate terms, 


(^P\o;0,l.2» 


2 (DR) 


When 


(FR) 


(reO 


^^P\o;0.».2» 


<< 1 


(FR)(.ef) 

(^P^(0;0.1,2)/J 

(55) 


(36) 


• 1/2 


tbeo 


'®8f*(0;0,l,2)(FR/bp«l) " *®« “ log(l)''^^ - 0 (37) 


which is the equation for the low frequency ratio asympcoce a 
Vheo 

(FR)* 


(ref) 


Mi,,0,1. 


>> 1 


(38) 


2 ) 


then 


•°8M(o:0.l.2)(FR/bp»l) " (^^^^^^(ld){q(,„)fq(^^,,))(FR/bp»U " 


(FR)(ref, 
M^P\ojO.J,2)J 


(39) 


which is the equation for the high frequency ratio asymptote . 

The high frequency ratio asymptote intersects the low frequency ratio asymptote at the break £otot 
(also called the corner point)i which occurs when 


ri"’'’''”’' ■ ■ -»■“ (FRUw - 

^“P^O:o.t,2) 

Note that (DRA)jq.(, j jj ■ tan**(-~) ■-90° at the break point. 
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narrow restriction that terminates in a cavity formed by the fitting and the bel¬ 
lows (see Fig. 33-13). To be satisfactory, the pressure-measuring system, in¬ 
cluding the receiver coupler, must record a specified range of input frequencies 
with tolerable accuracy. 

33.51. The measuring-system examples are designed to include operating 
components with first- and second-order performance characteristics and also 
components with performance characteristics represented by plots not described 
by equations. In each example, the frequency response method is applied for 
finding the resultant performance of the complete system. This performance is 
derived from dimensionless sensitivity ratio and dynamic response angle curves 
for the components of the measuring systems. These curves are located by means 
of the break points defined in Derivation Summaries 33-1 and 33-2. The profiles 
described in Chapter 24 are used to introduce the effects of components having 
first- and second-order characteristics. With the over-all system performance 
characteristics determined, pressure-time records are plotted for comparison 
with the assumed input pressure variation. 

INDICATOR CARDS FROM A SPRIHC-AND-PISTOH-TYPE INDICATOR 

33.52. Spring-and-piston-type indicators with the features Illustrated in 
Fig. 8-1 generally have second-order performance equations. The development 
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of Fig. 8-2 and Derivation Summary 8-1 shows that, in particular, spring-and- 
piston-type indicator performance is described by the (0; 0,1,2) differential equa¬ 
tion.* The results of Derivation Summary 33-2 show that the performance 
function for a system with characteristics of this type is completely specified 
when the damping ratio (symbol DR =■ C) and the undamped natural frequency 
(symbol n^) are known (the reference sensitivity is taken as umty). For the pur¬ 
poses of the present discussion, the instrument for recording engine cylinder 
pressure variations, with the shape given by the heavy dashed-line curve of 
Fig. 12-8, is assumed to be a spring-and-piston-type indicator with a damping 
ratio of 0.1 and an undamped natural frequency of 154 cycles per second. The 
tabulation of Fig. 12-8 gives the amplitude ratios and phase angles for the com¬ 
ponents that combine in a Fourier series to give the input pressure wave as a 
function of time. The amplitude ratios are based on average cylinder pressure. 
The phase angles are based on bottom dead center of the compression stroke as 
the crankshaft angle reference and are expressed in terms of degrees for each 
individual order. The time scale depends on the engine speed, which effectively 
determines the frequency of the fundamental component in the series. 

33.53. The technique described in Procedure Summary 33-1 is applied to 
find the amplitude ratios and phase angles for the Fourier components that com¬ 
bine to make up the record that would be obtained from the spring-and-piston 
indicator. The procedure is carried out graphically, with the second-order profile 
for 0.1 damping ratio used to introduce instrument characteristics. For conven¬ 
ience, the undamped natural frequency of the indicator is taken as the reference 
frequency defined in Derivation Summary 33-2. With this reference, the break 
point** of the indicator performance function is zero on the logarithmic reference 
frequency ratio scale. This point is unity on the corresponding linear reference 
frequency ratio scale. 

33.54. Actual frequencies may be read directly with respect to a frequency 
ratio scale by changing the reference frequency to unity. When this transforma¬ 
tion is made, unity on the ratio scale with the undamped natural frequency as the 
reference coincides with a frequency scale point numerically equal to the un¬ 
damped natural frequency. 

33.55. The frequency response method for finding indicator-card shapes in 
the problem under discussion is especially effective when the amplitude ratios of 


• This fact is completely specified by writing [PF](,„<,)lp;p] " 

these symbols mean that the pressure input - pressure reading performance function (the overfall performance 

func^) has the form of the relating function associated with the (0;0,1,2) differential equati^, that is, 

the differential equation of the form o/v + Q, v + V - u. (See Definition Summary 28-8 for generalized 
symbols*) 

•• The break point for a second-order equation is defined in Derivation Summary 33-2. 


353 



the input wave shape are plotted on log-log coordinates using scales identical 
with those used for the second-order profiles.* When a plot of this kind is avail¬ 
able, the first step is to shift the 0.1 damping ratio, second-order profile, which 
represents the performance of the indicator, along the frequency ratio scale so 
that its break point coincides with the indica tor breakpoint frequency - engine 
c^ frequency ratio.** With the break point of the profile for the indicator 
over-all sensitivity*** properly located withrespectto the log-log ampUtude ratio 
plot for the input pressure variation, amplitude raUos for each sinusoidal com¬ 
ponent of the record may beformedbygraphicaladdition of ordinates at the Fourier 
seriescomponentfrequencies. This procedure is equivalent to multiplying Fourier 
series component amplitude ratios by the over-all indicator sensitivity for each 
frequency at which an input component occurs. Under the reasonable assumption 
that the amplitude ratios for the input wave components are not substantially 
changed by engine speed, results for any speed may be found by graphical addi¬ 
tions when the profile break point is properly shifted with respect to the frequency 
ratio scale for the corresponding input amplitude ratio plot. 

33.56. Figure 33-5 gives amplitude ratio and phase angle plots for the data 
of Fig. 12-8, with the logarithm of the ^ component - first-order component 
frequency ratio taken as abscissa. Because only frequency ratios are involved, 
these two plots are valid for all engine speeds. 

33.57. When the engine speed is 2400 rpm, there are 20 pressure cycles per 
second. This frequency is one-half the engine cycle frequency in revolutions 
per second.^ For these conditions and the assumed spring-and-piston indicator, 
the breakpoint frequency - input series fundamental frequency ratio is 7.7, which 
is equal to 154 (the undamped natural frequency of the indicator) divided by 20. Fig¬ 
ure 33-6a presents the indicator sensitivity curve (with its break point located at 
7.7 on the input series component frequency ratio scale, that is, the r^-to-first- 
order frequency ratio scale), the input amplitude ratio curve and the resulting 


* Th« ptoCilt scales use 2*5 inches for each logarithmic ratio unit^ (hat is, each loru« This means chat 
on a decibel scale, 1 decibel is represented by 0.125 inch. 

** This ratio is, by definition, c^ual to 

Indicator brealcpoinc frequency 
^ Engine revolution frequency j 

where 

indicator breakpoint frequency « indicator undamped natural frequency* 

••• Definition Summary 29-2 shows that the ideal over-all sensitivity for any measuring instrument is unity. 
In the present case, (he reference sensitivity is taken as unity, so that [S(RS)R], the sensitivity-reference 
scnsiciviiy ratio, reduces to the over*all instrument sensitivity defined in Information Summary 32*2, and all 
the plots of Fig. 32-16 through Fig. 52*25 may be directly applied to calibrated pressure indicators. 

t The data of Fig. 12*8 are based on a four-cycle engine, which requires two crankshaft revolutions to 

complete one indicator-card cycle. 
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indicator record amplitude ratio curve. The input amplitude ratio curve (solid 
dots) is drawn with short dashes; the indicator sensitivity curve has long dashes; 
and the indicator record amplitude ratio curve (hollow dots) is a full line. The or¬ 
dinates of this full-line curve are the logarithms of the amplitude ratios of the 
Fourier series components that combine to represent the record produced by the 
indicator. Figure 33-6b gives the input phase angles, the indicator dynamic re¬ 
sponse angles, and the phase angles of the indicator record frequency components 
that correspond to the amplitude ratio and sensitivity plots of Fig. 33-6a. 

33.58. Figure 33-7 gives a dashed-line curve showing the correct pressure 
ratio* and a full-line curve showing the indicated pressure ratio record for the 
2400-rpm engine speed. The record is formed by combining the amplitude ratio 
and phase angle data from the full-line plots of Fig. 33-6. Each amplitude ratio 
and phase angle determines one sinusoidal component in the record, and the sum¬ 
mation of all these components gives the indicated pressure as a function of time. 
The additions necessary for finding the resultant of many sinusoidal components 
is tedious if it is done either numerically or by graphical methods. 

33.59. The indicated pressure ratio of Fig. 33-7 was found by use of a har¬ 
monic synthesizer developed in the Instrumentation Laboratory, Massachusetts 
Institute of Technology.** This device consists of synchros*** geared to a common 
drive in such a way that the relative rotational speeds correspond to the ratios of 
the sinusoidal component frequencies. One synchro is required for each sinus¬ 
oidal component in the function to be synthesized. The phase angles among si¬ 
nusoidal components are introduced by adjusting angular positions of the synchro 
stators with respect to the zero fundamental phase angle positions of the rotors. 
Amplitude ratios are introduced by potentiometers that control the fractional part 
of each synchro output to be added to the resultant sum that represents the syn¬ 
thesized function. 

33.60. It is necessary to keep in mind the fact that the amplitude ratio and 
phase angle data given in Fig. 12-8 do not represent the complete information for 
the Fourier expression of the true cylinder pressure - average cylinder pressure 
curve. However, since the breakpoint frequency of the spring-and-piston indi¬ 
cator is relatively low, the twenty sinusoidal components available provide suffi¬ 
cient information to show the general features of the record that would be obtained 
from a spring-and-piston indicator with the assumed characteristics. 

33.61. In Fig. 33-7, the deviations of the indicator record from the correct 
record include errors in magnitude, delays in response, and sinusoidal oscillations 

• By definition, the pressure ratio is the ratio of a given instantaneous pressure level to the average 
cylinder pressure. 

•• This synthesizer is desaibed in Seamans, Blasingame and Clementson (S18). 

*** Synchros are used as sine wave generators. 


355 




r^^-to-flrst^der component frequency ratio ^ 


Fig. 33«5o. Illustrative logarithmic^scole plot of the Fourier*series omplitude rofios for the cylinder pressure record from on 

internal combustion engine given in Figs, ]2*8 and 12*10, 


Fio 33-f»b. Illustrative semilogorittimic-scole plot of the Fourier-series component phose angles for the cylinder pressure 

record from on internol combustion engine given in Figs. 12*8 ond 12*10. 
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r'^-to-flrst-order componenl frequency ratio 




Fig. 33 . 60 . lllustrotive logorithmic-scole plot of the Fourier-series omplitude rotios for the cylinder pressure voriotion of on 
internal combustion engine ot 2400rpm, and fhecorresponding omplituderotios for the pressure record from 0 spring-ond-pist 

indicator. 


g. 33 . 6 b, Illustrative semilogorithmic-scale plot of the Fourier-series component phose 

riotion of on internol combustion engine ot 2400 rpm, and the corresponding phase ongles for the pressure 

spring-ond-piston indicofor. 
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Flrst-to-r^^-order component phase angle on the r’^'-order angle scale - 360®m (see note) 


Indicator • ^ 
dynamic response anqle 


Input series 

first-to-r‘^-order 
phase angles 

(PA)jj.f){in) 


5 


m « 2 


|IPF]„„d,[p.p] = = [R'''(0;0,1,2 

I = 15-1 cps : 4^ = DR = 0.1 

' ? J J__—^ 


m =s 1 


-200 


-220 


-240 


-260 


m = 0 


Indicator record series 

first-to-r^^-order 
phase angles 

(PA)(j.r)(ind) 




il 




— 



1 

-4- 


9 

No data 21' 

higher orders 

and “ 



II 

• 

't- 


1 

1 

1 

a 


J i 

1 

1 




: 

l 

r ■ ' 


J 

l-L 






m = 3 


-280 


-300 


-320 


-340 


-360 


(bp)und)=^ = i^-.^ 


& 20 cps 


Note: Plots are for — 3S0^m I 

where m Is chosen so that the points _ I 

fall within the C^360^ scale range of |o 

the plot* 

(PA)^ef) ^ bottom dead center of the compression stroke 

1 

log (FR)(|.r) * log /3 



r^^*to-first*<rder component frequency ratio (FR)^ j ^ ^ 

n 1 









360 


ig« 33-7. illustrative theoretical plot for the cylinder pressure voriotion of on internal combustion engine 
at 2400 rpm ond the corresponding pressure record from a spring-ond-piston indicator. 


notpresentin the forcing pressure. The peak of the indicator record lags the true 
peak by 30 crankshaft degrees and has a magnitude equal to about 0.7 times the 
magnitude of the true peak. The oscillations introduced by the indicator have a 
frequency approximately equal to the undamped natural frequency of the indicator 
and a maximum amplitude equal to about 0.3 times the magnitude of the indicator 
record peak. The curves of Fig. 33-7 show at a glance that the assumed spring- 
and-piston indicator is unable to give satisfactory internal combustion engine 
cylinder pressure records at 2400 rpm. However, it is reasonable to expect that 
a reduction in engine speed would allow the indicator performance to improve since 
the input frequency components of large magnitude would be moved away from the 
undamped natural frequency of the indicator. 

33.62. To illustrate the effect of reduced engine speed on the records that 
would be obtained from the assumed spring-and-piston indicator, the indicated pres¬ 
sure record is determined for an engine speed of 800 rpm. The log-log amplitude 
ratio plots of Fig. 33-8a for this engine speed correspond to the amplitude ratio 
plots of Fig. 33-6a for 2400 rpm. Similarly, the phase angle plots of Fig. 33-8b 
for 800 rpm correspond to the plots of Fig. 33-6b for 2400 rpm. 

33.63. Figure 33-9 gives plots of correct pressure ratio and indicated pres¬ 
sure ratio for 800 rpm that correspond to the curves of Fig. 33-7. The procedure 
used in deriving the 800-rpm indicated pressure ratio curves is identical with 
that already described in finding the 2400-rpm indicated pressure ratio plots. The 
derived indicator record of Fig. 33-9 is a better approximation to the correct record 
than the record of Fig. 33-7, but the dynamic errors still have magnitudes that are 
intolerably great. The indicated peak has a magnitude about 0.9 times the magni¬ 
tude of the correct peak and is delayed from the correct peak by about 12 degrees 
of crankshaft travel. The indicator natural frequency oscillations that appear on 
the record have a maximum amplitude approximately 0.2 times the amplitude of 
the record peak. 

ELECTRICAL PRESSURE-RECORDING SYSTEM 

33.64. Pressure records of a given complex wave form, as taken from a 
gpven indicator that is subject to dynamic errors, will improve as the pressure 
variation is restricted to relatively slow rates. A comparison of Figs. 33-7 and 
33-9 illustrates this effect. The essential factor is the magnitude of the iindamped 
natural frequency of the indicator with respect to the important frequency com¬ 
ponents in the forcing pressure variation. When the input wave contains sudden 
changes, the Fourier series representation must include strong high-frequency 
components. The sudden rise in the internal combustion engine pressure corre¬ 
sponding to combustion is a pressure variation of this type. Even if the engine 
speed were made very low, the steep combustion rise would mean the presence of 
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r^^^to-flrst^rder frequency ratio (FR)(i^) *—« /3 

"i 

Fig. 33 - 80 . Illustratiye semilogorithmic-scole plot of the Fourier-series ompMlode ratios for the cylinder pressuw 
on internal combustion engine ot SOOrpm, and the correspondingompMtuderotios for the pressure record fromo spring- P 

indicofof« 
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Fig. 33-9. Illustrative theoretical plot for the cylinder pressure voriotion of an internal combustion engine 
ot 800 rpm end the corresponding pressure record from a spring-ond-piston indicofor. 



high-frequency components in any accurate Fourier series representation. Because 
of this fact, satisfactory records should not be expected from any indicator with 
a low undamped natural frequency, even when the engine speed is restricted to 
low values. 

33.65. It might appear that increasing the damping without altering the un¬ 
damped natural frequency would present a solution to the problem of improving 
pressure records at high engine speeds. The increased damping would certainly 
cause the high-frequency oscillations excited by the sharp pressure rise to be less 
prominent on the record. On the other hand, the downward-sloping sensitivity 
characteristic for frequencies higher than the undamped natural frequency, as 
shown by the long-dashed-line curves of Figs. 33-6a and 33-8a, effectively pre¬ 
vents high frequencies from being truly represented in the record. Because high- 
frequency components are required to describe sharp changes in any curve, the 
improper representation of these frequencies means that any indicator with low 
undamped natural frequency will give distorted records of sharp pressure changes. 
As a consequence of this fact, it is necessary to look for pressure-measuring sys¬ 
tems with undamped natural frequencies well above the 154 cycles per second of 
the spring-and-piston indicator used for illustrative purposes in the previous 
section. It is possible to design and produce pressure receivers with undamped 
natural frequencies more than two orders of magnitude above those found in con¬ 
ventional spring-and-piston indicators. Several of the principles illustrated in 
Fig. 33-4 have been successfully applied in units of this type. Figure 33-10 il¬ 
lustrates a typical pressure-measuring system using a high-performance pres¬ 
sure pickup,* an electronic coupling amplifier, a cathode-ray oscillograph indi¬ 
cating system, and a special camera for making photographic records. 

33.66. The technique presented in Procedure Summary 33-1 outlines a gen¬ 
eralized approach to the problem of associating over-all measuring-system per¬ 
formance with the characteristics of the operating components that are combined 
to form an open-chain system. However, it is desirable to develop certain general 
aspects of the situation in more detail before specific results are worked out for 
a given system applied to a particular problem. 

OVER.ALL MEASURING-SYSTEM PERFORMANCE WHEN COMPONENT PERFORMANCE 
FUNCTIONS ARE EXPRESSED AS EQUATIONS 

33.67. Procedure Summary 33-1 shows that the amplitude ratio for a com¬ 
plete system may be found graphically by summing the ordinates of log-log plots 
of component ampUtude ratio versus frequency ratio. A similar summation process 


• For discussion purposes, the terms pressure receiver , pressure receiver unit, and pressure pickup may 
ftll b« coosidered co have the same meaQiogo * - ^ ^ 
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Internal Combustion Indicating System 

Engine (js) 



(pr) 

(Catenary Diaphragm Type) 


Fig. 33-10. 


Pictorial diagram for a typical 


pressure-meosuring system with electricol components. 


gives the resultant dynamic response angle. The figures of sections b and c of 
Derivation Summary 33-3 illustrate the graphical method for finding the over-all 
sensitivity ratio and dynamic response angle that represent the performance function 
for a pressure-measuring system similar to that described by Fig. 33-10 and 
section a of Derivation Summary 33-3. 

33.68. Section d of Derivation Summary 33-3 contains expressions for the 
over-all reference sensitivity, the over-all dimensionless sensitivity ratio, and 
the resultant dynamic response angle when the performance function for an indi¬ 
vidual operating component is given as the product of a reference sensitivity, a 
dimensionless sensitivity ratio, and an imaginary exponential with the dynamic 
response angle in the exponent. 

33.69. The over-all reference sensitivity is the product of all the component 
reference sensitivities. It is shown in Definition Summary 29-2 that the ideal 
over-all reference sensitivity for any properly calibrated measuring instrument 
is unity. This condition is so nearly fulfilled in all practical systems that it may 
be adopted as an engineering rule.* 

• Discrepancies between actual values of measuring-sysietn reference sensitivity and unity are gen¬ 
erally so small that they fall into the class of inaccuracies and may be treated by the technique described in 
Chapter 29. 
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o) Fofyctionol diogtOfTf of o pT^ssvr€*mtosvring system 


'(SR)(p.., . 

Pressure-fnedsuring . - 

system <iimeDSion]«ss / 

seDsicivUy racios^ - 

^ ^ ^ 


^Pressure receiver dimensionless^ 
sensitivity ratio 

j 

- 

^ Indicating system 

\ dimensionless sensitivity ratio 


(SR),c., 

Coupling amplifier 
dimensionless 
sensitivity ratio 


Note: 


(SR), th« dimensionieas amplitude ratio, 

-2 * Identical with [S(RS)S], the sensitivity- ~ 
relerence sensitivity ratio; l»e«, 

(SR)«[S(RS)R]«»/i 

— ^^ - 

Refer to Definition Summary 2^8 for 

additional concepts and symbols* 


Reference frequency « ^(ref) 

Trt\t 


! \ 


In working variable symbols, (SR) m fi 

' I ! \ I H 'k 


Reference frequency ratio ^ 


(roO 


lorus 


b) Dimensionless sensifivity roffo-^ frequency rofio log-scale olofs 


Derivation Summary 33-3. Functionol diogrom, frequency response informotion in performonce 
function form, and indicated pressure record of a pressure-measuring system when the input 

pressure is desaibed in Fourier series terms. (Poge 1 of 3) 
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Coupling amplifier 
d)roan]ic response 
angle 


I Pressure receiver 
dyoaoic response angle 


-30® < 
a 

Q 


pressure-measuring system \ I lo^a 

dynamic response angle _ i |i dynamic i 

— » 
In working Jriablc symbols, frequency - n,,,„ 

DRA » ^ |- I f I I \J 

■'ll T\ ^ v 

Reler to De/Umon S^«wn«^y 26-8 <or I y ' 

oddUJortal concepts ond symbols. I 'w ^ ^ 


I Indicating system 
I dynamic response angle 

Ij^(DRA),..,J_ 


-120^ 


-150® 


-180 


Reference frequency (FR) 


(ref) 


lorus 


'(ref) 


c) Dynomic response ortg/e ^ reference frequency rofio semf/oger/tAmic p/ofs 

UTicn the steady-state sinusoidal performance characteristics of any operating coreponeot or system are 
described by a performance function, the essential information may be eiptessed in any of the forms given 
in Definition Summary 28-8 or listed in Definition Summary lJ-6o Of the various forms availablei the refer¬ 
ence sensitivity - dimensionless sensitivity ratio n dynamic response angle form is generally useful for 
engineering purposes. In this form, 


(PFlud, 

The working variable form of Eq. (2) is 


'(idKref) 




) 


) * P(rH )#•( 

The open-parenthesis subscripts may contain the identification of some operating component or operating 
system, but more often they have the identification of a differential equation form. 

When a number of operating components are combined in an open-chain system, the performance function 
for the system has the form ibp 

l»n l«n f (DRA)jgjj 

pF].. n n "• 


where 


[PF](^y^j e performance function of the system 
^{cKfvDl “ reference sensitivity for the operating component 
tSR)jc)j * dimensionless sensitivity ratio for the i^*' operating component 
(DRA)j^jj ** dynamic response angle for the operating component 
In Eq* (4), the symbols are simplified by omitting the input-output subscript brackets* It is understood 
that these brackets are added when input-output information is desirable* 

Derivgtion Summory 33-3. Functional diagrom, frequency response information in performonce 
function form, end indicoted pressure record of o pressure-measuring system when the input 

pressure is described in Fourier series terms* (Poge 2 of 3) 
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The products and the summaeioo appearing in Eq. (4) have special significance with respect to the sys 

cem performance function* 

jg n 

S(ay,){r.() = n ^(c)(r*ni = s^sitivky for the system (5) 

is n 

n (SR){c)l - dimensionless sensitivity ratio for the system (6) 

i-o 

Note that 

a sensitivity— reference sensitivity ratio for the system 

Ian 

(DRA)(gy^) a * dynamic response angle for the system (7) 

iso 

For the special case of measuring systems (refer to Definition Summary 29*2), 

Also cht ideal value for is unity; i^., 

d) Genern/ize^ performcnce funefion form lot epen^choin meosuring systems 
For the special case of the pressure-measuring system represented by the functional diagram of sec* 


tioQ a* 


( 11 ) 


9 

^(pm8)[pj|^j;p^]{rvn “ ^(pr)[p;vl(r«0^(co)tv,*v](ref)^(le)[vf(Iftd)](reO^(a)[(Ind);p](ren * ^ 

^^^\po8)(p;p) * ^^*^)(pfMp;v)^^^^(co)(v;v)^^^VaMvj(Ind)) ^^^)(s){{lnd);p) (^^) 

(DRA)(p^3),p,p, » (^^)(pf)(p;v) + (^^)(ca)(v;v) * (^^^(laHvMInd)) *** ^^^5(B)((Ind);p) 

e) Performonce fMAcfion forms for the pfnssura^w e osufing system of seefion o 

Applying the performance function forms of sections d and e to an input variation given by a specific 
Fourier series of the form (refer to Chapter 12) 


P(in) “ P(ay) 


fg m 


1 * 


E 


(pHO-rHln] 




(13) 


gives a corresponding Fourier series for the indicated pressure as follows: 


fe m 

P(Ind) “ P# * P{av) ^(pres)[p;p](at) e:(ar) (p)(0-r)(B)* 

f=l 


J(PA) 


(p)(l-T)(slj 


(14) 


where 


^^^^(P)(l-f)(#) ■* ^P^)(p)(l-r){lB) + ^^*^^(pniB)(l-r)({FR)«i(FR)„ ,,) (16) 

UAM 

Equations (13) through (16) are formal expressions of the operations already carried out in Figs* 33*5 
through 33-9 with the indicator card of Fig* 12*8 as the input pressure variation and a specified spring* 
and*piscoD*type indicator as the pressure-measuriog system* 

f) pnssur9 record from n pressura*meo50fmg system with a given performance hne tipn 

when the input function is piven by o Fourier seria s 

Derivation Summary 33-3. Functionol diagram, frequency response informotion in performance 
function form, and indicoted pressure record of a pressure-meosuring system when the input 

pressure is described In Fourier series terms. (Page 3 of 3) 
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33.70. Under the conventions described in Chapter 28 for forming dimen¬ 
sionless sensitivity ratios, the dimensionless sensiUvity ratio for a measuring 
instrument has an asymptote that represents ideal performance for the component 
or system under consideraUon. A similar condition exists for the dynamic response 
angle of the over-all system. For any particular measuring system, Eq {6) 
ofDerivation Summary 33-3 shows that the system dimensionless sensiUvity raUo 
IS equal to the product of the dimensionless sensitivity ratios of the system com¬ 
ponents. The corresponding relationship for the system dynamic response angle 
is the summation given by Eq. (7) of DerivaUon Summary 33-3. SecUon e of the 
summary gives the equations that describe the reference sensitivity, the dimension¬ 
less sensitivity raUo, and the dynamic response angle for the pressure-measuring 
system described by the funcUonal diagram of section a. 

33.71. SecUon f of Derivation Summary 33-3 lists the equaUons that repre¬ 
sent an input pressure variation in terms of a Fourier series (see Eq. (13)), and 
the corresponding series for the indicated pressure record (see Eq. (14)) with the 
expressions for component amplitude raUos and phase angles given respecUvely 
by Eqs. (15) and (16). EquaUon (15) shows that the amplitude raUo for a given 
component of indicated pressure is equal to the corresponding input pressure 
component amplitude raUo multipUed by the dimensionless amplitude ratio of the 
indicator for the frequency of the given component. Equation (16) gives the phase 
angle for a given output component as the sum of the phase angle of the corre¬ 
sponding input component and the dynamic response angle of the indicator for the 
frequency of the given component. 

CUTOFF FREQUENCIES AND BAND WIDTHS 

33.72. Dimensionless sensitivity ratio and dynamic response angle plots 
contain the essential data on the performance of any operating system. So far as 
the frequency response method is concerned, this information is complete, but its 
form of presentation is unnecessarily cumbersome for many purposes. This dif¬ 
ficulty is remedied by introducing the concepts of cutoff frequency and operating 
frequency range (also called bandwidth ), which depend on the principles illustrated 
in Fig. 13-3 of Chapter 13. The single basic idea involved is that of defining 
tolerance limits for deviations from ideal values of dimensionless sensitivity 
ratio and dynamic response angle and then identifying the reference frequency 
ratios* at which the performance-describing curves cross the tolerance limits. 
Definition Summary 33-1 illustrates the concepts involved and establishes gener¬ 
alized conventions for names and symbols to describe any given situation. 


• Ifl practice, either the tefereoce frecpjeGCy ratio or the forciag frequency, which is the reference frequency 
ratio multiplied by the reference frequency, may be used to represent the frequency variable. 
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Dlmeneionl««s aenaiUvIty ratio (SR) • ft ^ o (Ictfos) 


When the frequency response method is applied to engineering problems associated with operating com¬ 
ponents and operating systems, the essential information on performance may be summarized in plots of 
dimensionless amplitude ratio and dynamic response angle as functions of reference frequency ratio. It is 
convenient to summarize the important features of these plots in concise numerical terms. The terms in 
common use are cutoff frequency , band width , pass band and operating range. The essential quantities 
used in defining these terms are summarized in Fig. 13-3. In each case, the concept involved is the fre- 
quency ratio or ratios at which the performance-describing plot involved deviates more than some given 

coletaocc limic from a specified refereocc value* 

o) Cut off fre^tjtiycy, band width, ond ossocioftd concepts 

The dimensiopless amplitude ratio plot illustrates the graphical meaning of several typical terms and 
establishes a pattern for the defiaicioo of additional concepts as they become useful# (See section c 
for definitions of symbols.) 


Beterence 
d Ima ns ionle s s 
sensitivity ratio 


(LRFCX)),|,t.l) tSR)!j)(if)i 

(HRFCOIjUtl) tSR)| ,)(U)2 


(LRFC0)(|(TL)^SR)|j)(lf)3 

(HRFCO)(|q.l) tSRlljKUM 


(SR) 


(ref) 


y. 


((TL)(SR))3 



l(TL) (SR)1 


(LFRC0),_[(7.l) ‘Isr)Lhu)2 


T [{TD (SR)], (^®TO(-|(TL)tSR)lj)(U)l 


First dlraensiorUess 
sensitivity ratio 
tolerance timll 


i(PR)(ren(hfc«)((TL)tSR)=-llTL)1SR)|j) “ lSR) = -|(TL) ISR) Ij) 


<^*^)(r*n(llcomTUlSR) —llTUlSRlIj) “ t'-^^^h{TU‘lSR)a-|rrL)1SR)| > 




((BW)(FR),,,,)1({tl) tSR) =-|lTL) '(SRll,) 

- (HRFCD)„^l) ISR) =-lrrL) “IsRil,) “ (LRFCOktl, ^sr) |(tl) '■(sr)| p 

t^^^(t«l){hfco)((TL)1SR)=-|(TL)'tSRl[|) “ 1SR> =-|(TL> 1SR)|,) ^ 

(FR)(,„,),i,^,„tl)'Isr)=-|(tl) 1sh)|,) = (LRFCOjjt-l) 1sr)=-|(tl) 1sr)|,) 


(SR) - 

D ime ns 1 0 nles s 
sensitivity 
ratio 


Reference frequency rotio 


(FR) 


(ref) 


Vet) - 


W Cc;foff frequency ratios and band widths 6osed on dimtnsionloss sonsitivity ratio f o/eronce limits 

Definition Summary 33-1. Definitions, symbols and names for concepts used in describing essentiol 

features of dimensionless sensitivity rotio and dynamic response angle plots: cutoff frequency 

and bond width. (Page 1 of 4) 
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Concept Syinbols 

(Self-dellnlftcj symboU me llstenj above wcrklnq variable symbob) 

Concept Names 

^^\r«()(lleo)({TL)tSR)=-|(TL)1SR)|j) 

= (LRFC0)((^L1 ISR) =- |(TL) 1SR)|, J 

^{r)(Uco)((TLV)I ^ 

first dimeosionics5 sensitivity 
ratio tolerance limit low reference 
frequency ratio cutoff 

^^^)(ren(hfco){(TU 1SR)=-1(TL) tSR»|,) 
-{HRFCO)„T.L)isf,,^_|,TL)lSR)|j) 

first dimensionless sensitivity 
ratio tolerance limit high refer* 
ence frequency ratio cutoff 

[(B^(F^)|f«fl]([TL)1SR) — l(TL)tSR)lj) 

- (HRFC0)(,^L) tSR)«-|<TL)1SR)|,) 

*(LRFC0)((tl)1sr)— |(TU 1SR)|,) 

- (HRFC0}„tl„„ - (LRFCO),,^,,^,. 

first dimensionless sensitivity 
ratio tolerance limit reference 
frequency ratio band width 

(FR)(,e()(hfe«)((TL) tSR)»-i(TL) tSR)|j)(l£)l 
• (HRFC0 ){(t.l) ^SR) — 1(TL) tSR)|j){ll)I 

- {HRFC0)(_ tsR)|j)(u)i 

^(f)(Weo)((TL)pK2)(Jf)l " l^^^C0),(T.L)^)(2)(ii)i 

second dimensionless sensitivity 
ratio tolerance limit first inter* 
mediate frequency high reference 
frequency ratio cutoff 

^FR)(„n(Uco)((TL) tSRl —|(TL) tSR)|,) 

.(LRFCO)j(t.lj^sr).-|(tl) (sr)|jJ 

^(r)(Ueo)((TL)ji)j " 

second dimensionless sensitivity 
ratio tolerance limit low refer* 
eoce frequency ratio cutoff 

[(Btf)(FR)(f,,,](,^L)tSH) — |(TL)1SR»|j)({U), -(»«)) 

- (HRFC0)(,^l) isR)—|( tl) tsR)lj)(ii)i 
- (LRFC0 )((^l) Isr)—|(tl) tsR)|j) 

second dimensionless sensitivity 
ratio tolerance Unit first inter* 
mediate reference frequeacy 
ratio cutoffs low reference fre* 
queocy ratio cutoff band width 

These conveocioos may be used to form symbols eod oaoes for the cutoff frequeacy ratios and asso* 
ciated baod widths illustrated in section b» but without the correspoodiog tabulated defioitioos* 

cj 5ymbo/s ond names for fho concepts defined qrophico/fy in section b 

Definition Summery 33*1. Definitions, symbolsondnomesfor concepts used indescribing essenfiol 
features of dimensionless sensitivity rotio and dynomic response ongle plots: cutoff frequency 

and bond width. (Poge 2 of 4) 
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The dynamic response angle plot illuscraees graphic meanings for concepts corresponding to chose de¬ 
fined in section b. (See section e for definitions of symbols*) 

Reference dYnamlc response onqle 
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t^*^Kre/»hJcoK(TL)(DRA)*-l(TL)(DRA)|,) “ ^^^^^(TLKDRA)s-|(TL)(DRA)l,) ' j 
t(®'^(^*^){renl[(TL)(DRA)=-ltTL)(DRA)|,) = (^^^J(ITL)(DRAI*-|(TLKDRA)L) “ 0 - 
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Reference frequency ratio ^ ^(ref) ® 

d) Cvfoff frequency rofios end bond widths hosed on dynomic response angle tolerance fimifs 


f(BW)(FR){„{,]((TL){DRA)=-l(TL)(DBA)l,) 
= (HRFCO)((t.i_)(drj^)._|(^L)(DBA)|,) “ 


first dyoaiDic response angle 
tolerance limit reference fre¬ 
quency ratio band width 



Concept Symbols 

(SeU^«finlnq aymbeU ore listed above wcrklnq variable symbeU) 

Concept Names 

^^^^{ref)(hfco){(TL)(DRA)=-l(TL)(DRA)||» 

“(HRFCO)(,t.l)(ora)=-|(TL)(DRA)|,) 

^(r)(hfeo)((TL)^)l " ^^^FCO){(.j.L)^)l 

first dynamic response angle 
tolerance limit high reference 
frequency ratio cutoff 


These conventions may be used to form symbols and names for the cutoff frequency ratios and associated 
band widths illustrated in section c, but without the corresponding tabulated definitions. 

el Symbols and names for fhe concepts defined graphicall y in soetion d 

Definition Symmary 33*1. Definitions, symbols and names for concepts used in describing essential 
features of dimensionless sensitivity ratio and dynamic response angle plots: cutoff frequency 

and bond width. (Page 3 of 4) 
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Thfn no misunderstanding is possible, identifying subscripts may be omined from the complete symbols 
listed in the tables. Similarly descriptive »ords may be omitted from the corresponding names, 
j For example, »hen it is understood that a certain dimensionless sensitivity ratio tolerance limit is to 
. be applied and that frequency (not frequency ratio) is the variable considered, then 

^^*^\refmfce)l(TLnSR)B-|(TL) ts.a)|.) * dimensionless sensitivity ratio tolerance limit low 

fefereflcc frequency ratio cutoff 


^(fldco) * (LFCO) 9 low-frequency cutoff 


fliay become 
anJ 

s (ifsi dimensionless sensitivity ratio tolerance limit 
reference frequency ratio band width 

may become 

(6W) a band width 

N'cte: In the ter?r.5 

(operotlnq irequeiwy range) = (OFR) ; (operating ireqaency bond) . (OFB) 

(operating range) » (OR) ; (operating tfeguency band width) a (0F8W) 
ar^ ^ulvalen? to (BW) a bend wiixh. 

0 Simplification of symbofs 

Cutoffs and band widths eipressed in terms of reference frequency ratios are transformed into terms of 
frequency when they arc multiplied by the reference frequency. For example* 


(FR) 


so that 

(FF), 


ffen(Mco)(lTL) tSB)a-|(TL)1SR)|j) 


(h(co)((TL) 1 SB) —|(TL) 1 SR)|,) ' (^’^^(re()(Mco)((TL) ?SR) — |(TL) 1 SR)|,)"{fef) 

“ ''(!)(hfcoH(TL) 1 SR)w-|(TL) 1 SR)|,) 

« first dimensionless sensitivity ratio tolerance limit high* 
frequency cutoff 

In working variable terms. 

''(!)(h{co)((TL) 1 SRlll “ ^^^^®^({TL)lSR))l " ^^^^^(TL )/«)1 * "(iKhJcoKlTDp)! 


^1 
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■(B'^(^^)(r*r)]((TL)1SR)«-l(TL)1SR)|,)‘*(rvf) 
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((TL) ISR)a-(TL)tSR)j) 


(ref) 


(ref)J 

s first dimensionless sensitivity ratio frequency 
band width 

9) Catoffs ond bond widihs expressed in forms of frequency 

Definition Summory 33*1. Definitions, symbolsond names for concepts used in describing essential 
feotures of dimensionless sensitivity rotio ond dynamic response ongle plots: cutoff frequency 

and bond width. (Poge 4 of 4) 


33.73. In the figure of section a ofDefinitionSummary 33-1, the first dimen¬ 
sionless sensitivity ratio tolerance limit is shown by the lowest dashed line paral¬ 
lel to the axis of abscissae. Thesymbolfor this tolerance limit is (TL), followed 
by '(SR) to show that the tolerance limit is in the dimensionless sensitivity ratio. 
The subscript 1 is used to designate the particular limit involved. In order for 
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this symbol to have a definite meaning, it is necessary to define a referen ^ ^ 
mensionless sensitivity ratio that is actually arbitrary, but is usually made 
coincident with the ideal performance level for the dimensionless sensitivity ratio.* 
In the illustration of section a of Definition Summary 33-1, the reference dimen¬ 
sionless sensitivity ratio level is taken to be at zero on the logarithmic ordinate 
scale (this is equivalent to unity on the dimensionless sensitivity ratio scale). 

33.74. The lowest reference frequency ratio at which the dimensionless sen¬ 
sitivity ratio curve crosses the first tolerance limit is the first dimensionless sen¬ 
sitivity ratio tolerance limit low reference frequency ratio cutoff and is represented 
by (FR) as the main symbol; with (ref), for reference, as the first subscript; (Ifco) 
for low-frequency cutoff, as the second subscript; and (TL)'{SR) = - | (TL)'{SR)|j 
inside the third subscript parenthesis to show that the cutoff is associated with a 
negative tolerance limit on the dimensionless sensitivity ratio equal to the magni¬ 
tude of the first tolerance limit as shown on the figure in section b of Definition 
Summary 33-1. The symbol just described may also be written as (LRFCO) , for 
low reference frequency cutoff, with a subscript to identify the tolerance limit and 
the quantity in which the tolerance limit is taken. 

33.75. The right-hand intersection of the dimensionless sensitivity curve 
with the first tolerance limit establishes the first dimensionless sensitivity ratio 
tolerance limit high reference frequency ratio cutoff in the same way that the low- 
frequency intersection establishes the low reference frequency cutoff. The symbols 
and names associated with the high-frequency cutoff are identical with the symbols 
and names for the low-frequency ratio cutoff except for the use of (hfco) as an 
identifying subscript. The high-frequency cutoff symbols and names are listed in 
the table of section c. Definition Summary 33-1. 

33.76. The dimensionless sensitivity ratio tolerance limit band width is the 
difference between the high reference frequency cutoff and the low reference fre¬ 
quency cutoff. The corresponding symbol is (BW) , for band width, followed by 
(FR)(,e(> to show that the band width is expressed in reference frequency ratio 
terms. A subscript identifying the dimensionless sensitivity ratio tolerance limit 
is added to complete the symbol. 

33.77. When the dimensionless sensitivity ratio curve has a shape that causes 
a given tolerance limit line to have more than two intersections, cutoffs may be 
defined for each intersection. The cutoffs that are located between the lowest 
frequency cutoff and the highest frequency cutoff are intermediate frequency cut¬ 
off. Two intermediate frequency cutoffs are shown in the illustrative diagram~of 
section b ofDefinition Summary 33-1. Band widths based on intermediate frequency 

• As illustrated in the figure of section b of Definition Summary 33-1, the reference dimensionless sensi¬ 
tivity ratio is constant. In practice, this level is not necessarily a constant or even a straight line, but may be 
chosen according to the purpose for which the system is designed* 
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cutoffs may be established by use of the conventions already described for naming 
and writing symbols for band widths bet^-een the highest and lowest frequency 
ratio cutoffs. To identify bandwidth symbols with particular intermediate fre¬ 
quency cutoffs, subscript (if), for intermediate frequency , followed by designating 
numbers is added to the bandwidth symbol and the cutoffs from which it is de¬ 
rived. Section c of Definition Summary 33-1 gives symbols and names associated 
with several of the cutoffs and band widths illustrated in the diagram of section b 
of Definition Summary 33-1. This list is not complete, but it serves to illustrate 
the conventions and symbols associated with the concepts of cutoff frequency and 
band width. 

33.78. The illustration in section d of Definition Summary 33-1 illustrates a 
dynamic response angle variation and shows several tolerance limits in terms of 
this variable. Symbols and names for various cutoffs and band widths established 
by the curve and tolerance limits are placed on the figure and listed in the table 
of section e of the summary. These symbols and names are similar to those as¬ 
sociated with the dimensionless sensitivity ratio except for the replacement of 
dimensionless sensitivity ratio symbols by dynamic response angle symbols. 

33.79. One new feature appears in the first dynamic response angle tolerance 
limit. Because the low reference frequency ratio side of the dynamic response angle 
curve coincides with the reference dynamic response angle level of zero degrees, 
no low reference frequency cutoff exists. This means that the low-dynamic-response- 
angle-tolerance-limit-determined band widths that extend to the low reference 
frequency ratio limit are numerically equal to the high reference frequency cutoff. 

33.80. All the cutoff frequency ratio and bandwidth symbols of Definition 
Summary 33-1 may be written in working variable symbols instead of self-defining 
symbols. In the tabulations of sections c and e, working variable symbol forms 
are placed below the equivalent self-defining symbol forms. 

33.81. Under circumstances that make thechancesofmisunderstandingsmall, 
the terms and symbols given in Definition Summary 33-1 may be simplified. For 
example (see section f), a low reference frequency cutoff symbol may be reduced 
to (LFCO) , with a specificaUon of the tolerance limit as an implied condiUon. 
Similarly, the bandwidth symbol may become (BW), with tolerance limit and the 
location of the associated cutoffs as implied conditions. Various terms with the 
same meaning as band width are given in section f of Definition Summary 33-1. 
These terms may be used to offer an alternative to the continual repetition of the 

same term in problems involving band width. 

33.82. Cutoffs and band widths expressed in terms of reference frequency 
ratios can be transformed into terms of frequency by multiplying them by the 
reference frequency. Examples of this procedure are given in secUon g of Deri¬ 
vation Summary 33-1. 
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MEASURING-SYSTEM PERFORMANCE REQUIREMENTS FOR SATISFACTORY INTERNAL 
COMBUSTION ENGINE CYLINDER - PRESSURE RECORDS 

33.83. Spring-and-piston indicator records like those of Figs. 33-7 and 33-9 
owe their imperfections to poor high-frequency performance. The low-frequency 
performance is ideal in the sense that near zero frequency the dimensionless sen¬ 
sitivity ratio is unity, and the dynamic response angle is zero. On the other hand, 
the plots of Figs. 33-6 and 33-8 show that well within the range of input pressure 
variation frequency components the dimensionless sensitivity ratio rises away 
from unity to a peak and then falls rapidly away from unity. Within the same range, 
the dynamic response angle drops well away from the ideal value of zero. This 
means that, for any reasonable tolerance limits in dimensionless sensitivity ratio 
and dynamic response angle, the spring-and-piston indicator has a band width 
that is too small. An equivalent statement is that the high-frequency cutoff is too low. 

33.84. By use of a cathode-ray oscillograph, the high-frequency cutoff for the 
indicating system may be placed above 50,000 cycles per second. Pressure receiver 
units withundampednaturalfrequenciesof the same magnitude are also available.* 
By proper design, it is possible to extend the operating range down to zero fre¬ 
quency for both the indicating system and the pressure receiver. This means that 
the performance of a pressure-measuring system like that illustrated in Fig. 33-10 
should not be limited by either the pressure receiver or the indicating system. 

33.85. Electronic amplifiers are suitable for the coupling function in pressure¬ 
measuring systems. It is easily possible to place the high-frequency cutoff in the 
50,000-cycles-per-second region. On the other hand, it is difficult to achieve good 
low-frequency performance while maintaining this high-frequency cutoff. In other 
words, the basic amplifier problem is that of designing for a sufficiently wideband 
width rather than that of reaching a proper high-frequency cutoff. 

33.86. The conventional R-C amplifier is characterized by good high-frequency 
performance, but poor low-frequency performance. For this reason, an R-C am¬ 
plifier is not a good choice for a system to be used for recording internal com¬ 
bustion engine cylinder pressures. However, to illustrate the indicated pressure 
errors that accompany the use of a coupling amplifier with poor low-frequency 
response, a typical R-C amplifier will be assumed for the example that follows in 
the next section. 

33.87. Carrier-frequency amplifiers that operate on modulated a-c signals 
of constant frequency have substantially ideal low-frequency performance, but have 
high-frequency performance that is limited by the magnitude of the carrier fre¬ 
quency. Filtering is required to eliminate carrier-frequency effects in the output, 
so that a high-frequency cutoff is introduced at a frequency somewhat below the 



* See Draper and Li (D13)* 



carrier frequency. The final example is based on a pressure-measuring system 
using a carrier-frequency amplifier for the coupling function. 

INTERNAL COMBUSTION ENGINE CYLINDER-PRESSURE RECORD FROM AN ELECTRICAL 

measuring system 

33.88. Performance Data Summary 33-1 gives the functional diagram, and 
component performance information on theoperating components, of the pressure¬ 
measuring system shown in Fig. 33-10. The pattern followed in this summary is 
similar to that illustrated in Procedure Summary 33-1. In order to insure that 
meanings for the symbols are clearly understood, the pressure receiver (pr) per¬ 
formance section is provided with full notes and references. This detail is omitted 
in the sections for the other operating components as being unnecessary once the 
general plan of attack and the symbols are understood. 

33.89. The pressure receiver behaves as a second-order system with a ref¬ 
erence sensitivity of 0.030 millivolt per pound per square inch with an excitation 
of 45 volts.* The damping ratio is 0.05, and the undamped natural frequency is 
45,000 cycles per second. The coupling amplifier has a reference sensitivity of 
33.3 volts per volt and has a frequency function** that is defined by the dimension¬ 
less sensitivity ratio and dynamic response angle curves of Fig. 33-11. 

33.90. The indicating system has a reference sensitivity of 0.01 inch per 
millivolt and has afrequencyfunction of unity. This latter characteristic is shown 
by a listed dimensionless amplitude ratio of unity and a dynamic response angle 
of zero. The scale sensitivity, which in this case is taken as identical with the 
static scale sensitivity, is 100 pounds per square inch per inch. 

33.91. In describing performance for situations where the frequency function 
isunity(that is, where the dimensionless amplitude ratio is unity and thedynamic 
response angle is zero), it is convenient to list the static sensitivity as the only 
necessary performance-describing concept. By implication, the omission of sym¬ 
bols means that the concepts they represent remain in their reference condition 
throughout the operating range considered. 

33.92. Figure33-llaisalog-logplotwiththepressurecyclefrequency for an 
engine speed of 800 rpm as the reference frequency. With this reference fre¬ 
quency, the break point for the pressure receiver dimensionless sensitivity ratio 
is located at 3.829 lorus (that is, the undamped natural frequency of the pressure 
receiver is 6.75 x 10^ times the fundamental frequency of the input pressure var¬ 
iation). The dimensionless sensitivity ratio for the coupling amplifier falls away 


• See Draper and Li (D13)« , . 

•• The tetro frequency function is defined in Definition Summary IM of aapter 13 and is applied in 

Eqs.(lO), (11), (13) and (14) of Definition Summary 13-6. 
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This expressioa means chat the pressure input — voltage output performance function ^ ^ pressure re* 
ceiver has the form of the relating function for the (0;0tl,2) differential equation form* 

Refer to Definition Summary I}-6 for various performance function forms. 

Refer to Chapter 19 and Figs. 19-27 through 19*47 for information on the (0;0,1|2) relating 
function. 

Refer to Information Summary 32*2 and Figs. 32*16 through 32*25 for data on the performance 
function associated with the (0;0»1»2) relating function. 

^^^\pr)(p;v) ** ‘^(0:0,1.2) 

Note that ISR), the nondimensional seosttivicy ratio is identical with [S(RS)R]» the sensitivity - ref- 
erence sensitivity ratio, which corresponds to (DAR), the dimensionless dynamic amplitude ratio , where 
Td^) b [(DAR)(^)R], the dynamic amplitude ratio ^ reference amplitude ratio ratio , as this term is 
used in the derivation summaries and curves of Volume II of Instrument Engineering . 

^{pr>[p;v](r.i) ■■ P{r»{ 0 :i).l. 2 ) 

For the particular catenary^diaphragm strain^^gage pressure tccetver used in the system of section a 
(refer to section b of Fig. 33*4), 

“ 0.030 - ■ millivolt — - with a direct-current excitation of 45 volts 

ipfJlPrV Jiren pounds per square inch 

cs 45,000 cycles per second 

^ DR e 0.05 w damping ratio 

(Mtp,) 


45.000 
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(ca) Coupling amplifier 


, 6.75 X 10^ • 3.829 lorus 
6.67 cps B fundamental engine pressure cycle frequency 

e . . - i millivolts 

(ca)tv;vW) 53.3 


This reference sensitivity is commonly called amplifier gain with the symbol G. 

^5R\ea)(v!v) is given as one of the plots in Fig. 33-1 la. 

is given as one of the plots in Fig. 33-Ub. 

(is) Indicating system ^ ^ 
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6) Componenf performonce data 


Performance Data Summary 33-1. Performonce of the components of the pressure-measuring 

system shown in Fig. 33-10. 
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Fig. 33-llb. lllustrotive semilogorithmic-scale plot of the Fourier-series component phose 

voriotion of on internol combustion engine ot 800 rpm, and the corresponding phose ongles for the pressur 

pressure-measuring system using electricol componen^ 
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Fig» 33-12. Illustrative theoretical plot for the cylinder pressure variation of on internol combustion engine ot 800 rpm 
and the correspondir>g pressure record from a pressure-measuring system with inadequote low-frequency performance. 








from the reference level of unity (0 on the loru scale) at high-frequency ratios 
and also at low frequencies. Because an R-C amplifier is chosen for the coupling 
function, the static sensitivity (that is. the zero-frequency sensitivity) is zero. 
The reference sensitivity ratio corresponds to the value that exists at intermediate 
frequencies. This situation is shown by the dimensionless sensitivity ratio curve 

for the coupling amplifier in Fig. 33-lla. 

33.93. The frequency of the first-order input component* is taken as the ref¬ 
erence frequency for the plots of Fig. 33-11. This means that unity on the refer¬ 
ence frequency ratio scale corresponds to 6.67 cycles per second. The same 
point is zero on the loru scale. The input pressure variation amplitude ratio 
points taken from Fig. 33-5 are plotted in Fig. 33-lla as solid dots connected by 
a short-dashed line and start with the fundamental at unity on the reference fre¬ 
quency ratio scale. The corresponding amplitude ratio points for the pressure 
record found by graphical addition are represented by hollow dots connected by 
the full line. Similarly,phase angles for the indicated pressure record components 
arefoundby a summation of the points on the dashed-line phase-angle-plot curves 
given in Fig. 33-llb. The phase angles for the pressure record components are 
connected by the full line. 

33.94. In Fig. 33-lla, the amplitude ratio points for the indicated pressure 
are substantially identical with the corresponding points for the input pressure. 
In particular, no perceptible deviation exists for the high-order components. On 
the other hand, Fig. 33-llb shows that the coupling amplifier dynamic response 
angle introduces considerable phase angle differences between the input components 
and the corresponding output components. These differences are significant for 
the lower frequency components, but effectively disappear for orders higher than 
the tenth. 

33.95. The dimensionless sensitivity ratio and phase angle information given 
in Fig. 33-11 for the components of the indicated pressure are combined by means 
of a harmonic synthesizer to give the full-line curve of Fig. 33-12. This curve 
deviates in three ways from the correct indicated pressure ratio curve (short 
heavy dashes), which is identical with the input pressure ratio: 

1) It contains irregular oscillations not present in the correct curve. 

2) During the first part of the cycle, its average position is below the 
correct curve. 

3) In the region of decreasing pressure ratio, it is considerably above 
the correct curve. 

33.96. The first type of deviation is present because of the limited number of 
terms used in the Fourier series for theinputpressure. The tabulaUon of Fig. 12-8 

• At ao eogioe speed of 800 rpm, the fundamental frequency of the pressure variation is 800/2 x 60 - 6 67 
cycles per secoodo 
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shows that the amplitude raUo for the 20^^ order is approximately 1/8 and shows 
a relatively small decrease between orders. This means that many more terms 
will probably be required for the synthesizer to show a truly smooth curve. If the 
hypothesis that the roughness of the indicated pressure ratio curve is due to terms 
that aremissingfrom the Fourier series representation is accepted, it is reason¬ 
able to approximate the proper curve by drawing a smoothed curve through the 

irregular curve. The long-thin-dash-line curve of Fig. 33-12 is a smoothed curve 
of this kind. 

33.97. The second type ofdeviation occurs because the sensitivity of the cou¬ 
pling amplifier is zero for a constant pressure component. This means that the 
sinusoidal response components will be effecUvely centered about the zero pres¬ 
sure level rather than the average pressure level. The net effect on the indicated 
pressure record is to produce a constant lowering equal in magnitude to the av¬ 
erage pressure. A correction for this effect is introduced by raising the smoothed 
curve of indicated pressure ratio by an amount equal to the average cylinder pres¬ 
sure. The resulting curve is shown by the dash-and-dot line in Fig. 33-12. The 
smoothed and corrected indicated pressure ratio curve agrees very closely with 
the correct curve during the period of rapid pressure rise. This is to beexpected 
from the dimensionless sensitivity ratio and dynamic response angle plots of 
Fig. 33-11, which show small errors for both quantities over the range of high- 
order components that determine steep portions of the indicated curve. 

33.98. The third type of deviation stems from phase angle differences be¬ 
tween corresponding input and output phase angle components. Figure 33-llb 
shows phase angle differences ranging from about 40 degrees for the fundamental 
to less than 2 degrees for the 10^^-order component. These phase angle differ¬ 
ences mean that large amplitude ratio terms with relatively broad peaks are shifted 
toward the right-hand side of the record. The result is that the indicated pressure 
is generally too high after the peak value has passed. This effect is very apparent 
in Fig. 33-12. 

33.99. It is obvious that the electrical pressure-measuring system assumed 
for the illustrative example is unsatisfactory for making internal combustion en¬ 
gine indicator cards. The pressure receiver and the indicating system both give 
excellent performance, but the poor low-frequency performance of the R-C coupling 
amplifier causes the over-all system performance to be unacceptable. It is tech¬ 
nically feasible to design and build amplifiers with substantially ideal low-frequency 
performance and an operating range of sufficient width to permit excellent pres¬ 
sure records from electrical pressure-measuring systems. The example dis¬ 
cussed here was deliberately formulated to give defective performance in order 
to illustrate the importance of proper coupling amplifier characteristics on the 
operation of electrical pressure-measuring systems. 
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TURBINE-NOZZLE-CHAMBER PRESSURE MEASUREMENT IN A TURBOJET ENGINE 

33.100. In the examples discussed in the previous sections, a spring-and 
piston indicator was used to illustrate the effect of inadequate high-frequency 
performance on pressure records from internal combustion engine cylinders. In 
the same way, an electrical pressure-measuring system with an R-C coupling 
amplifier was used to show the effect of poor low-frequency performance on en- 
ginecylinder records. In both of the examples, the performance of a single oper¬ 
ating component dominates the performance characteristics of the instrument 
under discussion. In the turbine-nozzle-chamber pressure-measurementexample 
illustrated in Fig. 33-13 and discussed in the following sections, the performance 
characteristics of all the components that make up the open chain are assumed to 
have breakpoints withina small frequency range. For this reason, the performance 
of the system formed by the components must be found by combining performance 
information from each one of the components. Of the four components involved, 
three are assumed to have second-order performance equations, while the fourth 

is a first-order system. Under these circumstances, the over-all system perform¬ 
ance may be found graphically by use of first- and second-order profiles located 
by computed break points on a suitably chosen reference frequency ratio scale. 

33.101. The pressure-measuring system must be able to record the static 
pressure that is closely associated with the turbojet engine thrust and must also 
handle pressure waves up to a maximum frequency of 100 cycles per second. The 
accuracy requirements are less stringent for high frequencies than for low fre¬ 
quencies. A dimensionless sensitivity ratio tolerance limit of ±0.10 is placed on 
the high-frequency cutoff at 50 cycles per second. A tolerance limit of ±0.01 is 
specified for the zero-frequency limit. The high-frequency cutoff at 100 cycles 
per second is given a dimensionless sensitivity ratio tolerance limit of ±0.25. 

33.102. The specified characteristic of accurate measurement at low fre¬ 
quencies and under static conditions may be met by use of a carrier-frequency 
amplifier for coupling purposes. A D'Arsonval galvanometer oscillograph is used 
for the indicating system. For the components chosen, the tolerance limits for 
low-frequency performance are determined by interference effects. Effects of this 
type arediscussed later in the chapter. It is sufficient for present purposes to as¬ 
sume that interference effects in the operating components chosen for use are 
small enough for the over-all system to meet the ±0.01 dimensionless sensitivity 
ratio tolerance limits under quasi-static conditions. 

33.103. Turbojet-turbine-nozzle-chamber pressure measurements can not be 

carried out by means of a pressure receiver without special cooling means, be¬ 
cause high environmental temperature would not only introduce temperature errors 
in the records but also cause intolerable damage to the receiver unit itself.* 

• See Li (L15)and(Ll6). 
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Fig. 33-13 is used to bring nozzle chamber pressures into contact with the receiving 

element. This coupler is effectively a cavity connected to thesourceof input pres¬ 
sure by a tube. As shown in Fig. 33-13, the tube is attached to the nozzle chamber 


by a special fitting and leads to the cavity formed by the inside of the bellows in a 
receiver unit similar to that illustrated in Fig. 33-4f. 

33.104. An accurate mathematical description of the dynamic effects associ¬ 
ated with pressure receiver couplers of the tube-and-cavity type is very difficult to 
formulate in generalized terms.* Under quasi-static conditions, the pressure 
inside the cavity becomes identical with the input pressure, so that the natural 
choice for reference sensitivity is unity. When the tube is long and has a small 
diameter compared with the linear dimensions of the cavity, the dynamic perform¬ 
ance of the coupler is effectively described by a first-order {0;0,l) form. On the 
other hand, when a large-diameter tube is connected to a cavity whose volume is 
small compared with that of the tube, the coupler behaves as an organ pipe excited 
in its lowest frequency mode. This action is well described by a second-order 
(0;0,1,2) performance equation with an undamped natural frequency equal to the 
organ pipe fundamentalfrequency and with a relatively low damping ratio that must 
be determined by experimental methods. 

33.105. Between the "small-tube-diameter "and" large-tube-diameter "ranges, 
tube-and-cavity couplers have performance characteristics that are complicated 
by the nonlinear behavior of gases under high temperatures and pressures andby 
the nonlinear effects caused by high velocity gradients in gas flow through tubes 
and constrictions. These nonlinear actions are especially serious because they 
invalidate the law of superposition, which must hold true if results based on the 
frequency response method are to be accurate. 


* Iberall (14)* 
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33.106. With thesenoted limitations in mind, it is assumed that the perform¬ 
ance of the pressure receiver coupler of Fig. 33-13 may be satisfactorily repre¬ 
sented by the ( 0 : 0 ,l, 2 )second-orderequation. The undamped natural frequency is 
taken to be 150 cycles per second, and a damping ratio of 0.5 is used. 

33.107. The pressure receiver and the indicating system for the pressure 
indicator of Fig. 33-13 are second-order systems. The coupling amplifier has an 
R-C first-order filter in the demodulation stage to remove the carrier frequency. 
This means that the amplifier behaves as a (0;0,1) system. 

33.108. Performance function forms and numerical information on the char¬ 
acteristics for the operating components of the pressure-measuring system shown 
in Fig. 33-13 are given in Performance Data Summary 33-2. Break points are 
calculated and listed on a reference frequency ratio scale with an assumed ref¬ 
erence frequency of 100 cycles per second. The reference frequency is chosen 
to be 100 cyles per second because this is the largest integral power of 10 that 
yields positive values for the logarithms of the break points that are of primary 
importance in the problem under discussion. 

33.109. Figure 33-14a shows log-log dimensionless sensitivity ratio plotsfor 
each of the four operating components. These component performance plots are 
made by use of the first- andsecond-orderprofiletemplatesdescribedinChapter24, 
with the break points located from the information given in Performance Data 
Summary 33-2. 

33.110. In Fig. 33-14a,the component performance curves are shown as thin 
dashed lines. The over-all performance curve for the system is found by the 
ordinate-addition process described in Procedure Summary 33-1 and is shown as 
a heavy solid line. In order to give the results directly on a frequency scale in¬ 
stead of the reference frequency ratio scale, the reference frequency of 100 cycles 
per second is written in square brackets directly under the reference frequency 
ratio of unity. Other frequencies may now be read directly from the numerical 
scale by placing the proper multiples of 10 under the end point of each decile on 
either side of the 100-cycles-per-second point. The square brackets show that 
these values are alternates to the reference frequency ratio values associated with 
the logarithmic scale. 

33.111. Tolerance-limit lines drawn at ±0.10 and ±0.25 levels on Fig. 33-14a 
show that the 0.25 limit cutoff is 130 cycles per second and the 0.10 high-frequency 
cutoff is at75 cycles per second. These results show that the 0.25 tolerance limit 
high-frequency cutoff has a safety margin of 30 cycles per second over its specifi¬ 
cation value, while the 0.10 tolerance limit has a safety margin of 25 cycles per 
second over the specification. 

33.112. Figure 33-14b shows the dynamic response angle curves that cor¬ 
respond to the dimensionless sensitivity ratio plots of Fig. 33-14a. In the original 
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specifications,dynamicresponseangletolerancelimits were not mentioned. How¬ 
ever, it is of some interest to note that the dynamic response angle tolerance limits 
corresponding to the0.10and0.25 tolerance limits of Fig. 33-14a are -60 degrees 
and -122 degrees, respectively. 

33.113. ThesystemwhoseperformanceisrepresentedbytheplotsofFig.33-14 
is made up of well-balanced components in the sense that each individual dimen¬ 
sionless sensitivity ratio curve is near unity over the specified operating range 
and drops off sharply only after the specified high-frequency cutoffs are exceeded. 
If the cutoffs were to be materially increased, the characteristics of each com¬ 
ponent would have to be improved. It is not possible to draw all the problems that 
may appear in particular situations into a single neat package. A detailed study 
in each case is the only sure way of achieving satisfactory results. 

33.114. Interference effects are of fundamental importance in determining 
the performance possible with any given set of operating components. The details 
of these effects were not considered in the discussion of pressure-measuring 
systems. Completely generalized conclusions with regard to interference effects 
are not possible, but certain principles are available to guide performance studies. 
These principles are discussed in the following sections. 

INTERFERING AND MODIFYING EFFECTS IN PRESSURE-MEASURING SYSTEMS 

33.115. Pressure is shown as the only input for the pressure-measuring 
system represented by the static-functional diagram of section d of Fig. 33-1. This 
diagram illustrates the idealized situation of a single actuating input and no inter¬ 
fering or modifying inputs. In practice, the environment usually includes several 
interfering inputs that produce false components of scale reading. Modifying in¬ 
puts are also present in many instances. Some modifying inputs are often neces¬ 
sary for normal system operation, but other modifying inputs produce interfering 
effects by changing the relationships between the output and various actuating inputs. 
The generalized theory of systems with multiple inputs is discussed inChapterlO. 

33.116. Figure 33-15 is a static-functional diagram for a typical pressure- 
measuring system. In addition to responding to the pressure actuating input, the 
receiver is sensitive to linear acceleration and temperature. The receiver is di¬ 
rectly sensitive to temperature as an interfering input, to excitation voltage as a 
modifying input, and to temperature as a modifying input also. Airborne noise, 
structure-borne vibration, and power-supply voltage variations all act as inter¬ 
fering inputs for the coupling amplifier. Supply-voltage change may also affect the 
amplifier gain and for this reason falls into the class of modifying inputs. The 
indicating system is sensitive to power-supply voltage fluctuation both as a di¬ 
rect interfering input and as a modUying input that affects the indicating system 
sensitivity. 
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Pofl^er-Supply Voltage Deviation 



This dUgru fopreseats the pressure*tDeasuring system of Fig. 


Note: In occ^dc n ce with the conventions defined in Flee. IM ond 29-4: 
Aeluotlno Inputs ore represented by full lines 


Interferlne Inputs ore represented by dQS>vdot lines 


Modiiyino Inputs ore represented by dashed lines-^ _ . — — ^ 

From pora^oph 29.32: 

Actuating Inputs incl^ those quantities the Instrument is designed to receive and measure 
In terms of scale readings. 

Interferli^ Inputs include those quantities that produce undesirable scale reading coaponsnts 
not directly distinguishable from scale reoding conponents due to actuating 
Inputs. 

Modifying Inputs include those quantities that chonge the relationships among actuoUng inputs^ 
Interfering Inputs ond scale readings. 


Fig. 33-15. Stotic-fonctionol diogrom for o typicol pressure-meosuring sysfem showing interfering 

inputs and modifying inputs. 

33.117. Mechanical Isolation may be used to minimize the interfering effects of 
noise and vibraUon, while filtering and stabiUzation of power supplies may be used 
to reduce the undesirable effects of voltage variations. On the other hand, it is dif¬ 
ficult to reduce interference effects in the pressure receiver to tolerable levels. 

33.118. Figure33-16isastatic-functionaldiagramforthe pressure receiving 
element of the pressure receiver shown in Fig. 33-15. For the purposes of this 
diagram, the diaphragm is considered as the pressure receiving element, and both 
diaphragm temperature and body temperature are represented as having inter¬ 
fering and modifying properties. Receiver excitation voltage is not shown as a 
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Fig. 33-16. Sfatic-fundionol diogram for the pressure receiving element ot the pressure receiver 

of Fig. 33-15, showing interfering inputs. 

modifying input for the pressure receiving element because it actually affects the 
pressure receiver output signal by acting as a modifying input for the pressure 
receiver signal generating system without influencing the deflection that is the 
output of the pressure receiving element. 

PRESSURE-RECEIVING-ELEMENT PERFORMANCE EQUATIONS 

33.119. Equations describing the performance of the pressure receiving ele¬ 
ment of Fig. 33-16 are developed in Derivation Summary 33-4. These equations 
give a specific example of the generalized performance-describing pattern dis¬ 
cussed in Chapter 10. This pattern starts with a single output quantity, , 
the pressure-receiving-element output deflection In the example under discussion, 
expressed as a sum of terms (see Eq. (1) of Derivation Summary 33-4). Each of 
these terms is the product of a performance function and one of the input quantities, 
and represents the output component corresponding to this input quantity. The 
first term on the right-hand side of Eq. (1) gives the deflection component due to 
pressure as the actuating input. The second term is the deflectioncomponent due 
to linear acceleration as an interfering input. The third and fourth terms repre¬ 
sent respectively the interfering effects of diaphragm temperature and body tem¬ 
perature. The variable actually used in each of these terms is the deviation of the 
temperature concerned (symbol (D)T ) from its value when its effect on the output 
deflection is assumed to be zero. 

33.120. In addition to direct interfering effects, diaphragm temperature and 
body temperature introduce modifying actions that change the sensitivity of the 
pressure receiving element. The existence of this change is recognized by placing 
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.A pattern of concepts, notation and cooTeatioos for tepresentiag a single output in terms of the com- 
biaed effects of many inputs is described io Oefinition Summaries IM through 10"7 of Qaptet 10. 

In terms of this pattern, the output of the pressure teceieinj element of Fig. 3>16 is given by a pet- 
fornutace equation of cbe fom 


where 


l^Jlpre)(Tj,;Tj,:*)(D)T 


f^^J|prel(p:T:i) = pf****"* actuating input-tempetatute taodifyiag input-deflection 

output of pressure receiving eleneot 

^^^^(pfe)[(lo);Trxj * accelcratioo input —temperature modifying input—deflection 

output of pressure receiving element 

^^^^(pfe)(Tj:Tj;*) - <l«»phragm tempetatute input-diaphragm temperature modifying input- 

deflection output of pressure receiving element 

temperature input-body temperature modifying input-deflection 
output of pressure receiving element 

(D)T,= T, ~ ^(d)(ref) “ pressure receiver diaphragm temperature deviation 
(WT'b ■ - 'r(b){ref) * pressure receiver body temperature deviation 

^(^)(re!) * diaphragm reference temperature(teokperature at which diaphragm 
temperature effect on is negligibly small) 

'^(bllren ” reference temperature (temperature at which body temperature 
effect on is negligibly small) 

o) Performonce function form 


Equation (1) may be expressed in a second form when the performance functions are expressed in terns 
of reference sensitivities and frequency functions (see Oefinition Summaries IM and 1}*6), that is, for 
example, when 

t^^(pre)[p;T;»l “ ^(pr*)(p:T;il(fefl(^^(pfo)(p;T;i) <2) 

where 

^(pre)[p;T;i](ren * pressure actuating input-temperature modifying input-deflection output 

reference sensitivity of pressure receiving element 

^^^(pralfP'T's) ^ pressure actuating input-temperature modifying input-deflection output 

frequency funaion of pressure receiving element 

In terms of reference sensitivities and frequency functions, Eq. (1) becomes 
*(p»*) * ^(pt8)(p:T;»]ltef)(^^(pre)(p:T;ilP(in) ^(pre)((lo):T:i)(r8l)^^*^(pr«l((io);T;i)t*°^ 




where 


^fpre)((io)’T'x](reI) * linear acceleration input-temperature modifying input-deflection output 

reference sensitivity of pressure receiving element 

^^^(pf»)((lq)*T‘*) ® lioear acceleration input-temperature modifying input-deflection output 

frequency function of pressure receiving element 

^(pre)[T *T 'i](ref) ” diaphragm temperature input-diaphragm temperature modifying input- 


^ ^ deflection output reference sensitivity of pressure receiving element 

;Ta;i) * diaphragm temperature input-diaphragm temperature modifying input- 
deflection output frequency function of pressure receiving element 


Derivotiort Summory 33*4* Pressure-receiving^element performonce equotion forms 
with the effects of interfering inputs end modifying inputs included. (Poge 1 of 4) 
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S(pre)(T T ijltef) body temperature input - body ccmperacufe modifying ioput-deflecuon 

output reference sensitivity of pressure receiving element 

-t ‘x) ® body temperature input-body temperatuie modifying input-deflection 

output frequency function of pressure receiving element 
b) Reference sensifiviry-frequency hnefion form 


tt'hen each term of Eq.(3) is divided by the reference sensitivity of the first term and the input pres* 
sure, this equation may be written in the form 

do) 


*(pr©) “ ^(pfe)lp:T:»l{rol)P(ln) 


(^^)(pre)(p;T:i) * (^^)(pfe)l{la);pl^^^Vt©l((lal;T;i 


P(ln) 


(D)T, 




P(Jn) J 


(4) 


where 


s 


(SR)|p,^)[(l^j.pj «= (pt»)l(lq ):T;Kl(fei) g acceleration-pressure sensitivity ratio 

^(Pfe)lp;T;*)(ren of p«ssure elemftit 

,CD\ ^(pfe)lTj;T.;«)(fe() ^ ... . 

lbK)|pf^j[T .p) -- - — - - 3 diaphragm temperature-pressure sensitivity ratio 

^{pf.)lp;T;. l(fen P"**"^* receiving element 

^•l(Tu:T^;.)(fen ..... 

^ — s body temperature —pressure sensitivity ratio of 

^(pre)lp:T;* Ul\ feceieiog element 

Sensitivity ratio-frequency function form 


(5) 


( 6 ) 


(^f^)(pr.)lT^;pl 


(7) 


When the frequency functions of Eq« (4) are written in the conventional form of Eq» (4) of Definition 
Summary 28*6 as products of a dimensionless sensitivity ratio and an imaginary exponential; that is, for 
example, when 

the result is 


*(pre) ■ ^(pre)(p;T;* ](re (lP{ln> 


tSR), .. . 


Ve)(p:T;*) 


P(Jnl 




l(DRA)jpt,„T^.T^;^, (D)T 


P(ln) 


+ (SR) r 1?SR) /^”*’(pr*KT^;Tb;i) (O}!^ 

"(In) J 

</) Sens/fiVify ratio-imaginary exponential form 


(9) 


The ideal value for tSR),p,,„p.T..,) is unity. The ideal values for the (SR), , (SR), , coefficients 
of the last three terms of Eq« (9) (which represent interference effects) are all seto. 

Using these ideal values as references, define 

[(FD)x,p„,](<,y„,(p^^^) = (SR),p„,(p.T..,, - 1 

s input ptessufe dynanic fractional deviation of the ptessure* 
receiving^eiement deflection 

Derivotion Summery 33-4. Pressure-receiving-element performance equation forms 
with the effects of interfering inputs and modifying inputs included. (Poge 2 of 4) 
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P(ln) 

s lioeAf accelemioQ \atetUtttiCt fractiooal deviation of the pressure- 
receiTio^elea)ent defleccioo 

“Uft) 

s diaphragm temperature interference fractional deviation of the pressure- 
receiviag-elemeot defleccioo 




(D)T, 


E body temperarure interference fraccionaJ deviation of the pressure- 
receiving-elcDenc deflection 

Using the definitions of E^s. (10), (11), (12) and (13) gives for Eq. (9): 


'(pre) ' 5(pteltp:T:i](t*f)P(ln)|[l + W Ve) Wllp,i„,l^* 


‘(pre))(lnt)(l<3| 


J(DRA)(pre)(Tj;T.:x 




J(DRA),p„„T ;T .,} 


(14) 


i) Froctionol deviotioo form 


In addition to the fractional deviation form of Eq» (M), it is useful to derive a frequency function ratio 
function form by dividing each term in the bracket of Eq. (4) by • The resulting equation 


“ ^(pre)(p;T;x)(fef)^^^(pre)(p;T;i)P{in) y ^ t^^^(prej((la);p]^^^^(pre)((lo)?p)^||^ 


where 


(FF). 


• pressure frequency function 

^^^(pre)(p*T-i) funaion of pressure receiving element (16) 

/ircnr-v ^^^(pre)lT.:T.;i) , 

(prRr)|pp^jj 7 . j *-2—2— fl diaphragm temperature-pressure frequency 

4' (FF)/ \t .T. \ function ratio function of pressure receiving 

^ element (!’) 

(FFRF)r WT • 1 • ^ cemperature-pressure frequency function 

b'P (PP)(pf#)(p«T'i) function of pressure receiving element (18) 

Then the frequency functions of Eqs. (16), (17) and (18) are eipressed in dimensionless sensitivity 
ratio - imaginary exponeotial product forms, Eqs* (16), (17) and (18) become 

^r'^^'^'(pt9l(aa);p) " -* 


(SR) 


(pfel(p;T;i) 


Derivofion Summary 33*4. Pressure-receivirtg-element performonce equotion forms 
with the effects of interfering inputs ond modifying inputs included. (Poge 3 of 4) 


396 




(FFRF) 


(pfe»{T^;p) 


'W) 


(pre)(p;T;*) 


(FFRF) 




(pf»)(Tj,;pl 


b' • b 


^^^^rre)(p;T:. 


Note: The (feqyeocy luncUon fotio tuncHon o concept lo similar to the concept o( peftcrmance functIon 
ratio (unction ci Definition Summary 10-4 and the time reeponee function ratio function ol Definition 


Summary )0*6. 


f) Frequency (unction ratio (unction (orm 


DerivoMon Summory 33-4. Pressure-receiving-element performonce equation forms 
with the effects of interfering inputs ond modifying inputs included. (Poge 4 of 4] 


( 20 ) 


( 21 ) 


temperature symbols in the modifying input positions of the input-output sub¬ 
script brackets of the performance-describing concept symbols used in Derivation 
Summary 33-4. When this modifying input symbol is omitted, it is assumed that 
the modifying input effect is either constant and known or is negligibly small. 

33.121. When each of the performance functions in Eq. (1) of Derivation 
Summary 33-4 is resolved into a reference sensitivity and a frequency function 
according to the convention of Eq. (2) of Definition Summary 28-8, the resulting 
performance equation form is given by Eq. (3) of Derivation Summary 33-4. When 
each term of this equation is divided by the product of the pressure - deflection 
reference sensitivity and the input pressure, the sensitivity ratio - frequency 
function form of the performance equation appears. This form is given as Eq. (4) 
of Derivation Summary 33-4. Each frequency function in this equation maybe 
resolved into a dimensionless sensitivity ratio and an imaginary exponential. The 
resulting performance equation form is given as Eq. (9) of Derivation Summary 33-4. 

33.122. For the purposes of discussing imperfections in performance, it is 
useful to change each of the output deflection components so that they include de¬ 
viation terms based on references equal to ideal forms. For example, the ideal 
value for the pressure-input-term dimensionless sensitivity ratio is unity. The 
corresponding ideal values for the other terms are all zero. Because each term 
is dimensionless, the deviations are all dimensionless and for this reason are 
called fractional deviations . The fracUonal deviation form of the performance 
equation is given as Eq. (14) of Derivation Summary 33-4. 

33.123. In addition to the fractional deviation form of the performance equa- 
Uon, it is useful to define a frequency funcUon raUo funcUon form in which each 
term of Eq. (4) is divided by the frequency function of the actuating input. The 

resulting performance equation form and the associated definitions are given in 
section f of Derivation Summary 33-4. 
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MODIFYING INPUT EFFECTS 

33.124. As far as performance equation forms are concerned, modifying in¬ 
put effects are more obscure than actuating input effects and interfering input 
effects. This difference depends on the fact that modifying inputs occur in the 
performance equation only as symbols in subscript brackets while inputs of the 
other types occur explicitly in terms giving output components. Modifying inputs 
that are not classed as interfering inputs determine the numerical values associated 
with performance functions and in certain cases may even affect performance 
function forms. On the other hand, one of the primary objectives of measuring- 
instrument design is to reduce to the lowest possible levels the effects of modify¬ 
ing inputs that produce only interference. This means that the corresponding per¬ 
formance functions should be made to approach zero as the ideal value. 

33.125. In terms of the fractional deviation performance equation form of 
Eq. (14) ofDerivation Summary 33-4, the effect of temperature as a modifying in¬ 
put is to change the value of the pressure-deflection reference sensitivity and to 
affect the fractional deviation levels. Because in any practical situation frac¬ 
tional deviations must all have small magnitudes as compared with unity, tem¬ 
perature modifying actions or interference effects will generally be of second 
order and may be disregarded. 

REDUCTION OF PRESSURE-RECEIVING-ELEMENT INTERFERENCE EFFECTS DUE TO 
MODIFYING INPUTS 

33.126. Three methods are commonly used to minimize interference effects 
due to modifying inputs: 

1) By design and, in particular, by proper selection of materials. A 
typical example is the use of "isoelastic"* metalto replace ordinary 
steel for spring applications. 

2) By isolating component parts from the interference-producing modify¬ 
ing input. This scheme is applied in the pressure-measuring system 
shown in Fig. 33-13, where a tube is used to couple the pressure re¬ 
ceiver to the nozzle chamber. In this way, the pressure receiver is 
protected from injury due to the high environmental temperature. 

3) By use of compensation. Typical examples are the brass rod and 
mercury combination for clock pendulums and the bimetallic balance 
wheel for watches. In the catenary diaphragm - strain gage pres¬ 
sure receiver, temperature compensation is introduced by two strain- 
sensitive windings, one placed so that it receives compressive strain 
and the other located so that it reacts to tensile strain. The tensile 
strain is equal to the product of Poisson's RaUo and the compressive 

. ThTword ■■isoclastic" implies tha. .hf ma«tial d«cnbed has elastic properties that are not affected by 
enviroomencal cooditioos. 
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strain. Compensation action occurs because compressive strain 
depends on Young’s Modulus, which increases with temperature, while 
Poisson's Ratio decreases with temperature. 

33.127. Another method for compensating strain-gage indicators for tem¬ 
perature is to place a high-temperature-coefficient resistance-wire coil where 
it will be subjected to the pressure-receiver body temperature. This compensa¬ 
ting resistance is connected in series with the receiver excitation source and the 
strain-receiving bridge. When the receiver body temperature increases, the com¬ 
pensating resistance becomes larger and reduces the effective excitation voltage 
applied to the strain-gage bridge. This means that the sensitivity of the pressure 
receiver signal generating system decreases as body temperature increases. The 
sensitivity of the pressure receiving element increases with temperature, so that 
the net effect of the compensating resistance is to reduce the effect of temperature 
on the pressure-signal sensitivity of the pressure receiver. 

COMPONENT PERFORMANCE FUNCTIONS FOR PRESSURE RECEIVING ELEMENTS 

33.128. Figure a of Derivation Summary 33-5 represents a flat-diaphragm 
pressure receiving element with an equivalent spring-restrained piston-and-mass 
system shown by dotted lines. A complete analysis on the basis of elastic theory 
shows that an elastic diaphragm has many modes of vibration, with the lowest 
mode having a frequency considerably lower than the frequency of the next higher 
mode. The actual behavior of the diaphragm in its lowest mode may be approxi¬ 
mated by using equivalent mass, damping, elastic restraint and area values com¬ 
bined in the form of Eq. (1) of Derivation Summary 33-5. It is to be understood 
that while theoretical values of the equivalent coefficients may be calculated from 
considerations of the lowest-frequency diaphragm mode, specific values for any 
given pressure receiving element will depend upon experimental tests. 

33.129. The pressure-receiving-element performance equation for a pressure 
input is set up by a force summation procedure identical with that described in 
Figs. 8-1 and 8-2 and in Derivation Summary 8-1 of Chapter 8. The definitions 
and symbols required to express and define the performance function associated 
with the resulting second-order equation are given inEqs. (2) through (ll)of Deri¬ 
vation Summary 33-5. 

33.130. Section b of Derivation Summary 33- 5 derives the linear-acceleration- 
input performance function for the flat-diaphragm pressure receiving element. 
This derivation is similar to that described for the pressure-input performance 
function except that the forcing action is produced by an inertia reaction force 
acUng on the equivalent mass instead of a pressure acting over the exposed area 
of the diaphragm. Equation (14) of Derivation Summary 33-5 shows that the 
resulUng second-order form is idenUcal with the pressure-input performance 
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Fig. a. Flot'diophragm pressure receiving element ond equivolenf sprlng^restroined piston»ond*mn$$ 

pressure receivir^g element, with pressure os the actuoting input. 

The performance equation for the equivalent spring-restrained pision-and-mass pressure receiving ele¬ 
ment of Fig. a may be derived by applying the pattern of Fig* 8-2 and Derivation Summary 8-1. The result* 
ing equation is 

“ "’(•q)*lpfe) " ^(.c|)*(pr«) ** *‘l.q)*(pt«) * ^(*q)P(ln) * ® 

Equation (J) is a typical (0;0,1.2) equation for which the standard form is 

V ♦ 2Cw^v + w^v « cw^u (2) 

Solutions for Eq. (2) are discussed in Chapters IP and 32. 

For present purposes, it is convenient to write Eq. (2) as 

*(pr.) + - ^(p,.)lp;,Hren*«P(tn) 


where 




« undamped angular natural frequency of the pressure receiving 


(eq) element 


damping ratio of the pressure receiving element 




^(pre)lp;*](ref) * " pressure-deflection reference sensitivity of.the pressure 

^(cql element 

For steady-state sinusoidal forcing variations, the (0;0,1,2) relating funcdoo gives the form of the per¬ 
formance funaion associated with Eq. (3); i*e., 

- (RFl,.,,.,,, m 

where, from Derivarioo Summary 3J’5 and Deri.ation Summary 19-10 or Informacioo Summary 32*2, 

m e , KRI . '<'^f’*’(pr.)(p;.t (8) 

(pr.)[p:i) * ^(pre)(p;*lJt.J)'^''^pre)(p;i)‘ 




(i-(FR)!)^ [2{DR)(FRL1 


Derivotion Summory 33-5. Performonce functions of a flot-diaphragm pressure receiving element 
for a pressure input and for a lineor occeleration input. (Page 1 of 3) 
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(Ci;0,l,2i 


^ (DRA) 


{pre){p;i 


s tan 


-I 

mfST 


(10) 


where 


n, 


(FR), = 

» input pressure forcing frequency 


( 11 ) 


w 


r) B —2- e undamped natural frequency of the pressure receiving element 
^ 2n 

q) Per/ormonce hnclion of o flahdioohrQQm pressure receiving e/emenf for o pressore inpuf 


( 12 ) 



Fig» b. Plot«diophragm pressure recoivirtg element end equivalent $pring*restroined piston*ond*moss 
pressure receiving element, with Imear occelerotion as the actuoting input. 

For the pressure receiving element of Fig. b, (he inertia reaction force on the equivalent piston and 
mass is 

* '"’(•q)^*(pf) + *{pfe)) (^ 3 ) 

Summing the forces on the equivalent piston and mass gives 

- "’l.q)(5f(prl ^ - S.qtNpr.) - •'(.q)Npr.) " « (M) 

Rearranging terms and dividing by shows that Eq. (14) has the standard (2;0,1,2) form discussed in 
Derivation Summary 19"12; i«e», Eq. (14) becomes 

*(p«) + 2 (DR)w„x,„^, t w^x,p,„ - -x,p„ (15) 

where 


w B ^ (identical with Eq. (4)) 

^ '"(eq) 


DR 


. (identical with Eq»(S)) 


W'Cql'^Cql 

Equation (15) may be written in the form 

J.*, 


(16) 


(17) 


(pre) * *(pt.) “ ^(pfo)[a;x](iel)*(pf) 


s 


(18) 


Derivation Summary 33-5. Performance functions of a flat-diophragm pressure receiving element 
for 0 pressure input ond for a linear acceleration input. (Poge 2 of 3) 
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where 


^(pfe)(r;i)(ren “ acceleration - dispUcemcnr reference sensitivity of the pressure 

w* receiving element 

OT-cn both Md« of Eq. (18) multiplied by and the pressure receiver input X. . is considered as 
the input, the result is 

X(p,e) + 2(t^RK*(pte) * = 5lpre)[s;.l{refl<X(pr) (20) 

Except for differences in reference sensitivities, Eqs. (20) and (J) are identical. This means that 

f'(0;0,1.2l ■= ^^^J(pre)(k:,) = *(SR)(prel(p;,) (21) 

^(0.0.1,2) “ = (^l(pfellp;«l (22) 

where it is understood that the linear acceleration frequency ratio symbol (FR),;,, is to be used in place 
of the pressure frequency ratio symbol (FR)p in the relationships corresponding to Eqs. (9) and (10). The 
expression (or the linear acceleration frequency ratio, corresponding to Eq. (11), is 


(FR) 


n 


'Uo) 


(Ollfl) 

ft. 


(23) 


where 


^(Ddo) ® Jiftcv acceleracion forcing frequency 


Note chat j is ideocical with (la), the linear acceleration symbol used in Derivation Summary 35-4, so 
chat 




X) 


(24) 


(DRA), 


(DRA), 


'(preK*:*) ■ ^‘^''^f(pre)((l<i);i) (25) 

Performonce funcfion of o flat’diQphngm pfessum receiving element for o linear occe/erofion input 


Derivotion Summary 33*5. Performonce functions of o flof-diophrogm pressure receiving element 
for 0 pressure input and for o linear acceleration input. (Page 3 of 3) 


equation except thatthe negative of the linear acceleration appears as the forcing 
function instead of the product of the diaphragm area and the input pressure. When 
the linear acceleration input - deflection output sensitivity of the pressure re¬ 
ceiving element is defined as the negative of the reciprocal of the undamped nat¬ 
ural frequency squared, Eq. (20) for the linear acceleration input has a form that 
is identical with Eq. (3) for the pressure input. This means that the acceleration- 
input performance function is identical with the pressure-input performance func¬ 
tion except for different reference sensitivities and the requirement for using 
frequency ratios associated with the proper input quantity. The relationships 
involved are given in Eqs. (21) through (25) of Derivation Summary 33-5. 

33.131. Derivations of performance functions to represent temperature in¬ 
terference effects are more difficult than the corresponding derivations for linear 
acceleration interference. For this reason no development of temperature-input 
performance functions is attempted here. As a practical matter, it is probable 
that temperature-input performance functions will be first-order forms with char¬ 
acteristic times that may be determined by proper test procedures. 
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EXPRESSIONS FOR DYNAMIC DEVIATION EFFECTS AND INTERFERENCE EFFECTS IN 
PRESSURE RECEIVING ELEMENTS 

33.132. The results of Derivation Summary 33-5 may be used to develop 
specific expressions for the fractional deviation terms that appear in the pres¬ 
sure-receiving-element performance-describing form of Eq. (14) of Derivation 
Summary 33-4. This development is carried out in Derivation Summary 33-6. 
Equations (5) and (6) of this summary show that the linear acceleration - pressure 
sensitivity ratio, which is a direct measure of the amount of input pressure re¬ 
quired to give the same effect on the pressure-receiving-element output deflection 
as a unit amount of linear acceleration, is equal in magnitude to the ratio of the 
equivalent mass of the diaphragm to the equivalent diaphragm area. The sensi¬ 
tivity ratio is actually equal to the negative of this equivalent mass-area ratio . 
The negative sign is not important for the sensitivity ratio; it merely shows 
that a negative acceleration has the same effect on the diaphragm as a positive 
pressure. 

33.133. The fractional deviation for the pressure input describes the dynamic 
error associated with various pressure-input frequencies. It has the form of the 
( 0 ; 0 ,l, 2 )dimensionlessrelatingfunction minus unity. This deviation is described 
by the curve families of Fig. 32-22. The corresponding family of dynamic re¬ 
sponse angles is given by Fig. 32-23. 

33.134. The linear-acceleration-input performance function has a form that 
is identical withthe form of the pressure-input performance function. This means 
that the numerator and denominator of the frequency function ratio function given 
by Eq. (15) of DerivationSummary 33-6 have identical forms and that the dynamic 
response angles also have the same forms. The only differences that exist are 
in the frequency ratios. The frequency ratio appearing in the denominator is as¬ 
sociated with the linear-acceleration-input forcing frequency while the frequency 
ratio in the numerator is associated with the pressure-input forcing frequency. 

A similar situation exists in the dynamic response angle expressions. Because 
of this situation, the frequency function ratio function reduces to unity when the 
linear-acceleration-interference forcing frequency is equal to the input-pressure 
forcing frequency. 

33.135. Section b of Derivation Summary 33-6 gives the expression for the 
diaphragm-temperature-interference fractional deviation when the interference 
performance function is assumed to have the form of the {0;0,1) relating function. 

In order to apply this fractional deviation expression to any specific case, it is 
necessary to have an experimentally determined value for the diaphragm thermal 
characteristic time. 

33.136. Body-temperature interference effects may be described by equations 
identical in formwiththose for diaphragm-temperature interference effects. The 
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Equation (5) of Dcrivatioo Summaiy 3}*4 has the fonn 
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Then temperature is considered as haeiug the same modifying effect on both of the sensitivities of 
Eq. (1), the symbol T may be removed from the subscript brackets of the sensitivity symbols. 

The symbol i for linear acceleration used in Derivation Summary 33*5 is identical with the symbol (la) 
of Derivation Summary 33-4. 

Taken together the statements of the previous two paragraphs mean that Eq. (1) is equivalent to 
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Derivation Summary 3J-6. Equations for dynomic deviotion effects and interference effects in 

pressure receiving elements. (Poge 1 of 3) 
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^(()(1q) * linear acceleration forcing frequency 

Using the expressions of Eqs. (7), (8), (10) and (11) in the fractional deviation equation of Eqs. (10) 
and (11) of Derivation Summary )5*4 gives 
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Note that Fig. 32-22 gives two families of curves showing the function of Eq. (13) for frequency ratios 
within the range of 0.1 to 10. Figure 32-19 gives a family of curves for the function of tq. (14) for fre¬ 
quency ratios between 0.1 and 5.0. Figure 32-25 gives the corresponding famUy of dynamic response 
angle deviation curves* 

The frequency function ratio function of Eq. (19) of Derivation Summary 33-4 combined with Eqs. (7), 
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The draamic response angle conesponding to is 
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The expressions associated with body temperature that correspond to Eqs. (19), (20), (21) and (22) have 
forms identical with those of these equations except that the subscript Tj Is replaced by the subscript 
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Derivation Summary 33*6. Equations for dynomic deviation effects and interference effects in 

pressure receiving elements. (Page 3 of 3) 


only essential difference is that the diaphragm thermal characteristic time must 
be replaced by an experimentally determined body thermal characteristic time. 


REDUCTION OP PRESSURE-RECEIVING-ELEMENT INTERFERENCE EFFECTS DUE TO 
INTERFERING INPUTS 

33.137. Environmental quantities that produce output changes cause interfer¬ 
ence effects. Figures 33-15 and 33-16 show that linear acceleration and temper¬ 
ature are interfering inputs for pressure receiving elements. In designing 
pressure-measuring equipment, a primary objective is to reduce effects due to 
interfering inputs while maintaining satisfactory response to actuating inputs. 
Solutions for this problem are often made difficult by the fact that design features 
that improve sensitivity to the actuating input often increase the sensitivity to 
interfering inputs at the same Ume. For example, any changes in the pressure 
receiver signal generaUng system reference sensitivity, coupling amplifier ref¬ 
erence sensitivity, or indicaUng system reference sensiUvity for the pressure- 
measuring system of Fig. 33-15 wiU have equal effects on interfering inputs and 
actuating inputs. Therefore, the only hope for reducing the relative importance of 
interference effects due to interfering inputs is to modify pressure receiver char¬ 
acteristics. Methods for reducing the response of a measuring system to inter¬ 
fering inputs are generaUy similar to those already discussed in connection with 

modifying input effects. 
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33.138. In rough outline, the procedure for holding interference effects with¬ 
in acceptable limits involves applications of the following lines of attack: 

1) Selection of design features and materials. 

2) Application of mechanical and electrical filtering techniques. 

3) Isolation of system components from interfering inputs. 

4) Use of compensation. 

33.139. General specifications are given for a pressure-measuring system 
in terms of size, maximum scale reading, uncertainty tolerance limits, range of 
interfering inputs, the frequency spectrum of the actuating input, the frequency 
spectrum of interfering inputs, dynamic error tolerances, and other pertinent 
data. When this information is available, design studies may be started. The 
interference control phase of these studies may logically begin with a selection of 
the general design features and materials to be used. 

SELECTION OF DESIGN FEATURES AND MATERIALS 

33.140. Table 33-1 lists generally useful relationships among the parameters 
of several pressure-receiving-element types. In order to give the tabulated in¬ 
formation the widest possible usefulness, all quantities are reduced to nondimen- 
sional terms. The reference quantities are chosen so that, for any given pressure- 
receiving-elementtype,they depend upon the material of the element and the per¬ 
missible size of the element. For the purposes of design, the diameter of the 
element may be taken as a measure of size. Density, stress at the elastic limit, 
sound velocity, and Young’s Modulus are used to represent material properties.* 

33.141. Column 1 of Table 33-1 lists the pressure-receiving-element types 
considered. Column 2 gives simplified diagrams of the various types. Column 3 
lists the allowed pressure - elastic limit stress ratio for each type. In this ratio, the 
allowed pressure is the input pressure for which the maximum stress in the ele¬ 
ment becomes equal to the stress at the elastic limit for the material. Column 4 
is the ratio of the effective mass of the element to the total mass of the element. 
For the purposes of this ratio, the effective mass is the moving mass of a second- 
order system that has the dynamic behavior of the actual system vibrating in its 
lowest mode. Column 5 gives the ratio of the mass-area ratio defined in Deri¬ 
vation Summary 33-6 to the characteristic mass-area ratio , which depends on the 
allowed input pressure - elastic limit stress ratio, the material density, and the 
receiving-element diameter. Column 6 is the ratio of the pressure-deflection sen- 
siUvity to the characteristic pressure-deflecUon sensitivity. This characteristic 
sensitivity is the ratio of receiving element diameter to Young's Modulus for the 

• A complcie petforoancc scudyof any given pressure receiving elemeni involves the hysteresis properties 
of the critical naterial in the element. However, for rhe sake of simplicity, hysteresis effects are disregarded 
io the present discussiona 
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material. Column 7 is the ratio of the undamped natural frequency for the receiv¬ 
ing element to the characteristic frequency for the given material with the spec¬ 
ified element diameter. By definition, the characteristic frequency is the ratio of 
sound velocity in the element material to the diameter of the element. 

33.142. With a single exception, the items listed in Table 33-1 are functions 
of receiving-element dimensions or some combination of material properties and 
element dimensions. The exception is the effective mass - total mass ratio (see 
column 4), which has a range between 1/6 and 1.60 over the range of design types 

considered. 

33.143. With the receiving-element diameter and the maximum input pres¬ 
sure specified, column 3 of Table 33-1 makes it possible to set up a requirement 
on the elastic limit stress for the material to be used in the receiver. 

33.144. With the frequency spectra of the actuating input and the interfering 
inputs specified, and the reasonable assumption that the equivalent second-order 
system of any practical pressure receiving element will have a low damping 
ratio, a limiting value for undamped natural frequency may be established. Col¬ 
umn 7 of Table 33-1 relates the undamped natural frequency of the receiving 
element to the characteristic frequency of the material considered and to the 
element diameter. The criterion of column 7 eliminates receiver type and ma¬ 
terial combinations with which it is impossible to meet dynamic performance 
specifications. 

33.145. When a list of materials has been selected that will meet the size 
specifications, maximum input pressure, and undamped natural frequency criteria 
of columns 3 and 7 of Table 33-1, column 6 gives the pressure-deflection sensi¬ 
tivity for each receiving-element type in terms of the characteristic sensitivity 
for each material. For reference purposes, column 4 gives the effective mass - 
total mass ratio for each receiver type. 

33.146. In addition to the immediately available information of Table 33-1, 
pressure receiver design must take into account heat conductivities and thermal 
coefficients of possible materials. For example, invar steel has good mechanical 
properties, but relatively poor heat conductivity, while aluminum has good thermal 
conductivity, but poor mechanical properties. In certain cases, a proper combina¬ 
tion of these materials might produce a more satisfactory result than any one 
material alone. 

33.147. The development of Derivation Summary 33-6 shows that the mass- 
area ratio of a flat-diaphragm pressure receiving element determines the pressure - 
linear acceleration sensitivity ratio. This means that linear acceleration inter- 

ferenceeffectsarereducedbyreducingthe mass-area ratio. Column 5 ofTable33-l 
gives values of the effective mass-area ratio in terms of the characteristic mass- 
area ratio for each receiving-element type. Other things being equal, the ratio 
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of column 5 should have the lowest possible value in order to minimize linear ac¬ 
celeration interference. 

33.148. The many interlocking requirements associated with good actuating 

input sensitivity and low interfering input sensitivities make it impossible to set 
up ahard-and-fastdesignprocedure. The approach just outUned may be used as a 
starting point, and supplemented with a cut-and-try procedure. When any trial 
design fails to meet specifications, more or less extensive changes are introduced 
and a new trial design is carried through. This process is continued until a unit 
with satisfactory performance is produced. 

mechanical and electrical filtering techniques 

33.149. When the essential frequencies appearing in the actuating input are 
well-separated from the frequencies that occur in the spectra of the interfering 
inputs, it is possible to use filtering actions for reducing interference effects to 
tolerable levels. Mechanical filtering in the pressure receiver is possible when 
interference frequencies are well above actuating input frequencies. Filtering in 
this instance is introduced by placing the undamped natural frequency of the re¬ 
ceiver below the interference frequencies. In the usual situation, the pressure 
receiver picks up both actuating and interfering inputs. In this case, the output 
signal from the receiver is subjected to low-pass, band-pass, or high-pass elec¬ 
trical filtering as required to minimize interference components in scale readings. 
The required filters may be incorporated in the coupiing amplifier, the indicating 
system, or both of these systems. 

33.150. When interference frequencies are high and have low amplitudes with 
respect to actuating input variations, pressure receiver signals may be recorded 
without filtering. A smoothing process similar to that discussed in Chapter 6 may 
be applied to the record in order to substantially eliminate interference components. 

ISOLATION OF SYSTEM COMPONENTS 

33.151. Interference effects may be reduced by isolating measuring-system 
components from the interfering inputs. For example, microphonic signal com¬ 
ponents may be eliminated by isolating the coupling amplifier in a sound-proof 
enclosure. In addition, the pressure receiver itself may be placed in a shock 
mounting to minimize mechanical disturbances. The isolation of the strain-receiving 
tube from temperature effects in the catenary-diaphragm pressure receiver has 
already been mentioned in connection with the discussion of temperature as a 
modifying input. 

COMPENSATION 

33.152. The use of compensation to reduce interference effects due to inter¬ 
fering inputs is identical in principle and execution with the use of compensation 
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to control interference effects due to modifying inputs. The compensation effect 
is introduced by some operating component or components that receive the inter¬ 
fering inputs and produce outputs that are used to balance out undesirable com¬ 
ponents in the actuating input receiver. 

PRACTICAL FACTORS OF PRESSURE-RECEIVIMG-ELEMENT DESIGN 

33.153. Equation (5) of Derivation Summary 33-6 shows that the linear ac¬ 
celeration - pressure sensitivity ratio of a flat-diaphragm pressure receiving 
element is proportional to the mass-area ratio. A similar relationship exists for 
the dynamic error of pressure receiving elements of all types. For situations in 
which linear acceleration is present as a serious interfering input, it is always 
desirable to design for the lowest feasible mass-area ratio. Values in Column 5 
of Table 33-1 give the effective mass-area ratio - characteristic mass-area ratio 
ratio for the five types of receiver under equal pressure-stress ratio. Column 5 
shows that the catenary-diaphragm pressure receiver has a relatively small mass- 
area ratio. This result is achieved by the use of a high-efficiency structural de¬ 
sign in which every part of the critical element carries a uniform stress. 

33.154. The catenary-diaphragm pressure receiver provides some isolation 
to the strain-receiving tube from temperature effects. It is difficult to estimate 
temperature response from theory alone, but experimental tests have shown that 
temperature interference in the catenary-diaphragm element is reduced to about 
1/30 of that for a flat-diaphragm receiver with similar specifications when both 
receiving elements are subjected to the same inputs under the same environ¬ 
mental conditions. 

33.155. Asphericalcapdiaphragm that has a relatively large diameter-depth 
ratio gives the lowest value in Column 5, and represents the best choice when 
dynamic performance is the only criterion. The cylindrical type has a constant 
low value,and gives a better dynamic performance than a spherical cap diaphragm 
that has a small diameter-depth ratio. But since the spherical cap diaphragm 
element has no appreciable cavity as compared with the cavity of the cylindrical 
type, the spherical cap type is to be preferred for the high-frequency measure¬ 
ment of gas pressure. 

33.156. Next in the value of its mass-area ratio to the spherical cap and 
cylindrical receivers is the catenary-diaphragm receiver. For these three types, 
the mass-area ratios are constant numbers. In contrast, the nondimensionalized 
mass-area ratio of the flat diaphragm is a function of stress-pressure ratio. For 
a typical 1000-psi receiving element of steel stressed to 20,000 psi, the nondi- 
mensional mass-area ratio is more than double that of a cylinder. 

33.157. The nondimensional mass-area ratio of the stretched membrane is 
afunctionofits circumferential tension. Inthistypeof receiving element, specific 
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tension is the essential parameter. The natural frequency is proportional to the 
square root of the specific tension. On the other hand, both the sensitivity and the 
nondimensionalmass-area ratio decrease as the specific tension increases. Even 
with moderate tension, however, it can be shown from the expressions of column 5 
that the stretched membrane has a higher nondimensional mass-area ratio than 
any of the other pressure-receiving-elementtypes in Table 33-1. For this reason, 
the stretched-membrane type of pressure receiving element is not desirable for 
use when high-frequency characteristics are important. It is to be noted that the 
expressions in column 5 are based upon a characteristic mass-area ratio that 
corresponds to aconstant pressure-stress ratio. A high value in this column, such 
as for a membrane, means a poor structure member for carrying pressure. 

33.158. Pressure-carryingcapacityis often not the limiting factor in design. 
The actual limitation in this situation is in the thickness of the diaphragm that 
can be produced in practice. This condition usually exists for low-pressure-range 
receivers. When a minimum diaphragm thickness is established, the effective 
mass - total mass ratio of the receiver is constant for each of the receiver types 
listed in Table 33-1. The mass-area ratio for different types of receivers is 
therefore proportional to the effective mass - total mass ratio given in column 4. 
From this column, the spherical diaphragm has the lowest mass-area ratio, but 
the flat diaphragm and the membrane also have quite favorable values. For low- 
pressure applications, and in particular when temperature interference is low, a 
stretched-diaphragm receiving element is usually the best choice when moderately- 
high-frequency input variations are to be recorded. 

DETERMINATION OF PERFORMANCE CHARACTERISTICS FOR PRESSURE-MEASURING 
INSTRUMENTS 

33.159. The performance information on any pressure-measuring unit or 
system is complete when the data provided make it possible to predict the indi¬ 
cated pressure record corresponding to a given input pressure variation. The 
required information includes numerical values for the pressure input - Indication 
output static sensitivity of the instrument mechanism and for a complete set of 
dynamic-performance-describing parameters.* The problems of determining 
these parameters and the static sensitivity may be solved by procedures that are 
identical with those described in Chapters 31 and 32 for first- and second-order 
systems, respectively. 

33.160. The pressure-indication static sensitivity may always be found by 
noting the pressure readings that correspond to a series of known constant input- 
pressure levels. This sensitivity is background rather than essential information 

• In practice, ^ftphical wpreseotations of wious types (for extople, ditneosiooless sensitivity ratio 
curves and dynamic tespoose angle curves) are often substituted for numerical parameters. 
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for any properly calibrated pressure-measuring instrument, which always has an 
input pressure - scale reading sensitivity of unity. 

DETERMINATION OF DYNAMIC PERFORMANCE PARAMETERS 

33.161. The number of parameters required to specify the dynamic perform¬ 
ance of any given system depends on the order of the performance equation for the 
system. One parameter with the dimension of time is sufficient for a first-order 
system. One parameter with the dimension of time and one dimensionless param¬ 
eter are required to specify the dynamic performance of a second-order system. 
The discussion of Chapter 22 shows that, as a general rule, one more dimensionless 
parameter is required for each additional order of the equation under consideration. 

33.162. From known design features of any given unit or system, it is always 
possible to estimate the order of the performance equation involved and a set of 
values for the parameters involved. In practice, it is often necessary to make as¬ 
sumptions in setting up performance equations that make calculated parameters 
somewhat inaccurate. In any case, it is very desirable to make experimental tests 
both to check the validity of the performance equation* and to find exact values 
for the performance parameters. 

33.163. The general procedure for checking performance-equation validity 
and determining parameters for any measuring unit or system is to observe re¬ 
sponses to input changes. From the standpoint of theory, the comparison of any 
scale-reading record with the corresponding input change supplies all the infor¬ 
mation necessary to check performance-equation form and parameter values. In 
practice, there is a considerable difference in convenience and complexity of 
equipment required for satisfactory results, depending on the nature of the forcing 
function used for the tests. For the purposes of discussion, several typical func¬ 
tions are illustrated in Information Summary 33-1, which also lists references to 
detailed information on each function. 

33.164. Section a of Information Summary 33-1 represents the most general 
situation, in which a forcing function of precisely known mathematical form is 
used. Comparison of the record corresponding to this input with the input itself 
supplies data on dynamic errors and dynamic response delays. The data contain 
all the information necessary for determining whether or not a given performance 
equation is valid and, in addition, provide numerical values for the essential pa¬ 
rameters. The situation is particularly simple for certain forcing functions when 

• In many instances, erperimemal tesolts show chat a simplified performance equation will serve wichin 
the tolerance limits involved. The use of experimentally determined parameters in simplified equations very 
often ^ives completely satisfamty results over an adequate range of operation. The use of a first-order equa¬ 
tion to represent the behavior of the heavily damped meter (which is actually a second-order system)discussed 
at the end of Chapter 29 is an example of performance-equation simplification. The Chapter 29 example also 
describes a pattern for representing the error associated with the use of a simplified performance equation. 
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the response records cover such a long time interval that transient effects are 
negligible. This means that only the forced response remains, which is described 
by the forced solution of the performance equation. Forced responses for first- 
and second-order systems with linear input variations are given in Figs. 31-2 
and 32-9 through 32-13. These figures show that a particularly simple relation¬ 
ship exists between the forced dynamic response delay and the time parameter 
for the system under test. 

33.165. It is obviously possible to use the forced response of any system to 
check performance-function validity and to determine parameters. However, the 
forcing function must be accurately known and controlled. This control is easy 
enough when the measuring-instrument response is not too rapid. On the other 
hand, when high natural frequencies and light damping are involved, transient re¬ 
sponses are usually so simple to excite and interpret that, for test purposes, they 
are to be preferred to forced responses. 

33.166. Section b of Information Summary 33-1 illustrates the use of steady- 
state sinusoidal response for the determination of performance characteristics by 
the frequency response method. This method is particularly advantageous for the 
electrical instrument applications discussed in Chapter 32. The advantage stems 
from the general availability of equipment to generate sinusoidal test voltages. 
When accurately known sinusoidal input variations are difficult to produce over a 
wide range of frequencies, the steady-state response method is not useful. This 
statement is particularly true for high-pressure-range measuring equipment 
capable of responding to rapid pressure changes. 

33.167. Section c of Information Summary 33-1 illustrates the use of an in¬ 
put pulse for determining response characteristics. When the pulse shape is ac¬ 
curately controlled, and the pulse duration is adjusted so that a considerable por¬ 
tion of the total response occurs before the pulse disappears, aU the required 
information may be taken from a single record. For high-natural-frequency 
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instruments with inputs difficult to pulse accurately, the pulse method suffers from 
the handicaps of the forced response method and the frequency response method. 

33.168. Transient response methods are generally easier to apply than the 
methods just discussed. This advantage is based on the fact that as long as a 
transient-producing disturbance of sufficient power is applied, and the input is re¬ 
turned to some constant level while a considerable transient effect is still present 
in the response, the shape of the input change is not important. That is, so long 
as a transient is set up and the input is then immediately reduced to a condition 
with a simple forced response, the input change may have any unknown form. 
Sections d and e of Information Summary 33-1 illustrate transients excited by 
effective step functions and effective impulse functions, respectively. The tran¬ 
sient analysis is particularly simple if the effective step or effective impulse is 
completed before the instrument response has changed more than a negligible 
amount from its pre-disturbance level. 

SHOCK TUBE FOR DETERMINING CHARACTERISTICS OF HIGH-NATURAL-FREQUENCY 
PRESSURE-MEASURING INSTRUMENTS* 

33.169. Figure 33-17 illustrates the essential features of a small shock tube 
constructed at Massachusetts Institute of Technology for testing high-natural- 
frequency pressure-measuring instruments. A steel pipe two inches in diameter 
is divided into two sections by a gas-tight partition made of thin plastic. A gage 
pressure of two or three atmospheres is built up in a two-foot length of the tube 
behind the plastic sheet, which is selected so that it is near the point of failure 
under stress. The pressure receiver of the equipment to be tested is mounted in 
the end of a tube section four feet long that is mechanically connected to the 
diaphragm-sealed end of the pressure-containing section of the tube. 

33.170. When the diaphragm of Fig. 33-17 is punctured by a pin driven into 
its center by a rod actuated from outside the tube, the gas pressure is suddenly 
released and rushes as a pressure wave into the longer section of the tube. At the 
end of the tube, the wave is reflected as illustrated by the typical instantaneous 
pressure distribution diagrams shown in Fig. 33-17. At thestartof the reflection, 
the pressure receiver is subjected to a sharp pressure step of twice the original 
gas pressure behind the diaphragm seal. After this instant and until the following 
rarefaction strikes the end of the tube, the pressure receiver is subjected to a 
constant pressure. This means that the instrument receives a sharp step disturb¬ 
ance followed by a steady-state condition. 

TYPICAL PRESSURE RECORD FROM SHOCK-TUBE TEST 

33.171. The photographic record of the figure given in section a of Data Anal¬ 
ysis Summary 33-1 shows the response of a flat-diaphragm pressure receiver in 

• See Geiger, Maoti aod Lapofte (GIO), 
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(pr) Pressure receiver 
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Diaphragm material: steel Undamped natural frequency (computed*): 
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Tiansient 

Peak 

Number 


Transient 

Peak* 


m*'’ to n*” 

Transient Peak Ratio 

I (TPR),„.», 


Damping 

Ratio** 

(DR) 


0.020 
0.019 
0.017 
75 
75 
0.016 


Deviation of 
Damping Ratio 
|{DR),o.,-(DR)| 


57 
47 
27 
32 
32 
0.0017 





0.0003 

0.0007 

0.0007 

0.0027 

0.0013 

0.0053 

0.0043 

0.0043 

0.0003 

0.0053 


•iTiri™ 


0.0043 


* Transient peolu measored in milllcmters (rom Ofl^irbal record* 

** Dampinq rotloe are obtained tron plots of transient peak ratio versus domplnq ratios given in Vol. II, 
Fig. l^H. 


From the sets of eiperimenully determioed dampiog ratios, it is possible to calcolate the standard de* 
viatioo* aod the probable deviation of the damping ratio. These calcdatioos can be made with different 
values ol m -o. - - — 


($D)(DR) e standard deviation of the 
damping ratio 

, (AD)(DR) 

0.7979 

where 

(AD)([)R) » average deviation of the 
damping ratio 


m-n 


I i; I - ®w. 


(DR),o., 

0.0143 

0.0156 

0.016 

(AD)(DR) 

0.00285 

0.00272 

0.002 

(SD)(DR) 

0.00356 

0.00340 

0.0025 

(PD)(DR) 

0.0024 

0.0023 

0.0017 

(PD}(DR) 

0.17 

0.15 

0.11 

(DR)(„, 

Of 

17 

or 

15% 

Of 

nr. 


(PD)(^) • probable deviation of the /Qp\ ^ 

dampiog ratio 17 % 1 

. 0.6745 (SDKDR) I_L__L 

d) Dtttrminotion of fhe domping rotio of tho pressure receiver 


* Sss Vol. I, Chapter 11, lor dellnltiona. 


Dofo Anolysis Summary 33-1. Experimentol determinotion of the damping ratio ond undamped 
naturol frequency of o pressure receiver from a transient response record. (Page 2 of 3) 
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From (be replot of the transieot response, it is seen that the indicated pressure goes through 10 cycles 
ID 0»7 QuIlisecoDd. 

T s damped period 


• 0.7 X10*^ 7 ,a.5 . 

- —- * 7 X 10 ^ secoods 

n s damped aatuial frequency 


14,300 cycles per second 


From Table 32*1 

t\^ * undamped oatural frequency 


n 


Vl-(DR)' 
lith (DR) << 1, 

"n " " “ 14,500 cycles pet second 


7 * 10 


-5 


Note: The »olue for the undoEped nsttfal frequency qWen In section b, which was computed from the physical 
ch«etefla«a of the press^ee reeeWer, was I $,700 cycles per second. 


Otftrminofion of tht tjndomptd nafarol frequency of f/>e pressure 


receiver 


Doto Anolysis Summory 33-1. Experimentol detetminafion of the domping rotio ond undoitiped 
noturol frequency of o pressure receiver from o tronsient response record. (Poge 3 of 3) 


combinstion with a cathod6*ray oscilloscopo and coupling amplifier, giving sub¬ 
stantially ideal response over the frequency range involved. The first part of the 
record is an upward pressure step producing an oscillatory transient about a sub¬ 
stantially constant raised pressure level. After about one millisecond, the oscil¬ 
lation continues with an exponentially decreasing axis. These record features 
correspond to the doubled pressure regime during the first shock-wave reflection, 
which is followed by the decreasing pressure as the first rarefaction moves to the 
end of the shock tube. 

33.172. Section c ofData Analysis Summary33-1 is a replot of the first part 
of the record of section a with the average taken as zero. Definitions and typical 
numerical values are marked on the replot in accordance with the pattern used in 
Data Analysis Summary 32-1. Section d of Data Analysis Summary 33-1 gives a 
tabulation of pressure peaks from the curve of section c. The table also includes 
transient peak ratios based on separations of 2,5, and 10 peak numbers, and the 
corresponding damping ratios for a second-order system, taken from Fig. 32-26. 
These damping ratios are averaged, and probable deviations* are computed for 
each average. The 2-peak separation gives an average damping ratio of 0.0143, 
with a probable deviation • average damping ratio ratio of 17 percent; the 5-peak 
separation gives an average damping ratio of 0.0156, with a probable deviation - 
average damping ratio ratio of 15 percent; and the 10-peak separation gives an 
average damping ratio of 0.016, with a probable deviation - average damping 
ratio ratio of 10.5 percent. When the uncertainties in reading values from the 
record are considered, and the possible deviations from theoretical conditions in 
the pressure receiver are considered, the damping ratio results show that, to a 
satlsfactorydegree of approximation, theunitunder testbehavesas a second-order 
system with a damping ratio of about 0.015. 


* Pfobable d^TutioD ia id Cbipcer 11. 
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33.173. Measurements along the time axis of the record of section a of Data 
Analysis Summary 33-1 show that the measured undamped natural frequency of 
the pressure receiver is 14,300 cycles per second. This experimental result 
agrees reasonably well with the theoretical value of 15,700 cycles per second for 
an ideal flat diaphragm. Thedifference between experimentaland measured values 
probably lies in details of the fillets at the diaphragm edges, machining imper¬ 
fections, and deviations of the material properties from assumed values. 

CONCLUSION 

33.174. The discussion of this chapter has centered about the pressure¬ 
measuring system, but it is obvious that the conventions and procedure patterns 
may be immediately applied to open-chain systems of any type having any degree 
of complexity. Accordingly, free use of the material developed in this chapter will 
be made whenever necessary in the remainder of this book. 
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CHAPTER 34 

INTEGRATORS AND DIFFERENTIATORS 


INTRODUCTION 

34.1. IntegraUon and its inverse, differentiation , are mathematical concepts* 
of primary importance for the purposes of instrument engineering. Integration 
corresponds to the summation of physical quantity increments. Differentiation is 
a process that gives the rate of change of one physical quantity with respect to a 
second physical quantity as the ratio of infinitesimally small increments. A num¬ 
ber of devices that act as integrators or differentiators appear as operating com¬ 
ponents in the systems that are discussed in later chapters of this book. 

34.2. The generalized theory of integrators and differentiators is the primary 
subject matter of this chapter. In order to reduce the discussion to specific terms, 
the essential features of various devices that are commonly used to provide the 
functions of integration and differentiation are described,*‘and the corresponding 
performance equations are derived. A basic pattern for specifying the performance 
of actual equipment in terms of deviations from ideal performance is developed, 
and isappliedin a number of typical examples. The chapter ends with adiscussion 
of the analog computers that are formed by combinations of integrating components. 
IDEAL INTEGRATORS 

34.3. Ideal integration is produced by any device that causes the rate of 
change of its output to be accurately proportional to its input. Section a of Deri¬ 
vation Summary 34-1 is the functional diagram for the ideal integrator. The cor¬ 
responding performance equation in integral form is given by Eq. (1) of the sum¬ 
mary. Differentiation of Eq. (1) shows that when the input quantity - output quantity 
rate sensitivity is constant, the time rate of change of the output quantity is ac¬ 
curately proportional to the input quantity. This fact is shown by Eq. (2), which 
has the form of a conventional (0;1) differential equation. 

34.4. Integrator performance may be conveniently described in terms of the 
steady-state sinusoidal performance function derived in section c of Derivation 
Summary 34-1. The development of this section follows the general pattern described 

• See texts oo calculus; fat exaople, Bacoo (B21), Couraot (C8), Fraaklio (F13), and Phillips {P9). 

•• See also Ahrcndi (Al) and(A12), Brown and Campbell (B41, Chestnut and Mayer (Cl), Greenwood. Holdam 
and Macrae (G3). James, Nichols and Phillips (JI). Kom and Kora (K6). Lauer, Lesnick and Matson (LI). Laws 
(L7), MacColl (Ml), Navy Department (N5) and (N6), and Potter (P2). 
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Refer to Definition Summary for conventions. 


0} Fun^tionol ^io^fom for tho idtol infogrofor 
The performance equation for the ideal integrator is 


or« differentiating bq. (1), 






where 


« ] « input quantity - output quantity rate sensitivity of the 

This sensitivity is constant for the ideal integrator. 

Note that Eq. (2) has the form of the typical (0:1) differential equation. In working variable terms, this 


equation is 


0 ,v - b^u 

b) Gtnerolizod performonct equorions for the ideal infegroror 


'Ahen the input variation has the form of a simple sinusoid, that is, when 


. Iwit 

*'(ln) " Idnla ‘ 

where ^ 

A irr 

Wj » ® t" * angular forcing frequency 

a forcing frequency 
« forcing period 

and when attention is restricted to sready*state conditions, the integrator output is 


•llout) “ ^l»lU(i„):5((,u,)l f%n)a* * 


or, in operational form, 


1[outl - y 


where 


p-dt 


(See Derivation Summary 17*5 of Chapter 17.) 


Oerivotion Summary 34-1. Performartce equation and performonce function for the ideol integrotor. 

(Poge 1 of 4) 
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Dtiinc 

period (arbitraril)r chosen) 


n 


:r«i) 


1 


(ref) 


Then 


* reference fre<)uency 




rCref) 


^(In) 


From Eq. (12), the performance function for the ideal integrator has the form 


( 10 ) 

( 11 ) 

( 12 ) 


where 

s 






(13) 


(14) 


• input quantity-output quantity reference sensitivity for the 
ideal integrator 


(FR) 

Define 

^^l^^lrelKbp) • (^P)(u) 


n. 


T 


(ref) ** 


n 


Wf) 


« reference frequency ratio 


(15) 


2ff 


ideaj integrator breakpoint reference frequency ratio 


(16) 


or 


so (hat 


ideal integrator break point 




(17) 




or 


(bp) 


111 ) 


^ ^l“ll^(lnl''>(out)l ■ /CD) 

'l'^"W)lll) 


(18) 


where 


(FR) 


(PR){bpr)(U) •-breakpoint-reference frequency ratio for the ideal integrator 


(19) 


(bp),„, 

Refer to Definition Su/nrna/y 2S-8 and Chapters I3i 17, 16, 19 and 24, for background theory, definitions, 
and conventions of notation. 

c) Complex vorioblt hrms for the idtol inte^rotor per/ormonce function 

In terms of the reference sensitivity, dimensionless sensitivity ratio and dynamic response angle con¬ 
cepts tabulated in Definition Summary 28-8 and developed in (he references cited in that summary, Eq.(17) 
becomes 

where 




'’(lri)=‘’(out) 


1 " 




S 


'KD) (22) 


Derivotion Summery 34-1. Performonce equotion end performance function for the ideol integrotor. 

(Poge 2 of 4) 
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M/u\ "* 15 (RS)R],„w- .- ) « inpuc quantity-outpue <ju-jntity sensitiviry-reference sensitivity 

iin)' (out) ideal integrator 

.. - isR), 


(In)* (out) sensitivity ratio for the ideal integrator 


(DRA),,... s » input quantity-output quantity dynamic response angle for the 


From Eqs. (M), (17), (l^) and (22), 


i^dii 


(FR) " (FR), ' 
'* ^'Mrof) ' '(bp 


(bpf)(li) 


(bp), 


(23) 


_ ^(bprl(ll) 




where 




(24) 


(i, - (FR)(ref) 

^(bpr) “ (^(^hbpr)(m 

d) Dimension/esj sensttivify fofi’o end dynamic response ong/e forms for fhe ideal integrator 


performance function 


(25) 


(26) 

(27) 


1 1 


9 

5 -I 


- -2 
«• 

ar 



loo fi, " loq {FR),,,,J (lorusi 


e) Logordhmic-ico/e plots of >J»e </imens/on)et$ sensitivity rath and the dynamic response angle 

for the ideal integrator 

Derivotion Summory 34-1. Performonce equotion ond performonce function for the ideol inteor 

(Poge 3 of 4) 
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0 Unifofm-scQie compitx p/one pfot of fhe performance funcfion for fhe ><feo/ infe^rator 

Derivation Summary 34-1. Performonce equotion ond performance function for the ideal integrotor. 

(Page 4 of 4) 


in Derivation Summary 18-9, which leads to expressions for sinusoidal relating 
functions that are mathematically equivalent to the performance functions for 
operating components. The conventions for describing performance functions 
and their relationships to relating function forms are described in Definition 
Summaries 28-6, 28-7 and 28-8. 

34.5. In Derivation Summary 34-1, an arbitrarily chosen reference period, 
T(„„ , is introduced as a factor in Eq. (12), and in Eq. (14) the inp^ quantity - qut- 
put quantity reference sensitivity for the ideal integrator is defined as the product of 
this reference period and the input quantity - output quantity rate sensitivity of the 
ideal integrator. In Eq. (15), the reference frequency ratio is defined as the ratio 
of the forcing frequency to the reference frequency, which is the reciprocalofthe 
reference period. The ideal integrator breakpoint reference frequency rat^ , or 
ideal integrator break point , Is the value of the reference frequency ratio for which 
themagnitudeof thefractionalfactorinEq.(13)becomesunity. The ideal integrator 
break point is defined in Eq. (16) as the reciprocal of 2ir. EquaUon (17) is an 
expression for the input quanUty - output quanUty performance ^ 

ideal integrator expressed as a function of the reference frequency rat^ - break ppbi t 
Equation (18) is idenUcal with Eq. (17) except that the raUo appearing in 
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the denominator of Eq. (17) is replaced by a single symbol, the breakpoint-reference 
frequency ratio . 

34.6. Section d ofDerivation Summary 34-1 outlines the concepts and symbols 
for expressing the performance function of section c in terms of the dimensionless 
sensitivity ratio and the dynamic response angle. Section e gives an illustrative 
log-log plot for the dimensionless sensitivity ratio as a function of reference fre¬ 
quency ratio. This function is a straight line that slopes downward with increasing 
values of reference frequency ratio and crosses the zero-ordinate line at the 
logarithm of the break point, log (l ''2ff). The corresponding dynamic response 
angle is constant at -ir/2 radians. Section f shows the ideal integrator perform¬ 
ance function plotted on uniform-scale complex-plane coordinates. In this repre¬ 
sentation, the performance function is identical with the negative imaginary axis, 
with the zero reference frequency ratio at minus infinity, and the high reference 
frequency ratio range compressed near the zero-point of the coordinates. 

IDEAL DIFFERENTIATORS 

34.7. Derivation Summary 34-2 outlines a development of the performance 
equation and performance function forms for the ideal differentiator. The results 
of this development are expressed in terms of the concepts and notation already 
defined for the ideal integrator. The pattern of Derivation Summary 34-2 is es¬ 
sentially similar to that of Derivation Summary 34-1. 

34.8. The basic functional differences between the ideal differentiator and 
the ideal integrator are brought out by a comparison of the plots of section e of 
Derivation Summary 34-2 with the corresponding plots given in section e of Deri¬ 
vation Summary 34-1. Both dimensionless sensitivity ratios cross the zero- 
ordinate line at a break point of l/2ff. For the integrator, the sensitivity ratio 
line has a slope of 45 degrees downward toward high reference frequency ratios. 
For the differentiator, the sensitivity ratio line has a slope of 45 degrees upward 
toward high reference frequency ratios. The dynamic response angle for the ideal 
integrator is minus i/2 radians. The corresponding angle for the ideal differen¬ 
tiator is plus v/2 radians. 

34.9. On the uniform-scale complex plane, the differentiator performance 
function is identical with the positive imaginary axis. Low reference frequency 
ratios are near the origin of coordinates and approach infinity as the magnitude of 
the imaginary-axis coordinate approaches infinity. 

TYPICAL INTEGRATORS AND DIFFERENTIATORS 

34.10. In pracUce.the devices available for use as integrators and differen¬ 
tiators do not have ideal characterisUcs. The deviaUons from ideal performance 
that exist when a given input quantity variaUon is considered depend upon the 


427 


Iflpul 

QuaQtic7 

llln) 


Ideal Differentiator 
(id) 


Output 

Quantity 

^(out) 


Refer to Definition Sumoary 28*6 for conveotions. 

oj Funcfional diagram for tho idtal difhroniiator 


The performance equation for the ideal differentiator is 


‘IloutI “ 


where 

Si.jxfi 


quantity rate ^output quantity sensitivity of the ideal differentiator 

This sensitivity i$ coostag for the ideal differentiator. 

Note that Eq. (1) has the form of the typical (1;0) differential equation* In working variable terms, this 
equation is 

OjV s b,u (2) 

h) Genero/iietf performonce aqaofions for ihe ideal dUftranfiafor 

Vhen the input variation has the form of a simple sinusoid, that is, wheo 


^(In) • ^lln)o^ 


SO that 


—T— • l^f^(lBla« ■ i^fH(in) 

ot 

the differentiator output is given by substituting the expression of Eq» (4) in Eq« (1); i.e*, 
or, in ^eratiooal form, 

‘l(oul) " 

Introducing the reference period makes it possible to write Eq. 0) in the forms 

•llout) • ^(ld)(q(i„,:q,^„„l(reni*f^(r*n‘l(ln) 

" ‘’{‘"I 

c • n 




where 


^lldl[q(,„,:q(out)Ji'*‘’ T 

(rel) 


( 11 ) 


• input quantity-outpur quantity reference sensicifity for the ideal differentiator 

Derivotion Summory 34-2. Performance equation ond performonce function for the ideal 

differentiotor. (Poge 1 of 3) 
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(Mmh) » ^ e ideal diffcrcmiator break poiac 


( 12 ) 


The perforfcance function forms corresponding co the performaoce equations (7), (8)i (9) and (10) are 



(13) 


(14) 


(15) 

(ld)(q(,n,:q(o„,)Jf”'’' ^^^^VprKld) 

(16) 


See Derivation Summary }4«1 for definitions of the concepts and symbols appearing in the equations of 
this section. Refer to Definition Summary 28*8 and Chapters 13» 17» 16» 19 and 24 for background theory, 
definitions and conventions of notation. 

cj Comp/ex voriobfe forms for fhe icfeof differtntiaior ptrformanct funcfion 


[q terms of the reference sensitivity, dimcasiooless sensitivity ratio and dynamic response angle con* 
cepts tabulated in Definition Summary 28*8 and developed in the cited references, Eqs. (1$) and (16) be* 


come 


where 


'Jdd) ” f’lrHJdlf'iidJ* tPF](id)[q, 


{ln)='’(0ut)' 


(17) 




S I 1 tSR) 


(19) 


^rlddl - (deJinedbyEq.di)) 

HMd) • [S(RS)R].„,,, . e input quantity-output quantity sensitivity-reference 

(In)' (out) differentiator 


sen* 


input quantity— output quantity dimensionless sensitivity 
ratio for the ideal differentiator 


^(id) - . ■ input quantity - output quantity dynamic response angle for 

'‘(ln)''‘lout) rhe ideal differepciatof 

From Eqs. (11), (13), (14), (15) aod (16), 


, (‘'^lU(inj:q(ou,,) 


P(r)(ld) - ^W»lq(,„,;q,^„„)(r.fl "- - 

'{ 

f-dd} " [^('^51'^Jdd)(q(i„,:q«.,„) - *^'^^l<ll(q„„,;qj^^„) " *f T{„„ 

_ (^\to() _ /CD\ / 

it: - '’^"MbpfKid) - 


( 20 ) 


(r.f) 


2-r(FR) 


(r«(| 


W,.,. ■ (bpt, ^ 

d) Dimensionless amplHudo ratio and dynamic responso ong/o forms for th 9 i dtol (/ifforonf/oh>r 

perform once functio n 

Derivation Summary 34*2. Performance equation ond performance function for the ideal 

differentiotor. (Page 2 of 3) 
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Logqrjfhffl/c^sco/e p/ofs of l/>e dimtnsionitss stftsifiv/fy tatio onti fht dynamic response onqit 

for ihe ideal dUftrenfiofor 
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Axis of Reals 


f^lldllreD^^^^hbwKld) * 


f) Uniform-scok comp/ex plane plat of the performance function for the ideal </ifferenHo>or 


Derivotion Summory 34-2. Performonce equofion ond performonce function for the ideol 

differentiotof. (Poge 3 of 3) 
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design of the integrating or differentiating equipment employed. In this chapter, the 
deviation characteristics of typical integrators and differentiators are derived and 
tabulated in generalized nondimensional terms. 

34.11. Integrators and differentiators may have any possible input-output 
combination. The natures of the input and output quantities are unimportant; only 
the functional relationship established by the operating component involved is es¬ 
sential. For example, both the input and the output may be mechanical. They may 
equally well both be electrical, or the input may be mechanical while the output is 
electrical. 

34.12. The integrator and differentiator examples chosen for discussion are 
not meant to cover all types of these devices completely, but rather are intended 
to illustrate the principles that are commonly applied in practical designs and to 
establish a pattern of analysis powerful enough to serve the purposes of any special 
situation that may appear. The integrating and differentiating devices considered 
are as follows: 

INTEGRATING DEVICES DIFFERENTIATING DEVICES 


1) Ball-and-disc mechanical integrator. 

2) Eddy-current-drag-disc watt-hour- 
meter-type integrator. 

3) Viscous-shear-drag-generator-type 
integrator. 

4) Liquid-flow integrator. 

5) Thermal integrator. 

6) Pneumatic pressure integrator. 

7) Resistance-capacitance electrical 
integrator. 

8) Resistance - amplifier - feedback- 
capacitance integrator. 

9) Motor “ amplifier - feedback- 
tachometer integrator. 


1) Ball-and-disc mechanical differen¬ 
tiator. 

2) Centrifugal tachometer. 

3) Rotating-magnet drag-cup tachom¬ 
eter. 

4) Direct-current electrical tachom¬ 
eter. 

5} Alternating-current drag-cup elec¬ 
trical tachometer. 

6) Resistance-inductance electrical 
differentiator. 

7) Resistance - amplifier - feedback- 
inductance differentiator. 

8) Resistance-capacitance electrical 
differentiator. 

9) Capacitance - amplifier - feedback- 
resistance differentiator. 


34.13. The general plan of presentation is to give a pictorial diagram of each 
device, showing the essential features of construction, and to follow this with a static- 
functional diagram and a derivation summary, in which performance equations and 
performance functions are developed from generalized information on operating 
components. The performance equations from the derivation summaries asso¬ 
ciated with individual integrators and differentiators are classified and tabulated 
as typical working variable forms. Performance functions for each typical form 
are developed and tabulated in terms of expressions for dimensionless amplitude 
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ratios and dynamic response angles as functions of reference frequency ratios. 
Equations for deviations of the typical integrator and differentiator performance 
equations with respect to the ideal integrator and ideal differentiator performance 
equations, respectively, are derived and tabulated. Curves for these deviation 
functions are plotted against reference frequency ratio as the independent variable. 
Cutoff frequencies and operating ranges (band widths) in terms of reference fre¬ 
quency ratio for typical tolerance limits are indicated on the deviation plots and 
are tabulated in terms of generalized system parameters. 

34.14. To illustrate the pattern for applying the generalized information on 
integrators and differentiators to specific situations, several typical problems 
are worked out in numerical terms. A viscous-shear integrator is taken as the 
first illustrative problem. The second illustrative problem concerns a motor- 
tachometer feedback-amplifier integrator. A final group of problems deals with 
combinations of resistance-capacitance feedback-amplifier integrators and other 
components to form electronic computing systems. 

BALL.AND.DISC MECHANICAL INTEGRATOR 

34.15. Figure 34-1 is a pictorial diagram illustrating the essential features 
of a ball-and-disc mechanical integrator. A disc with a carefully finished flat 
surface isdrivenby a constant-speed motor through a gear train. The motor speed 
is adjusted* by a speed-setting knob. The accurately finished, circular-cross¬ 
section output cylinder has its axis carefully aligned so that it intersects, and is 
perpendicular to, the axis of rotation of the disc. The cylinder axis is located 
above the disc surface at the distance required to keep a proper load on two balls 
placed between the disc surface and the cylinder surface. In practice, this load 
is maintained by springs not shown in Fig. 34-1. A ball cage holds the balls so 
that the points of contact between the disc, the two balls, and the cylinder are all 
on a line perpendicular to the disc surface and passing through both ball centers 
and the axis of rotation of the cylinder. Within the range of operation for which no 
slipping occurs between any of the contacting surfaces, the cylinder is driven from 
the disc with an angular velocity that causes the surface velocity of the cylinder 
to be equal to the surface velocity of the disc at the point of ball contact. The 
velocity at this contact point depends on the position of the ball cage slide, which 
is controlled by the input drive shaft acting through the ball cage slide gear train 
and the ball cage rack. The output cylinder angular velocity is effectively inte¬ 
grated with respect to time to build up the output cylinder angle. This angle is 
transferred to the output index by the output gear train to give the output angle, 
which is shown by the output scale. 

^^thcdLsc aDguLirvclocicy is doi held codsuqi, bur is varied so that it repteseots anacruatiog input, 
rhe arrangetKDt of Fig. 34-1 serves oo longer as an ioregrator. bur instead functions as a nulriplier. 
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Fig. 34*1, Illustrative pictorial diogratn of o boll*and*di$c mechanical integrator. 


34.16. The pictorial-functional diagram of Fig. 34-2 shows the component sys¬ 
tems of the ball-and-disc integrator, starting with the input receiving system and 
ending with the output system. The input receiving system produces the bail cage 
position, corresponding to the input angle, as its output quantity. The disc drive 
system of Fig. 34-2 receives the disc angular velocity setting, which acts as a 
modifying input for the complete integrator, and supplies the disc angular velocity. 
The ball-and-disc system of Fig. 34-2 receives the ball cage position as an actu¬ 
ating input and the disc angular velocity as a modifying input, and produces the 
output cylinder angle as its output. The output system receives this angle and 
produces the output angle as the output for the complete ball-and-disc integrator. 

34.17. Section a of Derivation Summary 34-3 gives a functional diagram for 
the ball-and-disc integrator of Figs. 34-1 and 34-2. Section b of Derivation Sum¬ 
mary 34-3 gives a development of the performance equation for the ball-and-disc 
integrator under the assumption of perfect transmission of surface velocity from 
the disc to the output cylinder. This assumption will obviously not be valid when 
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Fig* 34*2* lllustrotive pictoriol^funcfionol diogrom of o bal]-ond«disc mechonicol integrofor* 
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Derivotion Summory 34-3. Performonce equation lor o boll-ond-disc mechanical inteqrator. 

(Poge 1 of 2) 
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Tich the disc angular velocity setting constant, Eq, (8) my be wrinen in the form 


* ^(bdl)[A:A)^(tn) 


where 


^(bdll(A:A) “ Vs11a:A) 


*(<jds)((Sefl;W ,) 




= angle input-angular velocity output sensitivity 
of ball*aRd*disc integrator 

Equation (9) is the performance equation for the ball-and*disc integrator. This equation has the typical 
(0:1) differential equation form . It is shown in Derivation Summary 34*1 that the (0:1) equation is the pet* 
formance equation for the ideal integrator. In practice, ball-and-disc integrators will have performance 
that deviates from Eq. (9) as a result of mechanical imperfections, ball slippage, etc. 

t) Performonce equotion 


Derivation Summary 34*3. Performonce equotion for a ball*ond*disc mechanical integrotor. 

(Page 2 of 2) 


the ball cage is moved so rapidly that the frictional forces at the points of ball 
contact are insufficient to accelerate the output cylinder and the parts that move 
with it. When slippage occurs, the performance equation derived in Derivation 
Summary 34-3 is no longer valid for describing the ensuing action. This means 
that more than a minute amount of slippage removes the ball-and-disc system 
from the class of ideal integrators. 

34.18. The performance equation development of section b of Derivation 
Summary 34-3 follows the pattern established in earlier summaries. Performance 
equations arewrittenfor each operating component and subsystem of the ball-and- 
disc integrator. In each case, the form of the equation is taken as completely 
specifying the assumptions that are made, without additional statements of condi¬ 
tions. For illustrative purposes, performance parameters are given complete 
names in section b. Except for special cases, the practice of writing names for 
performance parameters is not followed in later summaries. It is assumed, for 
these later summaries, that the conventions for forming self-defining symbols 
are so well-known, and illustrated by so many examples, that word definitions are 
unnecessary. 

34.19. As shown in section b ofDerivation Summary 34-3, the input receiving 
system causes the ball cage position, measured in terms of the radius from the 
disc center to the point of bail contact, to be proportional to the input angle. The 
constant of proportionaUty is the angle input - position outpjit sensitivi^ of tjw 
input receiving system . The disc drive system causes the disc to rotate with an 
angularvelocitythatis determined by the to angular velocit j; se^. The ball- 
and-disc system receives the ball cage position and the disc angular velocity and 
produces the angular velocity of the output cylinder (that is, the time rate of change 
of the output cyUnder angle) as the product of the disc angular velocity and the ball 
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cage position divided by the radius of the output cylinder. When the angle input - 
angle output se nsitivity of the output system is taken into account, the performance 
of the ball-and-disc integrator is given by Eqs. (9) and (10) of Derivation Sum¬ 
mary 34-3. Equation (9) is the performance equation for the ball-and-disc inte¬ 
grator. Equation (10) relates the over-all sensitivity of the integrator to the com¬ 
ponent sensitivities and the disc angular velocity setting. 

34.20. The essential fact about the ball-and-disc integrator performance 
equation is that it has the form of the (0;!) differential equation. Since the ideal 
integrator performance equation developed in Derivation Summary 34-1 has the 
(0;!) form, it follows that, under proper operating conditions, the ball-and-disc 
arrangement gives ideal integration. 


EODY.CURREMT.DRAG.OISC WATT-HOUR-METER-TYPE INTEGRATOR 


34.21. Integration by the ball-and-disc arrangement of Fig, 33-1 is based 
completely on kinematic effects in the sense that it involves linear displacements 
and rotations of rigid parts under the assumption that inertial reactions and other 
dynamic effects may be neglected. In addition to the class of kinematic integrators 
to which the ball-and-disc integrator belongs, there is a class of integrators that 
depend on dynamic interactions among mechanical parts. For this type of integrator, 
electrical operating components may be used to receive inputs, produce torques, 
and provide output signals, but the essential integration process is associated with 
a balance of mechanical forces or torques. 

34.22. Dynamic integration depends on the simultaneous application of a driving 
torque and a drag torque to a substantially rigid body that acts as a torque summing 
member.* When the drag torque is made to resist motion with a magnitude pro¬ 
portional to the angular velocity of the torque summing member with respect to 
the supporting case, the application of an input torque will cause the angular ve¬ 
locity output of the torque summing member to be proportional to the input torque. 
This proportionality of the rate of change of the output to the applied input is shown 
in Derivation Summary 34-1 to be the condition for ideal integration. 

34.23. When the input torque acting on the torque summing member of a dy¬ 
namic integrator is changing with time, the member will experience an angular 
acceleration. This acceleration is always accompaniedby an inertia reaction torque 

that tends to prevent changes in the angular velocity. The inertia reaction torque, 
which is equal to the product of the acceleration and the effective moment of inertia 
of the torque summing member, causes the integrating action of a dynamic integrator 

todeviatefrom ideal performance. The deviation decreases as the effective moment 

of inertia of the torque summing member is made smaller with respect to the 
torque ou tput of the drag-generaUng component for a given angular velocity input. 


* [( is usually convenient to use rotational effects for dyramic iotegration, 
be applied in the same vay to the integration problem. 


but linear motion effects may 
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34.24. Figure 34-3 is a pictorial schematic diagram showing the essential 
features of the dynamic integrator used in conventional watt-hour meters. An 
electrodynamometer-type torque generator consisting of a system of field coils and 
a spherical armature receives a voltage input and a current input from an input 
receiving circuit. The illustrative arrangement is shown as a direct-current motor. 


Input Kcceivini Network « • 

X - IF"" Register Drive ^ — ^dtt*Hour Indicatin| Register - — 

UrnJ * , CezT Train 



Fig. 34*3. Illustrotive pictoriol diagram of on eddycurrenf-drog-disc watt-hour-mefer integralof. 
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This motor choice was made to simplify the description of operation; an alternating- 
current motor would be equally satisfactory as an input torque generator. 

34.25. The torque generator armature of Fig. 34-3 is mounted on an armature 
shaft that also carries an eddy-current drag disc. This disc rotates between the 
poles of four permanent magnets that in an actual instrument are radially adjust¬ 
able with respect to the disc. The armature shaft is free to rotate on low-friction 
bearings that maintain the position of the armature with respect to the field coils 
and the position of the eddy-current disc with respect to the permanent magnets. 
In operation, the armature shaft provides the functions of a torque summing mem¬ 
ber. In addition, the armature shaft carries the worm gear member of the register 
drive gear train, which positions the indices of the watt-hour indicating register. 

34.26. The diagram of section a of Derivation Summary 34-4 shows the func¬ 
tional relationships among the operating components and subsystems of the eddy- 
current-drag-disc watt-hour-meter integratorof Fig. 34-3. The input receiving 
network receives a voltage and a current as actuating inputs and delivers a voltage 
and a current to the torque generator. The torque generator produces an output 
torque proportional to the product of the two inputs and applies it to the torque 
summing member. The drag generator receives the angular velocity of the torque 
summing member as its input and delivers a drag torque proportional to this input 
to the torque summing member. The torque summing member output is its angu¬ 
lar displacement with respect to the meter case. The torque summing member 
angle is received by the register drive gear train and serves to drive the watt-hour 
indicating register. 

34.27. Section b of Derivation Summary 34-4 gives the development of the 
performance equations for the eddy-current-drag-disc watt-hour-meter integrator. 
The pattern used for this development is similar to that applied in previous deri¬ 
vations and does not require description here. Equation (7) of Derivation Sum¬ 
mary 34-4 is the indication performance equation for the eddy-current-drag-gener- 
ator integrating mechanism. Equation (10) is the corresponding performance equa¬ 
tion for the complete watt-hour-meter integrator. Both of these equations have 

the {0;1,2} differential equation form with two performance parameters. Forthe 

integrating mechanism equation, these parameters are the integrating mechanism 
c_haracterisUc time and the voltage-cur ;ent product input - angular velocity output 
indication sensitivity of ^ watt-hour-meter integrator. 

34.28. Inspection of the performance equation of the eddy-current-drag-disc 
watt-hour-meter integrator (Eq. (10) of Derivation Summary 34-4) shows that it 
reduces to the(0:l) ideal integrator performance equation when the second-deriva¬ 
tive term is negligibly small compared with the first-derivative term. Equa¬ 
tions (12), (13) and (14) of Derivation Summary 34-4 illustrate the conditions that 
must exist for ideal integration. 
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The torque summation equation is formed by following the pattettj described in Chapter 7. In words, 
this equation is 

/ Inertia \ / Drag \ / Torque \ 

(Reaction + Generator + [Generator 1 = 0 
\ Torque / \ Torque / \ Torque / 

In symbols, Kq. (5) becomes , 

•■(t.m)A{tsm) - 5{d<,)|AjMl^lam) + 5(fo)(o.l:Ml«(lfn)'(Irn) * ° 


. Under the convention o. Note 2 U. .ection b o( Detlnltlon Sumn-ry 1(^1. Chapter lO ,Uat,hW^lcol line, on 
either aide of the Input^tput .utecrlpt moon that only the moonllud. ol the .en.lt|ylty to conoktored. 

Derivation Summory 34-4. Funclionol diogram ond generolized performonce equations for 
on eddycurrent-dfag-disc wott-hour-meler inlegrotor. (Page 1 of t] 


440 
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here 


** effective moment of inertia of the torque summing member 

o equivalent moment of inertia about the axis of rotation of all parts rotating with the 
torque generator armature 

(whini) Uatt-hour-meter integrator 

Transforming to and combining factors gives 

•• • 

^^'*')(lm)^Und) ^(ind) “ ^(whml)[e,l:Al(lnd)®lln)‘(inf 
{CT)(j^, = indicating mechanism charactettstic time 

^(dg)|A;M| 


where 


^lwhmlf[e,l;Al(lndl " ^(irnlle.el^ltfr.)ll;ll^(fdgt)(A;A1 


(7) 

( 8 ) 

(9) 


*(dg)|A;M 

= voltage'Curtent product input — angular velocity output indication 
sensitivity of the watfhour-meter integrator 

Equation(7)isthe indication performance equatioofathe eddy-current-drag-gencfator incegrating mechanism 
Uhen the action of the tvatfhour integrating register is inuoduced, Eq. C) becomes 




where 


dt= 


eft 


^(whml)U.l:(WH)) ” ^(whml)le,l:A)(lnd'^(whUllA;(WH)l 


(10) 


( 11 ) 


voltage>current product input-watt-hour-teading rate output sensitivity 
of (he wa((*hour meter 

The integrator performance equation (10) has the form of the standard (0;l»2) differential equacion. 

Under static conditions, that is, when 

(CT)„„,W)„„„ « (WH)„„,i (12) 

Eq. (10) reduces to ^/wiu^ 

‘^^""Mlndl fWH) - ^ r . i 

dt 


(15) 


«hen i (WH)l ** ‘=®“stant, integration of Eq. (13) shows that 


t, 

b) Performonce eqvofions 

Oerivotion Summary 34*4. Functional diagrom and generalized performance equations for 
an eddycurrenf-drag*disc watt-hour-mefer integrator. (Poge 2 of 2) 


VISCOUS.SHEAR-DRAG-GENERATOR.TYPE INTEGRATOR 

34.29. Other integrators may be constructeiJ that use the drag-generator prin¬ 
ciple of the watt-hour-meter-type integrator described in the preceding section. 
Any drag generator will be satisfactory if the force or torque output is propor¬ 
tional respectively to the linear or angular velocity of some part of the unit with 
respect to another part. Performance of this type may be based on the resistance 
to motion set up across a gap filled with viscous fluid when a shearing action 
exists in the fluid. 

34. 30. One of the many possible arrangements of parts to utilize viscous 
shear for drag generation*is illustratedby the drag generator shown in Fig. 34-4. 

• See Lees (LIO) for a complete discussion of integration by means of the viscous shear process; see also 
loformacioD Summaries 30*2 and 30-6* 
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Fig. 34*4. Illustrotive pictoriol diogrom for c viscous-sheor-drog-generofor^type infegrolor. 

A cup-shaped rotor is rigidly attached to theshaftof a torque generator. Bearings 
not shown in Fig. 34-4 are used to maintain accurate alignment of the rotor with 
respect to the structural parts of the unit. The drag generator housing is shaped 
tosurroundthe rotor except for an opening through which the shaft enters. A vis¬ 
cous fluid* fills the relatively small clearances between the rotor and the housing. 
For ideal operation, the viscosity of the fluid must be maintained constant by con¬ 
trol of the housing and rotor temperatures. In the drag generator of Fig. 34-4, the 
thermal control is achieved by using an electrical resistance coil and thermoswitch 

* In order for (bis fluid to give ideal operation, i( must have Newtonian properties. That is, the shearing 
force between any (wo parallel surfaces completely immersed in the fluid muse be proportional to the relative 
velocity of the surfaces. 
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arrangement that keeps the entire drag generator at a specified temperature above 
the environmental temperature. With this arrangement, it is possible to make 
accurate adjustments of the drag generator performance by changing the setpoint 
of the thermoswitch. 

34.31. In the viscous-shear-drag-generator-type integrator of Fig. 34-4, the 
torque generator is a separately-excited direct-current motor with the field cur¬ 
rent as excitation and the armature current as the actuating input. In practice, the 
torque generator may be a two-phase alternating-current motor or a torque- 
producing device of any other kind. The armature shaft acts as the torque summing 
member and carries the input pinion for the output signal generator drive. This 
gear train drives the rotating contact of the output signal generator, which consists 
of a potentiometer winding with its center tap grounded and its ends connected to a 
source of excitation voltage. The output signal is the voltage between the rotating- 
slider contact and ground. 

34.32. Section a of Derivation Summary 34-5 gives a functional diagram for 
the viscous shear integrator of Fig. 34-4. Except for differences in the names of 
the operating components and the replacement of the watt-hour indicating register 
by theoutputsignalgenerator, this functional diagram is essentially identical with 
the functional diagram for the watt-hour-meter integrator given in section a of 
Derivation Summary 34-4. 

34.33. Section b ofDerivationSummary34-5 gives a development of the per¬ 
formance equation for the viscous shear integrator. This equation has the standard 
(0; 1,2) differential equation form, which is identical with that of the performance 
equation for the eddy-current-drag-disc watt-hour-meter-type integrator. In 
practice, the magnitudes of the parameters involved may differ considerably be¬ 
tween the two integrator types, but it is possible to design for equivalent perform¬ 
ance in each case. The viscous shear integrator has torque generator excitation, 
drag generator temperature setting, and output signal generator excitation volt¬ 
age as modifying inputs. These inputs give the viscous shear integrator great 
flexibility as an operating component for computing systems. On the other hand, 
for the watt-hour-meter integrator, both electrical inputs are actuating inputs; no 
modifying inputs are present, and temperature is considered as an interference. 
This viewpoint of temperature effects is taken because the watt-hour-meter in¬ 
tegrator must function as an accurate measuring instrument in the presence of 
environmental changes. 


LIQUID.PLOW INTEGRATOR 

34.34. Integration based on kinematic and dynamic interactions of mechani¬ 
cal components is discussed in the preceding sections. In this section, a widely 
used integrator type is described that depends on the reversible flow of some fluid 
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PlQi 10-3 and DeflAltior) Summary JO-J, modliylno Input# ore eepwoted fron) actuotlnq Input# and output# by eemlcolon# 
In the input-output #iib#cript brocket#. 

Derivotion Summary 34-5. Functionol diogrom end generolized performonce equotions for 
0 viscous-sheor-drag-gencTOfor-typ# infegrafor. (Poge 1 of 3) 
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Note that the (vsj) performance equation of E<}s. (14) and (I?) has the fora of a (0;1.2) differential equa' 
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Derivotion Summary 34-5. Functionol diogrom ond generalized performonce equotions for 
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then tq. (15) reduces to 


de 


(out) . i - S f ii 

®(out) '^(vsi)[l|j^i:e) Sin) 


dt 


tt}jen S 


(v;j)[t(i is constant, integration of Eq. (20) shows that 

*(out>2 


'(out )2 ^ 


/ wjuitL - .‘2 

'’^(ouO * Nvsll(h,„,;e]J 

®{out)l t, 

h) Periormonet equations 


(20) 


( 21 ) 


Derivofion Sutnmory 34-5. FuncHonal diogram ond generalized performonce equations for 
0 viscous-shear-dfog-generotor-type integrotor. (Poge 3 of 3) 


(or some fluid-like quantity) through a resistive element* into a second element 


capable of receiving and storing the fluid. Ideal performance depends on the rate 
of flow through the resistive element being proportional to the pressure difference 
across the element {or the difference in levels of some other quantity correspond¬ 
ing to pressure). Scale readings are generated by an indicating system operated 
by the quantity of fluid present in the storage element. 

34.35. Figure 34-5 is an illustrative pictorial diagram of a resistive element - 
storage element integrator designed to operate with liquid as the working fluid. 
The input quantity is pressure applied to the surface of the fluid in the liquid sup¬ 
ply reservoir. A capillary tube, or capillary, is located with its opening just 
beneath the liquid level in the reservoir. The capillary leads into the integrating 
tube, which is fitted with a scale to measure the liquid level in the integrating tube 
above the capillary outlet. The reservoir area is made very large compared with 


the area of the integrating tube so that the liquid level in the reservoir does not 
vary appreciably over the complete range of operation of the device. In order to 
provide a means of adjusting the pressure level for integration, a reference pres¬ 
sure is applied to the inside of the integrating tube above the liquid level. 

34.36. Section a of Derivation Summary 34-6 gives a functional diagram for 
the liquid-flow integrator of Fig. 34-5. The names and symbols appearing in the 
functional diagram are identical with those of the figure. Pressure levels are 
shown by labelled dots in the operating-component boxes near the input or output 
indicating arrows that correspond to the positions at which the pressures exist. 

34.37. Sectionbof Derivation Summary 34-6 gives a development of the per¬ 
formance equation for the liquid-flow integrator of section a. It is assumed that 
the height of liquid over the inlet to the capillary is so small that the capillary 
inlet pressure is effectively identical with the input pressure to the liquid supply 
reservoir, which is also the input for the integrator. The flow of liquid mass 
through the capillary is equal to the liquid density multiplied by the average ve¬ 
locity of the liquid through the capillary. From Eq. (34) of Information Sum¬ 
mary 30-6, the average fluid velocity through a capillary for a Reynolds number 

• See Eq. (34) of InformatioQ Summary 30-6 for rhe relationship governing viscous flow through a capillary. 
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Fig. 34-5. Illustrative pictorial diogrom for o liquid-flow integrotor. 
range of 0 to 2100 is proportional to the pressure difference across thecapillary 
and the diameter of the capillary, and is inversely proportional to the length of 
the capillary and the fluid viscosity. Equation (5) of Derivation Summary 34-6 is 
an expression for the mass flow of liquid from the capillary into the integrating 
tube. The liquid pressure at the integrating-tube end of the capillary is the sum 
of the reference pressure and the product of liquid density and the height of the 
liquid above the capillary-tube level in the integrating tube. The mass of liquid 
above the capillary level is equal to the liquid density multiplied by the height of 
liquid above the capillary opening in the integrating tube and the integrating tube 
area. 

34.38. The liquid-flow integrator performance equation is formed by equating 
the rate of mass flow through the capillary to the time rate of change of liquid 
mass in the integrating tube. Rearranging terms in this equation of continuity 
gives Eq. (lO)of Derivation Summary 34-6,which is the performance equation for 
the liquid-flow integrator. This equation has the form of the (0;0,1) differential 
equation. 

34.39. Equations (17) and (18) of Derivation Summary 34-6 show that the 
liquid-flow integrator gives ideal integraUon when the time rate of change of the 
indication multiplied by the integrator characteristic time is very large compared 
with the indication itself. When this condition exists, the change in indication is 
proportional to the time integral of input pressure changes. 

THERMAL INTEGRATOR 

34.40. Figure 34-6 is an illustrative pictorial diagram for a form of the 
resistive element - storage element integrator in which heat is the working fluid. 
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Derivation Summory 34-6. Functional diogrom and performance equotion for o liquid-flow 
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From Eqs. (2), (3) (4), 
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Using Eq. (6) and rearraogiog terms gives 
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(7) 
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( 10 ) 


( 11 ) 


( 12 ) 


(13) 


-> pressure input-iocegratiog cube liquid level output seositivity of liquid*flow 
integrator 

Note that Eq. (11) has the typical form of the (0;0,1) differencial equation. 

(is) Indicating system 

(Ind) - (14) 

Then the sensitivity of the indicating system is introduced into Eq. (II), the performance equation of 
the liquid«flow integrator becraes ^ 

(CT),m)(lnd) + (Ind) = S(i,„[p.(,^j,j(p,j^, - dj) 

where 

5(lfl)[p;{In<l)] " ^(Ul)[p;hl^l8)(h;(lnd)l (l6) 

Ideal integration exists within operating ranges for which 
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L'oder these conditions. Eq. (15) reduces to the (0;1) equation aiki integration gives 

/ (Ind), e . 

(Ind). - (Ind). = f ^d(lnrt) . ^fi/.)[p:(ir.d)] 

b) Ptrformonct tqt;oUon 


( 18 ) 


De,i,otion Sumn,»,y 34-6. Functionol diogrom ond pcformonce equation (o, o liquid-dow 

integrofor. (Poge 3 of 3) 


The input temperature acts on the temperature receiver, which has good thermal 
contact with one end of the thermal coupling rod. The other end of the rod is 
thermally connected to a temperature-integrating mass of high conductivity. Ex¬ 
cept for the exposed surfaces of the temperature receiver, the thermal coupling 
rod and the integrating mass are enclosed in a shell of thermal insulaUon to mini¬ 
mize heat losses. The indicating system has the integrating-mass temperature 

as its input and an index position as its output. 

34.41. Section a of Derivation Summary 34-7 is a functional diagram for the 
thermal integrator of Fig. 34-6. The performance equation for the integrator is 
developed in section b of the summary. This development follows the general pattern 
used in Chapter 31 for deriving the performance equations of temperature-measuring 
instruments. The essential step is based on a balance between heat flowing through 
the thermal coupling rod and the quantity of heat inside the integrating mass. 

34.42. The temperature integrator output is an indication produced by an in¬ 
dicating system operated by the temperature of the integrating mass. The perform¬ 
ance equation has the form of the (0;0,1) differential equation. When the first 
derivative term, which is the product of the thermal integrator characteristic time 
and the time rate of change of the indication, is very large compared with the in¬ 
dication Itself, the (0;0,1) performance equation reduces to the (0;1) equation of 
the ideal integrator. 


PNEUMATIC PRESSURE INTEGRATOR 

34.43. Figure 34-7 is an illustrative pictorial diagram for a resistive element > 
storage element integrator in which the working fluid is compressible and, in 
particular, has the properties of a perfect gas. The input pressure is applied di¬ 
rectly to one end of a capillary tube whose other end is connected to a fixed volume 
that acts as the integrating chamber. Interference effects due to temperature 
changes are minimized by enclosing the capillary and the integrating chamber in 
an envelope of thermal insulation. Indications are provided by a pressure gage 
connected to the integrating chamber. 

34.44. Section a ofDerivationSummary34-8is a functional diagram for the 
pneumatic pressure integrator. Section b gives a development of the pneumatic 
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(CT)„„ • thermal integrator characteristic time - 
Equation (9) is the performance equation for the thermal integrator. This performaoce equation has the^ 
for m of the (0;0.1) diffetential equation. Tithin the operating range for which 
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Eq. (9) tnay be integrated to give 
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b) Perfor mance eqoofions for subsystems and eompoMols of the thermal rnfegrofor 

Derivation Sumtnory 34-7. Functional diogram end performance equations for a thermal 

integrotor. (Page 2 of 2) 


pressure integrator performance equation, which depends on the equality of mass 
flow through the capillary and the rate of change of mass inside the integrating 
chamber. Attention is restricted to the range of Reynolds number for which the 
average fluid velocity in the capillary is proportional to the pressure drop across 
the capillary. The fluid is assumed to be a perfect gas of known molecular weight. 
The pneumatic pressure integrator performance equation is formed by combining 
the mass balance equation with the perfect gas law and the pressure-indication 
sensitivity of a pressure-gage indicating system. The resulting performance equa¬ 
tion, which has the (0;0,1) equation form, reduces to the (0;1) form of the ideal 
integrator over the operating range for which the indication term is negligible in 
comparison with the rate of change of indication term. 


RESISTANCE-CAPACITANCE ELECTRICAL INTEGRATOR 

34.45. Electrical integrators using the resistive element - storage element 
combination may be made in various forms. The principles involved are identical 
with those applied in liquid-flow integrators, thermal integrators, and pneumatic 
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Equation (13) is the performance equation for the pneumatic pressure integrator* It has the form of the 
(0;0|1) differential equation * 
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pressure integrators. The capillaries and heat-conducting rod are replacedby 
electrical resistance, and electrostatic capacity provides the storage function for 
electrical charge, which is the working fluid. 

34.46. Figure 34-8a is a pictorial diagram for a resistance-capacitance 
electrical integrator. Figure 34-8b gives the corresponding electrical circuit 
diagram. Section a of Derivation Summary 34-9 is a functional diagram forthe 
integrator of Fig. 34-8. Section b of the summary gives a development of the per¬ 
formance equation for the resistance-capacitance electrical integrator. The pro¬ 
cedure used is based on straightforward applications of the voltage and current 
equations of conventional electrical circuit analysis.* 

34.47. Equation (1) of Derivation Summary 34-9 is an expression for the 
potential drop across the resistor of Fig. 34-8 in terms of current and of voltage 
differences from the reference voltage. Equation (2) shows that the output voltage 
is identical with the voltage across the condenser, which is equal to the product of 
the reciprocal of the capacitance and the time integral of the current into the condenser. 
Equations (3), (4) and (5) are formed by combining Eqs. (1) and (2) and differentia- 
tingthe resulting expression with respect to time. Equations (6) and (7) are based 
onasolutionof Eq. (4) for current and adifferentiation with respect to time. Equa¬ 
tions (8) and (9) give the performance equation for the resistance-capacitance ele- 
trical Integrator. The performance equation has the (0;0,1) differential equation 
form. This equation is identical in form with the performance equations for the 
other resistive element - storage element integrators. 

34.48. When the product of the characteristic time and the rate of change of 
the output-reference voltage difference is so large that the output-reference volt¬ 
age difference itself is negligible by comparison, the electrical integrator per¬ 
formance equation reduces to the (0;1) form of the ideal integrator. It follows that, 
for any given input conditions, the operating range depends on the characteristic 
time, which is equal to the resistance-capacitance product, RC, for the electrical 
integrator of Fig. 34-8. 

RESISTANCE - AMPLIFIER - FEEDBACK-CAPACITANCE INTEGRATOR 

34.49. Deviations of the resistance-capacitance electrical integrator from 
perfect performance are due to increases in magnitude of the zero-order output- 
reference voltage-difference term on the left-hand side of the performance equa¬ 
tion given byEq. (9), Derivation Summary 34-9, as compared with the corre¬ 
sponding voltage-difference rate term. Physically, this effect corresponds to the 
building up of the output voltage to a level where it is no longer negligible in com¬ 
parison with the voltage drop across the resistor. This situation may be improved 
by providing means for effectively isolating the resistor of Fig. 34-8 from voltage 

* Refer eo laformatioo Sufflcoary 3^3* 
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Fig. 34-8. Illustrative pictorial ond circuit diograms for o resistorKe^capocitonce electricol integrotor. 

changes across the condenser. When this isolation is complete, so that the voltage 
e, is constant for a constant input voltage, the resistance is an ideal device for 
transforming the input voltage into a current proportional to the voltage. Integra¬ 
tion occurs when this current is made to flow into a condenser. The voltage across 
the condenser is then proportional to the time integral of the current. 

34.50. The isolation of the resistance voltage drop from the voltage drop 
across the condenser may be achieved by connecting the condenser as a feedback 
element between the input and output terminals of an amplifier as shown in Fig. 34-9. 
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Substitution of the expressions of Eqs. (6) and (7) in Eq. (5) shows that 
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where 

» RC ® characteristic time of the resistance*capacitance electrical integrator (lO) 

Equation (9) is the performance equation for the resistance-capacitance electrical irjtegrator. This 
equation has the form of the (0;0,I) differencial equation# 

Within the t^erating range for which 
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Derivation Sumtnory 34-9. Functionol diogram ond performonce eqootion for o resisfonce- 
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In order to be effective, the amplifier must draw no more than a negligibly small 
input current, must have high gain (that is, its voltage input - voltage output sen¬ 
sitivity must be high), and must invert, in the sense that an increase of input vol¬ 
tage causes a decrease in output voltage. When an amplifier with these charac¬ 
teristics is used, any small increase in the resistor output voltage (symbol in 
Fig. 34-9) will cause a much larger decrease in amplifier output voltage. This 
means that a voltage drop is set up across the condenser that forces the condenser 
current to increase. Because the amplifier draws a negligibly small input current 
from the resistance, the amplifier input voltage must change until the amplifier 
output voltage has the proper value to cause the condenser current to be identical 
with the current through the resistance. When the amplifier has an infinite gain, 
so that the required amplifier output voltage changes are produced by substantially 
zero changes of the amplifier input voltage, the amplifier in effect holds the resistor 
output voltage constant while causing a current equal to the current through the 
resistance to pass into the condenser. Under these circumstances,the amplifier 
output voltage is accurately equal to the time integral of the input voltage. In prac¬ 
tice, the amplifier gain is never infinite, so that these ideal actions are never 
realized. A better approximation to the real situation may be worked out inequa¬ 
tion form by an electrical circuit analysis similar to the development of Derivation 
Summary 34-9 except for the introduction of an equation giving the amplifier out¬ 
put voltage in terms of the amplifier input voltage. 

34.51. Section a of Derivation Summary 34-10 is a functional diagram for the 
resistance - amplifier - feedback-capacitance integrator of Fig. 34-9 with all po¬ 
tential levels specified in terms of voltage above a reference level. Section b of 
Derivation Summary 34-10 gives a development of the performance equation for 
this integrator. Equations (1) and (2) describe the voltage drops across the re¬ 
sistance and condenser in terms of the current passing through them. Because 
the amplifier draws a negligibly small input current, the same current passes 
through both the circuit elements. Equation (3) gives the output-reference voltage 
difference in terms of the voltage input - voltage output sensitivity magnitude* of 

• This sensitivity magnitude is identical with the voltage gain (symbol of the amplifier* 
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b) Eltctricol circuit dio^am 


Fig. 34*9. illustrative pictoriol and electrical circuit diagrams for a resistance-amplifier-feedback* 

copocitonce integrotor. 


the amplifier. In writing this relationship, the magnitude of the sensitivity is used, 
with a minus sign shown explicitly, in order to stress the fact that the amplifier inverts 
in the sense that an increase of input voltage produces a decrease in output voltage.* 
34.52. The combination of Eqs. (1) through(4)of Derivation Summary 34-lOto 
produce the performance equation of Eqs. (10) and (11) is described by Eqs. (5) 

• The fact that the sensitivity nia|nitude is to be used is desigoaied by using the convention of Note 2 
of Definition Summary IM, Chapter 10. In this convention, straight lines instead of brackets are used to 
cficlose the ioput*oucpuc subscfipt. 
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Resiscaoce — Amplifier — Fcedback*Capacitance Integrator 

(rofci) 

Resistarrce Output Voltage- 
Reference Voltage Difference 

>r - ®(rei)J 

Resistor 


Input*Reference | 


Output \ 1 


Voltage Differencej 

Resistor 

Cunent ^ 

Amplifier 

(®(la) - ®(fel)) j 

(f) 

■r 


(o) 


Output-Relerence 
Voltage Difference 




c) Fvnctionol diogrom 


(r) Resistor 

{®(ln) - ®(r*n) - (®t- «(«()) = 'rR 

(1) 

(c) Condenser 



Vhen the amplifier input 

current is negligibly small 



(®r-®(rol)) “ (e(oat)- «{ren) 

(2) 

(a) Amplifier 

Kcut)" ®(r«()^ “ “V)|o;«|^*t“ ®(rol)^ 

(3) 


Note: ^(g)[e*9| * voitoge Input •voltage output eenaltlvlty mognltude of the omplUler, is identlcol with 

^(a)|e*e^' voltage input —voltage output gain magnitude of the amplifier* 


From Eq* (5)» 


t®r - «lr*n) 


- - ^®(out) “ ®{cef)^ 

'(□)|e;e| 


(rofci) Resistance • a mplifier ■> feedbacbcapaciuace iptegretor 
Substituting the expression of Eq. (4) for (e^ - ^(reO^ gives 


s 


^®(out) 


(o)|e;i 


'tout! - ®lr«n) 


or 


.. ■ -i-;i,cn 


^(a)|e;e 

Differentiating Eq* (6) with respect to time shows chat 

(4 


^|g)|*;»l * ^ li ^ A \ . 'f 
—X-'®(oul) ®(rell' “tt 




(4) 


(5) 


( 6 ) 


(7) 


Derivotion Summary 34-10. Functional diagram and performonce equation for a resistonce- 

omplifier-feedback-copocitcnce integrofor. (Page 1 of 2) 
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Substitutioo of the expression of Eq. (4) in Eq. (1) shows that 

+ ■:- - -^out) " «(r«f)^ = 


s 


( 8 ) 


Solving Eq. (8) for gives 






i , ~ , 1 


R 


RS, 


’(suO ®(ref)^ 


(9) 


^(a) lore I 

Subscituciog the erpressioo of Eq- (9) fof ia Eq- (7) and reanaoging terms shows that 

(^(a)|e:e| + + (®(oul) " ®(renJ ° “ ^(a)|o;el Kin) “ ®(ref)J 


( 10 ) 


or 


^^^(rafcl)^®(out) ®(rel)) + Koul) ” ®(ref)^ “ ~ ^{a)|e;e| (®(ln) “ ®(rel)^ 

where 

f^^irafcll *= (5(o)|e:«i+ I 

ot / • characteristic rime of resiscaace-amplifier-feedback* 

« +l)RC f capacitance integrator (12) 

Equation (11) is the performance equation for the resistance-amplifier —feedback^capacitaoceiategraior, 
This equation has the form of the (0;0,1) differential equaticn- 
Tithin the operating range for which 

(CT),..,,., » (e,...., - e,..n) (13) 


(refci) 

Eq- (11) may be Integrated to give 


^^OUt)^ SN \ 

---» l«(out) ^(ref)' 

dt 


■(*(oul)'*(r«fll2 


I \ t \ -ir««rz ,, . 

l®(oul) " ®(ref)lj ■ '®(«-jl) " ®lfef)ll “ •' “l®(oull " ®(f-f)l 

(•(out)**(r-f)ll 


s 


S2ll^/'(®{ln)-®(,J‘il 


b) Ptrhrmanct t^vation for the resistance - omp/iYier- feetfboclccopoeifonce inlegralor 


(14) 


Derivotion Summory 34*10. Functionol diogram and performonce equation for o resislonce- 

omplifier-feedback'copacitonce integrator. (Page 2 of 2) 


through (9). The performance equation has the same (0;0,1} differential equation 
form as the performance equation for the simple resistance-capacitance electrical 
integrator. The essential difference between the simple RC integrator and the 
resistance - amplifier - feedback-capacitance integrator is shown by comparison 
ofEq. ( 10 ) of Derivation Summary 34-9 with Eq. (12) of Derivation Summary 34-10. 
The characteristic time of the feedback-capacitance integrator is larger than the 
characteristic time of the simple RC integrator by a factor of the amplifier sen¬ 
sitivity plus one. In practice, this sensitivity may be very large, so that from the 
standpoint of operating range, the feedback-capacitance arrangement offers a con¬ 
siderable advantage over the simple RC-circuitintegrator. EquaUons (13) and (14) 
show that the resistance - amplifier - feedback-capacitance integrator has ideal 
performance as long as the voltage-difference term is negligible in comparison 

with the rate of change of voltage-difference term. 
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MOTOR - AMPLIFIER - FEEDBACK-TACHOMETER INTEGRATOR 

34.53. Integration is provided by any device that has an output whose rate 
of change is proportional to the input. An obvious way to build a device with this 
performance characteristic is to use an electric motor designed to have armature 
speeds accurately proportional to the input voltage. In practice, it is difficult to 
produce motors with this kind of behavior. On the other hand, instruments are 
available that produce output signals accurately representing angular velocity 
inputs. These instruments function as angular velocity signal generators, and are 
commonly called tachometers. By connecting the input shaft of a tachometer to 
the armature shaft of a motor, a signal representing the motor speed may be 
generated. This signal may be used as the feedback input to a signal comparator 
that also receives the integrator input signal. The output from the comparator is 
zero if the motor is running at a speed that causes the tachometer output to be 
equal to the integrator input signal. When the motor is running slower than the 
speed required to generate a feedback signal that will match the integrator input 
signal, the comparator generates an angular velocity correction signal. This cor¬ 
rection signal becomes an input to the motor with the proper sense to cause an in¬ 
crease in armature speed. When the motor speed is initially higher than that re¬ 
quired to produce a tachometer feedback signal that will match the integrator input 
signal, the angular velocity correction signal causes the motor speed to decrease. 

34.54. The interaction between the integrator input signal and the tachometer 
feedback signal is in effect a continuous balancing process that forces the armature 
speed to follow slow changes in the integrator input signal with an accuracy that 
depends on the operating components used to handle signal-level power. As long 
as the torque generator is able to overcome armature-shaft bearing friction and 
inertia reaction effects satisfactorily, the proportionality between integrator input 
and output angular velocity is not affected by nonlinearities or changes in the motor 
characteristics. 

34.55. Figure 34-10 is an illustrative pictorial diagram showing the essen¬ 
tial parts of a motor - amplifier - feedback-tachometer integrator. The motor 
includes a two-phase alternating-current torque generator that has a drag-cup 
rotor. The rotor shaft carries the disc of a viscous shear damper and the drag- 
cup rotor of the alternating-current tachometer. This rotor shaft, which acts as 
a torque summing member, is mechanically connected to deliver the angular out¬ 
put of the torque summing member to the output signal generator drive gear train. 
The output rotation from this gear train moves the sliding brush ofapotentiometer,* 
which acts as the electrical circuit component of the output signal generator. Ex- 
citation vo ltage is supplied to the ends of the potentiometer winding, which has its 

• In Fig. 34-10, the repteseotatioo is simplified by showing a single-turn potentiometer. In practice, 
spiral potent 10 meters designed for many turns are commonly used. 
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IQ. 34*10a IMusfrotive pictorial diogromfor o motor~amplifier~feedbock-tochometer integrotor 



center grounded to permit positive and negative sensing of the output voltage with 
respect to a reference voltage. 

34.56. The torque-generator stator has a two-phase alternating-current 
winding. One winding is supplied with an excitation voltage of constant magnitude 
and frequency that acts as one of the modifying inputs for the complete integrator. 
The other winding receives the input voltage, which is the actuating input for the 
complete integrating system. The angular velocity signal generator has a two- 
phase alternating-current winding similar to that of the torque generator. In op¬ 
eration, one winding is supplied with an excitation voltage of constant magnitude 
and frequency. The other winding produces the angular velocity feedback voltage, 
which Is an accurate representation of the speed of the armature shaft. 

34.57. The angular-velocity-signal-generator output is used as the feedback- 
signal input to the input signal - feedback signal comparator. The input signal for 
the complete integrator is used as the other input to the signal comparator. The 
output signal from the comparator is the angular velocity correction voltage. The 
magnitude of this correction voltage is a function of the magnitude of the change 
in armature shaft speed required for perfect matching with the commanded speed 
corresponding to the input signal. The torque generator drive amplifier receives 
the angular velocity correction voltage and supplies the torque generator actuating 
input voltage. This voltage is phased so that the torque generator output torque 
tends to speed up or slow down the armature shaft in the proper way to reduce the 
angular velocity correction voltage. 

34.58. In practice,the signalcomparator may be a simple voltage summing 
circuit or it may include rectifying components that change the alternating-current 
feedback signal into a direct-current signal with the proper magnitude and polarity 
forcombinationwith adirect-currentinputsignal. The correction signal may have 
the form of a direct-current voltage or, if a direct-current signal is actually formed, 
it may be remodulated in the comparator to give an alternating-current correction 
signal for the drive amplifier input, with the proper magnitude and relative phase 
for satisfactory operation of the integrator. 

34.59. Section a of Derivation Summary 34-11 is a functional diagram for 
the motor - amplifier - feedback-tachometerintegratorofFig.34-10. Thenames 
and symbols of the functional diagram are those defined in the figure. 

34.60. Section b of Derivation Summary 34-11 gives a development of the 
performance equation for the integrator of Fig. 34-10. Equation (1) is the defining 
equation for the angular velocity correction signal as this signal is produced by the 
input signal - feedback signal comparator. The correction signal is thedifference 
between the integrator input signal multiplied by the input voltage - output voltage 
direct sensitivity magnitude of the comparator and the angular velocity feedback 
signal multiplied by the feedback voltage - output voltage feedback sensitivity 
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o) Fynctio^f dJoptom 

Darivolion Summary 34*H. Functionai diagram and performonce aqgotions for o motor - omplifier-faedboclcloehometer intogroter. (Pago 1 of 4) 





















(Sg)[(OA] = ®<rU - ^(l5<8Cl|e?e|Ubl ^(fb)A 


(isfsc) [npuc signal ** feedback signal c omparacof 

’{C)A ’ •*{l 8 f«c)|e?e|(air)^(ln) 

where 

^(i8f8c)|e*©|(dir) ® voltage — output voltage ditect seasifivity magnitude of signal 

comparator 

^(isl 5 c}|e'©|((bl * feedback voltage-output voltage feedback sensitivity magnitude of 

signal comparator 

(tgdo) Torque generator drive amplifier 
(vd) Viscous damper 


( 1 ) 


(tg) Torq 


ue generator 


where 


®(lnMtq) “ ^(tgda»|e;*|®(C)A 

(2) 

• 

*^(vd) “ ~5(vdl|A:M|^(l«m) 

(3) 

" *^(lg)(lr.l * *^(tg)(dmpl 

(i) 

* ^(tg)(©:©;M)^{©i)(tg)®(lft)(tg) ~ ^{tg)|A;M| ^{tsm) 

(5) 

« 

* ^(fg)lo:M)®(tn){«g) “ ^(tq)|A;M| ^(Um) 

(6) 



^Og)[e;M) " ^(tg)[e;e;M]^(8x)(lg) 

(7) 


(mfu) Motor^tachometer unit 

The torque summation equation for the torque summing member is 

( Inertia \ / Torque Generator \ / Viscous \ /,, . \ / Tc 

Reaction j + j Effective Internal j + j Damper j + [ Uncertainty j + i 
Torque / \ Damping Torque / \ Torque / \ Torque J yiapui 


Torque \ 
Generator j ■ 0 
Torque / 


( 8 ) 


or 


^{lr» * + ^tqldn) “ ^ <9) 

~ ^(lq)|A;M|^(»sm) " Vd)|A;M|*Usm) ± + S(,q)(o.M)e(,„,(,q, » 0 (10) 

Changing signs and rearranging terms gives 

•« • 

^tsm}^(t8m) ^^(tql|A;M| * ^(vd)|A;Mp^(l9tn» “ 

(ovsg) Angular velocity signal generator 

e I 

( 12 ) 


where 


®(tb)A ® ^<av8q)[A;e;e]^(exHov8g)^{tam) 
* ^(ov8g)(A;©l^(t8ml 
^(exKovag) * 


(13) 


^(av8g)[A;e] ' ^(ov8g)(A;e;e)^(ox)(QV8g) 

(mofis) Motor-amplifier-cacbomcter integrating system 
From Eqs. (1)» (2) and (13). 

®(ln)(tq) * ^(tgda)|8;e| ^{UUc)|8;8|(dlr)®(ln) ” ^ltgdd)|d;8| ^(U(8c)|e;e|(fb) ^(ovag)[A;©] ^ 

^(©sRovtg) * 


(14) 


tam) 


(15) 


Derivation Summary 34-1K Functional diagram and performonce equations for a motor - 
amplifier-feedbock-tochometer integrator. (Poge 2 of 4} 
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Combioiog Eq. (15) with Eq. (II) gives 

“ ^(tg)te:M)S(tgda)Ie;e|S(,afsc)|e;e|(dirie(int " ^(tqlU;M] ^{tgdo)|B;#| ^(laf#cllv;e|((b) VT8g)[A:ej\t»i 

± (16) 

^(«i)(avs9) ®- * ®(ex)(tg) * _ 

Defining S{^g„g)[j.i] and and reartanging the terms of Eq. (16) gives 

_ _ «• ^ 


(ezKarag) 


where 


(CD,. 


satis) 


’(6X)(t9) 


(tsok) 


Hmatls)[e;A] 


^(malls)[M;A] 


(tg)|A;M| * ^(Td)|A;M| ^ ^(i9Ue)|e;e|(fb) ^(t9do)|«;«| ^(t9)[e;M] ^(avs9)[A;«] 
fflccor-aoiplifieMachoffleter mtegratiag system characceriscic cime 

^{l6fse)|ft;a|(dir) ^(t 9 do)|e:e| ^(t 9 )(a;M] 

^(lq)|A;M| ■*■ ^(vdJlAjM] * ^(laf8cl|*;v|(fb)^(tgda)|*:*|^(tq)(e;Ml^(ov8q)[A;e] 
mocor*affiplifier*tachometer iotegrariog system voltage iapuc^aagular 
velocity output seasitiviiy 

_ 1 __ 

^(tg»|A;M| + VdJ|A;M| + ^(Uf.e)|e:el(fb)^(tqda)le:e|^(lq)(e;M)^(<,»BqllA;e) 


(19) 


■ Doto^amplifier*tachome(er iotegratifig system torque ioput* angular 
velocity output sensitivity 

(osgdgt) Output signal generator drive gear train 


(osg) Output signal generator 


(osgd) “ ^{0i9d9t)(A;Al^{tam) 

(21) 

^lout) * ^(o69)[A;e;e]^(€z)(eB9)^(os9d) 

(22) 

“ ^(ot9)(A;€] ^(osgd) 

(23) 

^(ei){o$9) ® 

0)(Aje) “ ^(oi9)(A;e;o)®lei)(os9) 

(24) 


where 


(mofti) Motor —amplifier^feedback*tacbometer integrator 
Introducing the relationships of Eqs. (21) and (23) in Eq« (P) gives the performance equation for the 
motor«amplifier •feedbaclc*tachocneter integrator as 

*(®xlHq) “ _ : *(el)(o»*q) “ - ’ ®(ex)(0.q) “ - 


where 

- motor-amplifier-feedbacbcacbometer integrator characteristic time 

^(iBalll)(e;4j “ ^(mall»ll«;A)^(«igd'J«)(A;A]VaqifA;*) 

- motor-amplifier-feedback-tacbomecer integrator voltage input-voltage rate 
output sensitivity 

Derivotion Summary 34*1 L Functional diogrom ond performonce cquotions for a motor- 
ompiifier-feedbodt'fQchometer inlegralor. (Poge 3 of 4) 
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^{maHlllM;©) ” ^(rr.otls)( m;A]^{ oBq<lgt)|A;Al^lo»q)(A;el 

= motor-amplificf — feedback-tachomctcr integrator torque input— voltage 
rate output sensitivity 

The performance equation (25) has the (0;1,2) differential equation (ofm> 

Within the range of operating conditions for which 


(CT) 




(maftl) 


(out) 


(out) 


( 28 ) 


(29) 


and when the uncertainty torque, ± is zero, then 


/(out )2 


(ou02 *(out)l = / '^®(oul) “ ^(maltllle.-el/ 


(out)l 


(30) 


Derivation Summary 34-11. Functional diogrom end performonce equations for a motor- 

amplifier-feedbaclctachometer integrator. (Poge 4 of 4) ' 

magnitude of the signal comparator.* Equation (2) shows that the performance of 
the torque generator drive amplifier is assumed to be representable by a sensi¬ 
tivity {that is, a simple gain). When the amplifier actually introduces nonlinearities 
and dynamic effects, the sensitivity must be replaced by the proper performance 
function. 


34.61. Equation (3) of Derivation Summary 34-11 gives for the viscous damper 
a performance that produces an output torque proportional in magnitude and opposite 
in sign to the angular velocity of the rotor.** Equations (4) through (7) describe 
the performance of the torque generator by means of two terms. The first term is 
the product of the voltage actuating input - voltage modifying input - torque output 
sensitivity, the excitation voltage, and the input voltage. The second term describes 
the fact that the torque generator output decreases as the rotor speed increases.*** 
This effect is usually so small that it may be described with satisfactory accuracy 
by a constant angular velocity input - torque output sensitivity of the torque gen¬ 
erator. In practice, numerical values for this sensitivity are usually taken from 
experimental data. 

34.62. The torque summation equation for the motor-tachometer unit is 
given by Eqs. (8} through (11) of Derivation Summary 34-11. The terms ofthis 
equation include the inertia reaction torque, the torque generator effective internal 


• In practice, the comparator may perform other operations than a simple multiplication on the input sig¬ 
nal. When this is ttue, the sensitivity concerned is replaced by the proper performance operator or performance 
fuOCtioQe 

•• la practice, some viscous damping action will usually be present due to lubricated bearings and other 
mechan.cal parts, even though the mechanical system does not include a viscous damper as a separate operat¬ 
ing component. Referto Information Summary 30-6 for a brief summary of the principles of viscous damping action. 

••• This falling off of output torque with increasing speed produces a net effect similar to that produced 
by a viscous damper. For this reason, it may be called inherent torque generator damping. Refer to section b 
of Information Summary 30-8 for a typical speed-torque characteristic curve. 
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damping torque, the viscous dampertorque, the uncertainty torque, and the torque 
generator input torque. In this list, all the terms are expressible as simple Junc¬ 
tions of specific variables except the uncertainty torque, which depends on bearing 
friction and other effects that are not describable by definitely known equations. 
It will appear later that the quality of performance obtainable from devices that 
include mechanical operating components very often depends on uncertainty torque 
components. In practice, these components are usually determined by experimental 
methods and represented by plots similar to the performance ratio curves discussed 
in Chapter 5. 

34.63. Equations (12), (13) and (14) ofDerivation Summary 34*11 show that 
the voltage output of the angular velocity signal generator is proportional to the 
product of the torque summing member angular velocity and an excitation voltage. 
When the angular velocity signal generator output is subject to dynamic effects 
because of actions within the generator itself, the sensitivities of Eqs. (12) and (13) 
must be replaced by proper performance functions. 

34.64. Equations(15) through(20) of Derivation Summary 34-11 draw oper¬ 
ating component performance equations together into the performance equation for 
the motor-amplifier-tachometer integrating system with voltage as the input and 
the angular position of the torque summing member as the output. Except for the 
uncertainty torque term, the integrating system performance equation (17) has the 
(0;1,2) differential equation form. As shown by Eq. (18), the characteristic time 
appearing in the performance equation is the ratio of the effective moment of inertia 
of the torque summing member to a sum of two sensitivities and a product of sen¬ 
sitivities. The single sensitivity terms represent the effects of the viscous damper 
action and the inherent damping of the torque generator. The sensitivity product 
represents the action of thefeedbacksystem, the amplifier, and the torque genera¬ 
tor in determining the resultant damping that acts on the torque summing member. 
Equation (19) gives the voltage input - angular velocity output sensitivity of the 
integrating system. This sensitivity is the ratio of the product of sensitivities of 
the operating components in the direct branch of the integrator to a sum of three 
sensitivity terms that are identical with those appearing in the expression for the 
characteristic time. 

34.65. Equations (21) through (24) give the relationships necessary to write 
the integrator performance equation with voltage as the output quantity. The com¬ 
plete performance equation including uncertainty effects is given as Eq. (25). In 
order to complete the information required to specify the performance equation, 
the torque generator exciUUon, the angular velocity signal generator excitation, 
and the output signal generator excitation must be given. The performance equa¬ 
tion itself has the (0:1,2) differential equation form. Equations (29) and (30) show 
that the motor - amplifier - feedback-tachometer integrator has the characteristics 
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of an ideal integrator when the uncertainty torque is zero and the rate of change 
of output voltage is so large that the characteristic time - voltage-second-derivative 
product is negligibly small by comparison. 

BALL-AND-DISC MECHANICAL DIFFERENTIATOR 

34.66. Differentiation may be carried out in terms of kinematic displace¬ 
ments by a modification of the ball-and-disc integrator illustrated in Fig. 34-1. 
The first part of the required modification is the addition of a mechanical dif¬ 
ferential and gear train arrangement for comparing the angular velocity of the 
ball-driven cylinder with the rate of change of the input angle. The second part of 
the modification is the addition of a rack-and-pinion drive system to receive the 
differential output angular velocity and automatically change the ball cage position 
in the proper direction to cause an increase or decrease in the cylinder angular 
velocity as required to match this angular velocity with the rate of change of the 
input angle. With the disc driven at a constant angular velocity, the ball cage posi¬ 
tion is a measure of the time derivative of the input angle. 

34.67. Figure 34-llis an illustrative pictorial diagram showing the essential 
features* of the ball-and-disc differentiator. The input angle is introduced as a 
shaft rotation that turns one side of a mechanical differential through a gear train. 
The other side of the differential is driven by the output cylinder of the ball-and- 
disc unit.** The differential acts as the input angular velocity - feedback angular 
velocity comparator and delivers an output that is proportional to the angular 
velocity correction. In magnitude and direction, this correction is the change in 
cylinder angular velocity required for an exact match with the rate of change of 
the input angle. The angular velocity correction acts through the ball cage drive 
and the ball cage input slide and introduces a rate of change of ball change position 
that tends tocorrectthe cylinder angular velocity. The cylinder angular velocity 
is determined by the ball cage position and the disc angular velocity, which is con¬ 
trolled by the disc drive motor angular velocity acting through the disc drive gear 
train. The drive motor angular velocity is adjustable and is controlled by means 
of the speed-setting knob. With the disc angular velocity fixed, the cylinder angular 

velocity depends only on the ball cage position. Readings giving the indicated an¬ 
gular velocity of the input shaft are suppUed by the ball cage output slide, indicat¬ 
ing system andscale, which, in effect, transform ball cage position into an angular 
indication. 


• Only d,o,n fn.nnns A., onnuibu.n ,o ,hn b.sk ki.n...in ,.l..innsbip. „n .bn... Dn.dU o( spcin, 

... <"<• "•’y (N5)) ,hcy do no, dij, 

the basic theory of operation, even though they are necessary functional details. 

" 'he output cylinder is directly connected to the differential. This arrangement is used 

only to simplify the diagram. A gear irain connection may be used if a speed change is desirable. 
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Fig* 34*11* Illustrative pictoriol diogrom for a balUond-disc differentiotor* 















34.68. Figure 34-12 is an illustrative pictorial-functional diagram for the 
ball-and-disc differentiator of Fig. 34-11. The labels and symbols on the two 
diagrams are identical. 

34.69. Section a ofDerivation Summary 34-12 is a functional diagram for the 
illustrative ball-and-disc differentiator of Figs. 34-11 and 34-12. The subsystems, 
operating components, names and symbols in the functional diagram are identical 
with those of Fig. 34-12. 

34.70. A development of the ball-and-disc differentiator performance equa¬ 
tion, under the assumption of no slippage between surfaces in rolling contact, is 
given in section b of Derivation Summary 34-12. The procedure applied in this 
development follows the general pattern used in Derivation Summaries 34-3 through 
34-11 for the various integrator types. Equation (2) of Derivation Summary 34-12 
gives the output angular velocity of the input gear train in terms of the input angle - 
output angle sensitivity and the rate of change of the input angle. Equation (3) 
shows that the cylinder angular velocity correction, which is the output of the 
differential that acts as the input-feedback comparator, is the difference between 
the input gear train output angular velocity and the cylinder angular velocity. 
Equations (4) and (5) relate the rate of change of the ball cage position to the cyl¬ 
inder angular velocity correction. Equations (6) through (10) give cylinder angular 
velocity in terms of disc angular velocity andball position. Equations (11) through 
(16) combine the preceding equations into the performance equation for the ball- 
and-disc differentiating unit. Equations (17), (18) and (19) relate the angular ve¬ 
locity scale reading to the ball cage position. These expressions are combined 
withEq. (14)to give Eq. (20), the performance equation for the ball-and-disc dif¬ 
ferentiator. This equation has the form of the (1;0,1) differential equation. 

34.71. Equations (23) and (24) of Derivation Summary 34-12 show that the 
ball-and-disc differentiator has the performance of an ideal differentiator for 
operating ranges within which the product of the characteristic time and the rate 
of change of the angular velocity reading is negligibly small in comparison with 
the angular velocity reading itself. 

TACHOMETERS AS DIFFERENTIATORS 

34.72. DifferentiaUon of the angular position of a mechanical member is a 
very common function of certain instrument units. Functionally, these units 
belong to the class of angular velocity signal generators and are generally called 

principles may be applied in the design of tachometers 
whichusuallyoperate asindicators or measuring instruments. The procedure ’ 

for deriving tachometer performance equations follows the pattern established in 
Chapters 31 and 32 lor first- and second-order measuring instruments, respec- 
Uvely. DetaUs of the derivaUon for any given instrument depend on the physical 
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ig« 34*12» lllustrotive pictorial afunctional diagram for o boll-and-disc differentiator* 
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^ut eear craio 


(ifbc) loput-feedback comi 


(bed) Bail caae dfive 


(bcis) Ball cage input $Hdc 


taracor 


• • 

(a\ - A,„„ - A, 

^{bed) “ Vcd)(A:Al^^^^c 

P(bc) “ ^(bcIs)(A:p]^{bcd) 


(be) Balls aod cage 

Uoder the assutoption of no slippage between surfaces in rolling contact, 

“ Ve)(p:(l»)]P(te) 


where 


(c) Cylinder 


where 


^(bcl(p;(l»)j - 

^{e)(aY);A) “7^ 


• cylinder radius 

(bddu) Ball^and^disc differentiating unit 
From Eq$. (8) and (6), 

K ■ ^(c)(llT):A]^(bc}(p;(W))P{bc) 

From Eqs. (5) aod (4), 

P(bc) “ ^(bcl*)lA:pl^{bcdlU:A)^^*e 
or 

(a\- Pm 

^(bci»)(A;pl^(bcd)[A;Al 

Combining (he eipressions of Eqs* (3)» (10) and (12) shows that 

r-T- P(bc) ■ " ^(c)l(lT);A)^(be)(p:(lv)]P(bc) 

^(bclB)lA;p)^{bedHA;Al 

Reananging the terras of Eq. (13) aod defioiog aod S(bddul[A;p]g'’“ 

^C^(bddu)P(bc) + P(bcl “ 5(bddu)lA;pl*(lflt) 


where 


(CT) 


(bddu) 


^(bddu)[A;p] 


^(e)l(l»):A)^(bc)(p;(lv)]^(bcl*l(A;pl^(bcd)lA;A) 

e characteristic time of the ball-aod-disc differeotiatiog uoii 

«_ ! _ 

^(c»[(lT)!A)^(be)(p;(l*)) 

- aogulat velocity ioput-slide positioo output of the ball-aod-disc diffcteotiatiog 


Derivation Summory 34.12. Functional diogrom and performonce equotions for o 

boll'ond-disc differentiotor. (Page 2 of 3) 
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(bcos) Ball output slide 

P(o3) “ ^{bcod)(p;plPtbc) ^ 

(is) Iniilcacing system 

= S(i3)[p;(lnil|P(os) 

(os) Output scale 

W). . 

(bdd) Balhand-disc diffetentiator 

Using E(^s. {]\ (17), (18) and (19) to replace by (AV), and by A^^, in E^. (14) shows that 
the balUand'disc differentiator performance equation is 

(CT)(,,„(AV), . (AV), ■= ^(bidl(A:(AV)i^(lnl 


(18) 


(19) 


where 


(CT) 


(bdd) 


(CT) 


(bbdu) 


characteristic time of ball-and*disc differentiator 


( 21 ) 


^(bdd)(AMAV)l ^(lgt)(ArAl ^lbddu)(A;pl^(bcos)(pjpl^(ls)(p;(lftd)l^(os)l(Ind);(AV)l 

a input angular velocity-angular velocity reading sensitivity of the ball* 
and*disc differentiator 

Equation (20), the performance equation for the balNand^disc differentiator, has the (1;0,1) differential 


equation form« 

Uithin the operating range for which 


(CT),,,„(AV). « (AV), 

the performance equation reduces to a (I;0) differential equation; i«e., 

(AV)„ = Vdd)[A;{AV)]^(ir.) 

Derivation Summary 54*2 shows this to be the equation form for the ideal differentiator, 

h) Performonce ecuofions for componenfs ond subsystems of the boll*ond*disc differentiotor 


(23) 


(24) 


Derivation Summary 34*12« Functional diagram and performonce equations for o 

boll-ond-disc differentiator, (Poge 3 of 3) 


details involved; no new principles or processes are required. For this reason, 
the illustrative tachometer diagrams that follow in this chapter are not accompanied 
by performance equation derivations. 

34.73. Four widely used tachometer types are illustrated. These types do 
not in any way exhaust the design possibilities, but they do comprise instruments 
that are often applied as components of control systems. The tachometer types 
described are; 

1) Centrifugal tachometer. 

2) Rotating-magnet drag-cup tachometer. 

3) Direct-current electrical tachometer. 

4) Alternating-current drag-cup electrical tachometer. 

Types 1 and 2 have angular velocity receivers that provide mechanical inputs for 
their indicating systems. The angular velocity signal generators of types 3 and 4 

givedirect-current and alternating-currentelectrical signal outputs, respecUvely. 
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CENTRIFUGAL TACHOMETER 

34.74. Figure 34-13 is an illustrative pictorial diagram for the centrifugal 
tachometer. The input angle is introduced by the input shaft, which drives the in¬ 
put gear train. The input gear train output angular velocity is the essential input 
to the angular velocity receiver, which consists of a four-link arrangement carrying 
two flyweights. Two of the links are pivoted at one end on a collar fixed to the top 
of the angular velocity receiver spindle. The other ends of these two links are 
pivoted on the flyweights. Two lower links that match the upper links are pivot- 
connected between the flyweights and the angular velocity receiver output collar. 

A spiral spring located on the spindle between the fixed collar and output collar 
tends to force the output collar downward and pull the flyweights toward their equi¬ 
librium positions. When the spindle is rotated by the input gear train, centrifugal 
force tends to move the flyweights away from the spindle. The pivoted links convert 
this outward force into the compression of the spiral spring required to prevent 
further radial motion of the flyweights. The corresponding deflection of the output 
collar is the essential input to the indicating system. The indicating system output 
is the indication in the form of the angular deflection of the index. The scale as¬ 
sociates angular velocity readings with indications. These readings represent the 
time derivative of the input angle, and thus justify the classification of the centrif¬ 
ugal tachometer as a differentiator. 

34.75. Figure 34-14 is an illustrative pictorial-functional diagramfor the cen- 
trifugaltachometer. The resolution of the mechanism into subsystems is intended 
tosuggestafunctionaldiagramformfor use in a performance equation derivation. 

ROTATING.MAGNET DRAG-CUP TACHOMETER 

34.76. Figure 34-15 is an illustrative pictorial diagram for the rotating- 
magnet drag-cup tachometer. Figure 34-16 is the corresponding illustrative 
pictorial-functional diagram. The permanent magnet rotor is driven by the input 
shaft through the input gear train. Interaction between the permanent magnet field 
and the eddy currents induced in the drag cup produces a torque tending to rotate 
the cup. This torque is the input to the indicating system, which consists of ator- 
sional hair-spring-restrained shaft connected to the index. The indications as¬ 
sociated with index positions are translated into angular velocity scale readings 
by the scale. 

DIRECT-CURREHT ELECTRICAL TACHOMETER 

34.77. Figures 34-17 and 34-18 are illustrative pictorial and pictorial- 

functional diagrams, respectively, for the direct-current electrical tachometer. 

This instrument is based on a permanent-magnet-fielddirect-currentgenerator 

driven from the input shaft through the input gear train. The generator acts as 
the angular velocity signal generator, which produces an angular velocity signa 
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Fig. 34*14. Illustrotive picrorial-functional diagram for o cenfrifugal tarhomeler. 
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34-16, Illustrative pictoricUfunctionai diagram for a rotating«magnet drag-cup tachometer* 
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Fig* 34«18* Illustrative pictoriaUfunctionoI diagram for a direct^current electricol tochometer. 



in the form of a direct-current voltage. The indicating system is a direct-current 
meter that produces index deflection as the indication. Angular velocity scale 
readings that represent the time derivative of the input angle are associated with 
indications by means of the scale. 

ALTERNATING-CURRENT DRAG-CUP ELECTRICAL TACHOMETER 

34.78. Figure 34-19 is an illustrative pictorial diagram for the alternating- 
current electrical tachometer. Figure 34-20 is the corresponding illustrative 
pictorial-functional diagram. The angular velocity signal generator includes the 
drag-cup rotor, which is driven from the input shaft through the input gear train. 
The drag cup rotates outside a stationary cylinder of magnetic material and in¬ 
side a stator that carries two-phase alternating-current windings. One of these 
windings receives the constant-frequency, constant-magnitude voltage excitation. 
The angular velocity signal is taken from the terminals of the other winding. The 
angular velocity signal is transformed into an angular indication by an alternating- 
current voltmeter. The angular velocity scale reading is provided by the scale 
of this meter. 

RESISTANCE-INDUCTAHCE ELECTRICAL DIFFERENTIATOR 

34.79. Differentiation may be provided by combinations of electrical cir¬ 
cuit elements. For example, if the condenser in the resistance-capacitance 
integrating circuit of Fig. 34-8b is replaced by an inductor, the output voltage 
becomes proportional to the time derivative of the input. Figure 34-21 shows the 
details of the resistance-inductance differentiator. A resistor is connected in 
series with an inductor. The input voltage is applied across the series combina¬ 
tion. The voltage appearing across the inductance is considered as the output 
voltage. 

34.80. DerivationSummary 34-13 gives the development of the performance 
equation for the resistance-inductance electrical differentiator of Fig. 34-21. 
Equation (1) expresses the drop across the resistance in terms of the input- 
reference voltage difference and the output-reference voltage difference. Equa¬ 
tion ( 2 ) expresses the output-reference voltage difference in terms of the inductance 
and the current flowing through it. Equations (3) through (7) show the steps by 
which the combination of Eqs. (1) and (2) leads to Eq. (5), which is the desired 
performance equation. This equation has the (1;0,1) differential equation form. 
Equations (8) and (9) show that the resistance-inductance differentiator gives ideal 

performance under operating conditions for which the productofthe characteristic 

time and the output-reference voltage difference rate is negligibly small compared 
with the output-reference voltage difference itself. 
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Fig. 34*20. Illustrotive pictoriai>functional diagram for an alternating-current drag-cup electrical tachometer. 
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Fig» 34*21. Illustrative pictorial or>d circuit diograms for o resistonce • inductance electrical 

differentiator. 


RESISTANCE - AMPLIFIER - PEEDBACK*1HDUCTAHCE DIFFERENTIATOR 

34.81. Improved differentiator performance will be produced by the resistance- 

inductance electrical differentiator if a high-gain direct-current amplifier is con¬ 
nected with its ground side at the reference-voltage level, its input terminal at 
the resistor-output-voltage level, and its output terminal at the output-voltage 
level of the differentiator. This arrangement is illustrated in the diagrams of 
Fig. 34-22. The reasons for improved differentiating performance from the ad¬ 
dition of a high-gain amplifier to the resistance-inductance circuit of Fig. 34 21 
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From Fig. i+21. 




®i9ul) ■ ®(tei) 


( 1 ) 

( 2 ) 


dt 


Differentiating Eq. (1) gives 


at 


(3) 


Combining tq» (2) with Eq» (3) shows chat 


R 


Defiotng aod rearranging (he (etms of Eq. (4) yields (he equation 

^^"^^(ttd)^®(8ut) ~ ®weil^ * ^®{ 0 ut) ” ®(fef)^ “ ^(rld)(4;*l^®llf») “ ®(fel)^ 


(4) 


w 


here 


s — ts charac(eris(ic (ime of the resis(ance-induc(ance differentiator 


(5) 


( 6 ) 


R 


^(tidl(i e) ® “ input rate-output voltage sensitivity of the resistance- 

inductance differentiator 


(7) 


Equation (5) is the performance equation for the resistance-inductance differentiator. It has the form of 
the (1;0,1) differential equation. 

V'ithin the range of operating conditions for ahich 


(CT),.„{ 

®{out)“ ®(ref)^ (*(0ut) ~ ®(tef)) 

(8) 

the performaftcc equation becomes 





(9) 


Equation (9) has the (1:0) form (hat is shown in Derivation Summary 34-2 to be associated with ideal 
differentiation. 

Derivation Summary 34*13. Performonce equotions for a resistance-inductance 

electricol differentiator. 


are similar to those already given in the discussion of the resistance - amplifier > 
feedback-capacitance integrator and therefore are not repeated here. 

34.82. Derivation Summary 34-14 gives a development of the performance 
equation for the resistance - amplifier - feedback-inductance differentiator of 
Fig. 34-22. Equation (1) is an expression relating voltage differences to the drop 
across the resistor. Equation (2) gives the voltage drop across the inductor in 
terms of the inductance and the rate of change of current through the inductor. 
For the purposes of the present discussion, the amplifier input may be considered 
as drawing no more than a negligibly small current, so that the current through 
the resistor is effectively identical with the current through the inductor. Equa¬ 
tion (3) shows that the amplifier output voltage changes are proportional in mag¬ 
nitude but opposite in sign to amplifier input voltage changes. Equations (4) 
through (10) show a series of steps that combine the basic circuit equations 
to give the resistance - amplifier - feedback-inductance performance equation 
in the (1;0,1) differential equation form. Equations (11) and (12) show that ideal 
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Fig, 34*22. lllusfrotlvepicJoriol ond circuitdiogroms fororesistance-oniplifier-feedback*inductonce 

differentiator 

differentiator performance is given by Eq. (8) when the product of the character¬ 
istic time and the output-reference voltage difference rate Is negligibly small 
compared with the output-reference voltage difference itself. 


RESISTANCE-CAPACITANCE ELECTRICAL DIFFERENTIATOR 

34.83. Differentiator action may be achieved by an interchange of positions 
of the resistor and condenser in the resistance-capacitance integrator of Fig. 34-8. 
Figure 34-23 show.s an arrangement of this kind. The condenser and resistor are 
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From Fig, 54*22, 

- (e,- - iR 

Under (he assumption that the amplifier draws a negligibly small input current, 


^(o)|e*e| ^ voltage input ~voltage output sensitivity magnitude of the amplifier 
From E<j. (5). 


K- e(ren) 


s 


^out) “ ®(r*()^ 




;e 


Combining Eqs, (2) and (4) gives 


te,o„o-e. )-LA 


(o)|e;e 


dt 


From Eqs, (1) and (4), 


(®(ln) - 


(rel) 


) + „ ip 


Differentiating Eq« (6) yields 


(a _ i \ ^ ^®(out) “ ®(fel)^ _ P di 


Combiriing Eqs, (5) and (7) and rearranging terms gives 

(^^^(rofld)(®(6ul) " ®(feO^ + Kout) ~ ®(relP “ ^(rcJW)l,;#l ^®(ln)" ®(te{)^ 

where 

(CTU.1"-!--!- 


R +1 


s 


(raiid)U:,] 


( 1 ) 



i • 

K - e(re()) - ^®(e.l) - ®(fef)) = *- ^ 

dt 

(2) 

Also, 




t®(ou!)- ®(re<)^ * -5(a)|e;,|t®f ■ ®(fel)^ 

(3) 

where 




(4) 


(5) 


( 6 ) 


(7) 


( 8 ) 


(9) 


> chaiacteriscic time of the resistance - amplifier —feedback*inductance 
differentiator 

B> input rate'•output voltage sensitivity of the resistance ~ amplifier —feedback* 
inductance differentiator 


( 10 ) 


Equation (6) is (be performance equation for the resistance— amplifier ^feedb&ck^inductance differentiator, 
k has the form of the (1;0,1) differential equation, 

Vithin the operating range for which 

^^^(fcrid)(®{out) “ ®(raf)^ ^^(out) (ID 

the performance equation reduces to 

Kout) “ ®(fei)^ ■ ^(fafld)U;*l^ln) “ ®(t,J)) (12) 

which has the (1;0) form associated with ideal differentiation. 

Derivotion Summory 34*14. Performance equofions for o resistonce-omplifier-feedbock- 

inductonce differentiotor. 
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b) £/ecfrieo/ ciVeui/ diagram 


Fig. 34*23. Illusirotive pictoriot and circuit diagrams for a resistance*capacitance electrical 

differentiator. 


connected in series with the input voltage applied across the combination. The 
output voltage is measured across the resistor. 

34.84. The performance equation for the capacitance-resistance electrical 
differentiator is developed in Derivation Summary 34-15. This equation, Eq.(3), 
has the (1;0,1) differential equation form, which gives ideal differenUation when 
the output-reference voltage rate term is negUgibly small compared with the out¬ 
put-reference voltage difference itself. 
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From Fig. 34-23, 

(®(lr.) " “ ®(rel)^ “ ^ 

^outl “ ®(Krfl^ = ' 

Combining bqs. (1) and (2) gives 

(C'>^(rc<il(®(out) - ®(re))* + («{ouO " = Vd)U:p](®Ur.) " ®(«i)^ ' 

(CT)|p^^j “ RC * characteriscic time the tesistaocc-capacitance differentiator I 

^(fcd)(e‘el * rate ••output voltage sensitivity of the resistance- 

capacitance differentiator ^ 

Equation (}) is the performance equation for the resistance-capacitance differentiator* It has the form 

of the (1;0,1) differencial equation * 

U’ithin the operating range for which 

(^^^ircd}(®(out( ~ ®(tof)^ (®(outl " ®lrell^ ' 

the performance equation reduces to 

^®(oul) ■ *(r*n^ “ ^(fcd)(e;e]^®(ln> “ *(reJ)^ * 

which has the (1;0) form associated with the ideal differentiator. 


Derivation Summery 34-15. Performonce equotions lor o resistonce-copocitonce 

electrical differentiotor. 


CAPACITANCE-AMPLIFIER-FEEDBACK-RESISTANCE DIFFERENTIATOR 

34.85. Figure 34-24 shows the resistance-capacitance differentiator with the 
addition of an amplifier across the resistor. The performance equation for this 
capacitance • amplifier - feedback-resistancedifferentiator is developed in Deri- 
vationSummary 34-16. Thisequation, Eq. (7),has the differential equation 

form. Ideal differentiation is provided over the range of operating conditions for 
which the term containing the time derivative of the output-reference voltage dif¬ 
ference is negligibly small compared with the output-reference voltage difference 
itself. 


INTEGRATOR AND DIFFERENTIATOR PERFORMANCE EQUATION FORMS 

34.86. When the ball-and-disc integrator and the tachometers are excluded 
from consideration, all of the illustrative integrators and differentiators described 
in the preceding sections have performance equations that fall into four differen¬ 
tial equation forms: 

1) The (0:1,2) form. 

2) The (1; 1,2) form. 

3) The (0:0,1) form. 

4) The (1:0,1) form. 

The developments of Derivation Summaries 34-1 and 34-2 show that the ideal 
integrator has a performance equation with the (O;!) differential equation form 
and that the ideal differentiator has a performance equation with the (1;0) dif¬ 
ferential equation form. 
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Fig. 34'24. Illustrative pictorial ond electrical circuit diograms for a capacitonce-'Omplifier- 

feedbock*resistonce differentiator. 

RELATING FUNCTION DEVIATIONS 

34.87. In practice, it is useful to describe the performance of actual inte¬ 
grators and differentiators in terms of deviations of their performance equations 
from the performance equations for ideal integrators and differentiators. A gen¬ 
erally satisfactory method for specifying the characteristics of any given dif¬ 
ferential equation is to use the relating function associated with the equation.* 
With relating functions expressed in terms of dimensionless dynamic amplitude 

* The geaeral theory of rcUtiog (uACCioDs is discussed in Chapter 17. 


490 



From Fig. }4-24, 




Under (he assumpcion that the amplifier draws a negligibly small input curreoc, 


K - ®(re() 


) - (e(o.t)- e(ref)> = 


Also, 


From Eq. (3) 
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G>mbioing Eq, (2) and Eq. (4) gives 
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Combining Eqs. (S) and (6) and reananging terms gives 

^^Aco(td}(®(ouO " + ^out)" ®(r.()) “ 5(coftd)(;;.)^®(ln) - «(ten^ 


where 


(CT) 


(cofrd) 


5(a)|.;.l + * 


« characceristic rime of the capacitance«amplifier**feedback-resistance 
differentiator 


^(cqfrd)U;el " ** ^^^(cofrd) ^<oJ|e;el 


« input rate* output voltage sensitivity of the capacitance * amplifier * 
feedback^resistance differentiator 

Equation (7) is the performance equation of the capacitance * amplifier* feedback-resistance differentiator. 
It has the form of the (1;0,1) differential equation. 

Within the operating range for which 

^^^{eoitd»^®(o«t) “ ®(roJ)) ^ouO “ ®(t.n) (10) 

the performance equation reduces to 

^®(ouO ** ®(rel)^ " ^(cotrd)U;e]^®(ln) “ ^(ref)^ tH) 

which has the (1;0) form associated with ideal differentiation. 


( 11 ) 


Derivotion Summary 34-16. Performonce equations for o copocitonceamplifier * 

feedbock-resistonce differentiator. 


ratios and dynamic response angles, differences between equations may be ex¬ 
pressed in terms of deviations. Concepts and notation for expressing these de¬ 
viations are given in Definition Summary 34-1. 

34.88. Equations(1) through(4) ofDefinitionSummary 34-1 and the associated 

definitions give the basic reference and compared relating function forms required 

in deviation equations. The reference-compared dimensionless dynamic amplitude 
raUo deviation is defined by Eqs. (5) and (6) as the compared dimensionless dynamic 
amplitude raUo minus the reference dimensionless dynamic amplitude ratio. The 
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Given Cfc*o differencial ei^uacions to be compared: 

1) A refercQcc differential equation with its relating function expressed in working variable 

’’(red = f>(r)(re(|f‘(rell*'^‘"'’ 

Of, in selWefioini terms, as 


terms as 


%.i< ■ [RF]|„„ = (W (r»n 1 dar),,.„€ 


jlDBAl 


(r«l) 


(ref) 


(reO 


(1) 


( 2 ) 


(3) 


2) A compared differential equation with its relating function expressed in working variable terms as 

’’(coprd) “ P(r)(cmprd)f'(cnprd)* 
or, in selftiefioing terms, as 

1(»PH1 " (RF1,=P,„„ ■ 
where, in terms of the notation of Definition Summaries 13‘3, 15*4 and 13-6 of Ch^ter 13 and Definition 


(4) 


Summary 

2^8 of Chapter 28, 


^’(f)(ref) 

“ (RAR),., 



= '(DAR),., 


®Crvlt 

" ([>RA}(„ii 

p(f)( 

eaprd) * 

(RAR)„„p,,, 


*(refl ° tefeteoce dynamic resprase angle 

e compared reference amplitude ratio 

f^(crr.prd) *’ ^^^^(cisprd) ~ compared dimensionless dynamic amplitude ratio 

'^[caprdl “ ^^^^(cBprd) “ compared dynamic response angle 
$ 

Note: (DAR), the dimersionJess dynamic orrpUtgderatto, Is idenllcol with [(0AR)(RAR)R], the dynamic 
amplitude ratio—reference dplitude ratio ratio of DefirUtion Summory 13^ and Cq« (20) of De- 
tirution Suminory 

Usiog cooveotioas similar to chose escablisbed in Figs»9*6, ^7 and 9*8 of Q^cer 9 for the compari* 
son of physical quantities, dimensionless dynamic amplitude ratio deviation aod dynamic response angle 
deviation may be defined by the expressions 

^(^)f^\{ref)‘*(cmpfd)) " f^(coprd) “ f^fref) 

M{re/1 “- 

■ [(D)IDAR)1(,(DAR),,toAR),„„ 

(DAR),.„ -- 


(5) 


( 6 ) 


« refereace*c<MDparcd dimensionless 
dynamic amplitude ratio deviation 


■ [(fd)(dar)1[,„„.„„„„,.-!5^^- 1 


(7) 


( 8 ) 


■ re fere nee* com pa red dimensionless 
dynamic amplitude ratio fractional 
deviation 


((D)^]((,,j)_(cBiptd)] ■ ^{cmprdl " ^(ref) 


(9) 




Definition Summory 34-1. CofKcpts ond notation for describing differences between reloting 
functions in terms of dynomic omplitude ratio ond dynomic response ongle deviotions. 

(Page 1 of 2) 
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- [(D)(DRA)]|,- (ORA),„,,„ - (DRA),„„ 

= reJereDce-corapared dynamic response 
angle deviation 


( 10 ) 




(U) 


Definition Summory 34*1. Concepts ond notation for describing differences between reloting 
functions in terms of dynamic omplitude rotio and dynamic response ongle deviotions. 

(Page 2 of 2) 


reference-compared dimensionless dynamic amplitude ratio fractional deviation 
is defined by Cqs. (7) and (8) as the reference-compared dimensionless dynamic 
amplitude ratio deviation divided by the reference dimensionless dynamic ampli¬ 
tude ratio. The reference-compareddynamic response angle deviation is defined 
by Eqs. (9) and (10) as the compared dynamic response angle minus the refer¬ 
ence dynamic response angle. 


RELATING FUNCTIONS FOR INTEGRATOR AND DIFFERENTIATOR PERFORMANCE 
EQUATION FORMS 


34.89. The relating function for the (0;0,1) form is developed in Derivation 
Summaries 18-10 and 33-1. The relating function for the (1;0,1) equation is de¬ 
veloped inDerivationSummary 18-11. The relating function for the {0;1,2) equa¬ 
tion is developed in Derivation Summary 34-17, and the relating function for 
the (1;1,2) equation is developed in Derivation Summary 34-18. 

34.90. Table 34-1 summarizes relating function information for the differ¬ 
ential equation forms associated with integration and differentiation. In this 
table,column Igives the identification symbol for the equation considered, while 
column 2 gives the differential equation form itself. Column 3 defines the char¬ 
acteristic time for the individual equations, and column 4 gives the reference am¬ 
plitude ratios for these equations. Subscripts identifying the equations with 
which these concepts are associated are added to the characteristic time and 
reference amplitude ratio symbols. Column 5 defines and gives the break points 
in terms of the reference frequency ratio based on an arbitrarily chosen refer¬ 
ence frequency. Column 6 gives relating functions in various complex variable 
forms including the conventional operational form with the symbol p used to rep¬ 
resent differentiation with respect to time. Column 7 gives dimensionless dy¬ 
namic amplitude ratios, and column 8 gives the corresponding dynamic response 
angles. 
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Giveo the {0;1,2) differeotial equacioo fotm 

OjV + a,v = b,u 

(Refet to Chapter 19 lot a discussion of more geoetal secood*order forms.) 
Define 

^( 0 ;i, 2 ) ■* (0;1,2) characteristic time 


■ ~~ “ (0:1,2) dimensional sitailarity factor 

Using the definitions of Eqs. (2) and (3) in Eq. (1) gives the working variable equation 


+ V =.i£ad»u 


ftod the sclf*<lefioing symbol equation 






‘ ' (CTi 

c) Geftero/ieerf (0:h2) eqvafioo 

CoQsider the $teady*$tatc solution associated with Eqa {4) for a sinusoidal forcing function; iaCop take 

_ 


aod assume 


so that 


U 8 


V ft T^U a TfU 




V 8 1JU * ijjcujU {8 

aod 

V . lju - (9 

Subscitutiog the expressioos of Eqs* (8) aod (9) in Eq* (4) gives 

Multiplying both sides of Eq. (10) by ‘“'I relating function !}(■ [RF]) shows that 

[RF](0., 2) ■ fio-i 2) " ■>- *1°'''^! -. (11) 

io.i, 2 J to.i.jj .,.(1 -f ifai.r,.., .,) 




Define 


o—!—■ reference period (arbitrarily chosen) 

—= reference frequency ratio ' 

Tj "(tel) 

[(RP)(CT)R],fl , ,, ■»_— = (0;1,2) reference period-characteristic time ratio < 

n fCDl KRP)(CT}R],(jJ_j, I 

P(rl(bpl(0;1.2) *■ (^''l(r«f)(bp)(0;l,J) “ W(0;l,J) "-JS- 

» (0;1,2) breakpoint reference frequency ratio 

Derivofion Summory 34*]7. Reloting function for the (0;1,2) lineor differential equotion 

with constant coefficients. (Page 1 of 2) 


( 12 ) 


(15) 
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so chac 




T|,.„ (CT),.„.„ _ (FR)|,.,| 


(16) 


(rol) 


and Eq« (II) oiay be written io the form 




(17) 


._(F_R} 
(bp) 


I 


L , I \ 

(0:1,2) V ^^P^0;1.2)/ 


Take 

P(tK0:l,2) ■ ‘'^(0:1,2) 
Then 


(RAR) 


, -(0;1.2) reference amplitude ratio 



/• “ 





[ (FR)w.) 


Mj0;(,2) 




(18) 


(19) 


and 




Uil.l) 


(DRA)(0:1.2) - 


(0; 1,2) dimensionless amplitude ratio 

(FR)u.n 


2 


^M(0;1,2) 

a (0;1,2) dynamic response angle 
b) (0;1,2) sfaodysrofe sinusoidal reformg funcrion 


Derivation Summary 34*17. Relating function for the (0;),2) linear differential equation 

with constant coefficients. (Page 2 of 2) 


( 20 ) 


STEP FUNCTION RESPONSE DEVIATIONS FROM IDEAL INTEGRATION 

34.91. In addition to the steady-state sinusoidal relating function approach 
to the description of integrator performance, it is useful to express differences 
between actual and ideal integrator performance in terms of step function re¬ 
sponse curves. In practice, this criterion may be extended to include the forms 
associated with integrators and differentiators of all types. In the present 
discussion, however, a single example will be used for illustration purposes. 
This example is a comparison of the step function response of an actual inte¬ 
grator whose performance is given by the {0;0,1) equation with the step function 
response of the ideal integrator. 

34.92. The expressions for the step function response associated with the 
(0;0,1) differenUal equation are developed in DerivaUon Summaries 18-2 and 
18-3ofChapter 18. The corresponding response curves in nondimensional terras 
are given in Fig. 34-25. These curves are exponentials that start at zero on the 
time - characteristic time ratio scale, and have an initial slope identical with the 
slope of the associated response curve for an ideal integrator. As shown in 
Fig. 34-25, the response for the ideal integrator continues as a straight line with 
increasing time while the slope of the response of the (0;0,1) equation decreases. 
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Given the (1:1,2) differencial equation form 

OjV + 0,V = b|U 

(Refer to Chapter 19 for a discussion of more |enefal second-order forms.) 


( 1 ) 


Defioe 


^ * "5^ * (1;1,2) characterisiic ci 


cime 


s 


b 


^ . /I. 


“ ’'ll;!. 2 ) (ll 1|2) dimeosiooal sunilaricy faaor 

Usiog the defiaitions of Eqs* (2) (3) io Eq. (1) gives the vorking variable equation 

^ * ^Cl;le2)^ 

and the self-defining symbol equation 

^ = S,,., j,0 

o) G^neroliztd equofion forms 


( 2 ) 


(3) 


(4) 


(5) 


( 6 ) 


Consider the steady-state solution associated with Eq* (4) for a sinusoidal forcing function; i.e., take 

ti , ‘ 

and assume 

V « qu » ^ 

so that 

V « 1}U ■ 


and 


V - qu = q(-w/)u 

Substituting the expressions of Eqs. (8) and (9) in Eq. (4) gives 

Dividiui both sides of Eq. (10) by \<Hf and solviog for the relating fuDCcioo q(» [RF]) shows that 


(7) 

( 8 ) 
(9) 


( 10 ) 




Define 


* n - 


21 


(red 


n 


i— • reference period (arbitrarily chosen) 


(ref) 


and 


•» e —L- a reference frequency ratio 

Tj ^(ref) 

[(RP)(CT)Rjn , ,, _ a (1;1,2) reference period-characteristic time ratio 

B (FRl (bp) - 

P(r)lbp)(i;i, 2 ) " ''^''^lr«f)(bp)(>:l. 2 ) “ - 2 ^ 

■> (1;1,2) breakpoint reference frequency ratio 


( 11 ) 


( 12 ) 


(13) 


(14) 


so that 


. i_ ^IroH ^^^11:1,2) ^ 

"^^I;1.2I - 2«r ---- — - 

*( T(„„ 


Derivation Summary 34-18, Relating function for the (1,’1*2} linear differentiol equation 

with constant coefficients. (Poge 1 of 2) 


(15) 


( 16 ) 
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and E<^. (11) may bt written in the (orm 

’lll.l.J) *■ 


I + j 


. (FR), 


(rei) 


Take 




Then 


Plr)(.;1.2) = = (1;1.2) reference amplitude ratio 


V. 

f>) (1,1,21 sfeodysfof* sinusoidof rtloUng funefion 


( 17 ) 


(18) 


(19) 


Derivotion Summory 34*18. Relating (unction (or tlie (1;1,2) lineor di((erential equation 

with constant coe((icients. (Poge 2 of 2) 


By definition, the deviation of the dependent variable ratio that represents the 
imperfection in actual integrator operation is the difference between points on the 
exponential response curve and the corresponding points on the ideal integrator 
curve. At any given time • characteristic time ratio, the magnitude of this de¬ 
viation is the same for the increasing step function and the decreasing step func¬ 
tion. The deviation for the increasing step function case is plotted in Fig. 34-26. 
The upper plot covers a deviation range from zero to about -0.4. The lower plot 
covers a range from zero to about -0.02. 

NONDIMENSIONAL DYNAMIC AMPLITUDE RATIO AND DYNAMIC RESPONSE ANGLE 
DEVIATIONS 

34.93. Figures 34-27 and 34-28 illustrate the various concepts associated 
with dimensionless dynamic amplitude ratio deviations. In Fig. 34-27, the (0;1) 
amplitude ratio is taken as the reference, and the (0;0,1) amplitude ratio is taken 
as the compared quantity. Onthe basis of data from Table 34-1, the (0;1) ampli^ 
tude ratio has a downward slope of minus unity toward the right on a log-log plot 
with the reference frequency ratio as the independent variable. This straight line 
crosses the zero-ordinate line at the break point for the (0;0,1) amplitude ratio. 
The (0;0,1) amplitude ratio is unity for small reference frequency ratios and is 
asymptotic to the (0;1) amplitude ratio line for large values of the reference fre¬ 
quency ratio. The amplitude ratio deviation is shown in Fig. 34-27 by an arrow 
drawn from the (0;!) line to the (0;0,1) curve. The deviation for any particular 
reference frequency ratio is calculated by reading the corresponding values for 
the two dimensionless dynamic amplitude ratios from the direct-number ordinate 
scale outside of the loru scale and subtracting these values as indicated. Fig- 

ure34-28issimilartoFig. 34-27 except that the{1;0) amplitude ratio isUkenas the 
reference and the (1;0.1) amplitude ratio is taken as the compared amplitude ratio. 
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Dependent variable ratio i>vr 



Fig. 34-25. Diogrom illusfroting the deviation of the step function response of on integrotor with a 
(0;0,1) performcnce equation with respect to the step function response of on ideol inteyotor. 
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Time-characteristic time ratio ® 7=?:- «- 

Nclo: The correapcndlnq deviation C'ifves lof decreoslnq alep tynctlon fespense are Idenllcol with lh« P*®** 
of tKls iig«^e except lor a reveraol In (he sign of (he deviation. 

Fig. 34*26. Deviotion of the (0;0,1) equation inaeosing step function response with respect to the 

corresponding (0;1) equotion response. 
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Dimensionless dynamic amplitude ratio '(DAK) 


'(OAR) 


(0;0,1) 


lo| ( 


[(D)'(DAR)1 


(FR) 


ifi) 


(‘>P>(e;e.u 


^•’P){0;0.u 


($ee bel4«) 



(CT) 


(0:0.n 


-1 0 

1^8 'PRV... 


(lorus) 


oa 1.0 

Reference frequency ratio (fr), 


(FR), ,, B - — m ft T. .. 

(f«» i u#o 

ft| e forcjog (requeecv 

For th< (0;n equactoa; 

log '(DAR),(,.„ = log(bp)j„.j,- log(FR)„,„ 

At the bleak point, 

tFRN...,.bp) = <^P\o:U 


a retereuce trequcftcy 

^(r«n “ t^lweoce period 
For the (0;0|l) equacioo ; 

Ac cbe bleak poia^ 


(MgU 


so that 


log '(DAR) a 0 


(see OenvaiioQ Suduaary 3Vl) 
Fo.,bo '(DAR),^.^^„plo,, 


‘''‘^’lt.(Hbp) = (Mio;n = ^ = »■>” =■-0.798 Iccu 
(aee Derivatioa SucuMty 54-1) 




so that 


^^P\o;O.J) “ T? 

Note: The deviation. (D)'(DAR), !« any pottlculoi reference freqxjoncy ratio, (FR),,^„ , 1. calculated by toodlnq 

the corToepondlnq values lot the two dlnenslontese dynamic amplitude rottos Irom the dlrect^iumber otdlnale 
scale outside ol the loru scale and eubtroctln^ these values os indicated. 

Fig. 34-27. Diagram illustrating the definition of the t(0;l)-(0;0,l)] dimensionless dynomic 

ompiitude ratio deviation. 
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Dimensionless dyna 


tl;0) 


(TL) '(DAR) 


(l:M) 


« -0,3 

s mbus tkf«e*teQibs 
dupe D$ ion less 
dyoftttic ftsftlitude 
ficio (olersnce limit 






= l«« ^P**V,()(h|co)(lTLl lDAH)a-04) 

= logjV 

s minus three^eoths dioMfisionless 
dynanic amplitude ratio coleraoce limit 
reference frequency ratio cutoff 




[f l:0)m;0,l)] dioensiooless 
dyoamic aDplirude ratio deviation 




log (FR). 


(lorus) 


0.1 LO 

Reference frequency ratio (FR)^ 

n. 


= forcio$ frequency 

For the (i;01 equation; 

log '(DAR)n,o,= log(FR),^„- log(bp)„.^j, 

At (he break point, 

SO that 

log 7DAR) « 0 


“ tf = = “0'’98 loru 

(see Derivation Sumrtuiry 34*2) 


^(reO ^ frequency 

« reference period 

For the (i;Q,l) equation ; 

At the break point, 

(CTl'IjO.U 

•s ift the case of ihe (OjO.l) equition. F« the 
'(DAR)„.j_„ploc. 


SO (hat 


^(ren " <^’(l;0,l) 


^^P^l;0.n “ I” 


tJote: The devlotton, (D)'(DAR), for ony pmtlcuJor reference frequency rollo, (FR)|f^l)< *• colculofed by 
the correopoftdlnq voluea for the two dJmenalonleaa dynamic amplitude rolloo from the dlfecl-numbe 
scale Outside of Ihe loru acole and subtrccllnq these values os Indicated. 

Fig. 34-28. Diogtom illustroting the definition of the [(1;0)-(1;0,1)] dimensionless dynomic 

amplitude ratio deviation. 
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34.94. Tolerance limit lines at -0.3 on the antilog scale are drawn on both 
Fig. 34-27 and Fig. 34-28. The corresponding reference frequency ratio cutoff 
{as this concept is defined in Definition Summary 33-1) falls at the break points 
of the (U;0,1) and the (1;0.1) equations. 

34.95. Table 34-2 lists expressions for the dimensionless dynamic ampli¬ 
tude ratio fractional deviations and dynamic response angle deviations for the 
four relating function forms that are associated with the performance equations 
for actual integrators and differentiators. Each equation is considered as the 
compared equation, with the (0;1) equation and the (1;0) equation, in turn, con¬ 
sidered as the reference equations. 

34.96. The deviation expressions of Table 34-2 that have applications for 
describing the performance of practical integrators and differentiators are rep¬ 
resented by the plots of Figs. 34-29 and 34-30. The dashed-line curve in the up¬ 
per section of Fig. 34-29 gives the dynamic response angle deviation of the (0;1,2) 
relating function with respect to the (0;1) relating function. This curve also rep¬ 
resents the dynamic response angle deviation for the (1;0,1) relating function with 
respect to the {1;0) relating function. Thecommonabscissaforthe deviation curves 
is the reference frequency ratio, with the characteristic times of the equations 
associated with the compared relating function taken as the reference period. 
Dynamic response angle tolerance limits of -2 degrees, -5 degrees, -10 degrees, 
and -25 degrees are represented in Fig. 34-29 by dotted lines parallel to the axis 
of abscissas. The high frequency cutoff limits corresponding to these tolerance 
limits are shown by dotted lines parallel to the axis of ordinates. 

34.97. The full-line curve in the upper section of Fig. 34-29 is the dimen¬ 
sionless dynamic amplitude ratio deviation corresponding to the dashed-line dy¬ 
namic responseangledeviationcurve. Inthisuppersection, the maximum amplitude 
ratio deviation plotted is -0.14. The lower section of Fig. 34-29 is a replot of the 
amplitude ratio deviation with the ordinate scale expanded by a factor of 10. 
Dimensionless dynamic amplitude ratio fractional deviation tolerance limits at 

-0.001, -0.01, - 0 . 05 , and -0.10 are represented in Fig. 19-29 by dotted lines 

parallel to the axis of abscissas. The corresponding high frequency cutoff limits 
are shown by dotted lines parallel to the ordinate axis. 

34.98. The curvesof Fig. 34-30 givedeviaUons of the (0;0,1) and the (1;1,2) 

relating functions with respect to the (0;1) relating function. The coordinates used 

in Fig. 34-30 are similar to the coordinates of Fig. 34-29. Tolerance limits for 

the values used in Fig. 34-29 and the corresponding low frequency cutoff limits 
are marked on Fig. 34-30. 

34.99. The performance information associated with the tolerance limit and 
cutoff frequency lines of Figs. 34-29 and 34-30 is summarized by Tables 34-3 and 
34-4 in terms of cutoff frequencies and band widths. In Table 34-3, the top row 
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Table 34-2. Dimensionless dynomie oraplitude totio ond dyne 


cotio ond dynomie response ongle deviotions for linl- gnd second-order diff.r.«7^ “"I- 

ossocioted with integrotien ond diHerenliolion. (Poflo 1 o( 2) " ^ “ *'*™* 


REFERENCE COMPARED 
EQUATION EQUATION 
SYMBOL SYMBOL 


DIMENSIONLESS DYNAMIC AMPLITUDE RATIO 
FRACTIONAL DEVIATION 

(ftder (0 Denaitioo SQm$if 


DYNAMIC RESPONSE ANGLE DEVIATION 

(Refer co DefimtioQ >^1.) 


m,2) 



(M.o 


fHo.MPTU)!-• 1 

k™idar}](.. ^ 

(tec Table }4>n 
dlsnae 

io thu 

- _ ‘ ■ 

RcfertMe ro Table )4*1 above ebat rbii fractiooaJ deviation cipreiaioo 
U e^Q^aicet (o 

■ RcOjPeU • * RtreO * ^ 

Takio( T^l, • lo pierced u Fi|. >4*29. 

Tbe plot la takeo bom F4» 1B-I5e 


ni;n 

^ Table y^i put 

V * *^fbefMiii.2i 

((ro)tDAR)>„,,.. - - ■ 

Takidi ebb deeUiioa it plotted io Fife Wy> 

Tbie plot It ukeo bam Fi|e l^ld vhh «• 2ra. 


nPjiJ 

hP;Pen Table J4-1 |itea 

V * ♦^ietXPiP.i) 

B™®*®!!.... - ■ 

Takiai ■ (CTln^^ IP tbie eipteafloe ia idcAicaJ vkb cbai let 

repmeoc 

«M..,rn.,0.1,1 

nejij 

^hP.lJ FtPiM Table put 

\ ‘ ♦^{bptlUrf.lI 

l(FD)lDAR)Jt...„,.,. ,.i ■ . , 


^\(0,lMI,1,1)1 ■ *(0„.„ - 

(aee Table )f 1) 

Assume T^„ . {CT)„,,_„-♦ (CT),.. 

ploctifli pvpeaea. to bam Table 54*1, 
aod 

((DKDRA)^jj^j^,j, jj] • • ^(PiPj) ' 

^ 

Tbii deviiCloQ ii plotted b Fl|e 5^29 aod U ukea bat 
Fl|. lS»He 


l^^(PjlWhl,i»l “ ♦(liletl • ^IPrll 
Fres Table 

(ejiHiii.u] 

• ♦j 

- l•B■‘[-(FW[fcp,)(,„,,)] ♦y 

T.L.,Tt„„.(CT)„„,„..iisaeei..i-ispl«t.d 

is Fi(. H')0 tad is (sine (rem Fi|. K-li- 


fA*\lS,IMS,0.lll • ♦(»,•.» ■ 

FroM Table )4*1» 

■ tia-'[-^ft„)(s,D,ll* ♦■f’ 

■ ua*'(•(^(bsr)llii.i)^ *T 

U»Mt ideatical vitbtbaifeiWlldjiWMUim •* 

thar ibe c^ee of Fip M- 3d repttpetfo 

From Tsfcle M*!. 

TWs «!?«•*>•• ** 

bf iBbsmatisUy ttn f« say frtoesaey ref*. 


l*(FR)i 


‘W> Tskia, T,.„ - (CTl.. 


<bofl(h0.il 


•MiOiiMho.nl • ^feprllii'.i) _ . I 

^ * ♦Pfsprlll<l,l, 

Tbie dcviatioo eqoailoa tbova tb« ^ ^ 

felloe ol I valoci foe vbicb it ia eobacaBtiallf aero. Tbie tteaae ebat 
tbe (l;OJ) e^arioo oerer ■pproxittttca ebe actioc of tbe (O;!) e^oaclos aa 
far ai ite^paiace eioujoldal aolotlooe ate coocecseds For tbie rtaaoi cbe 
(J;0,|) e^uaiioo ia of oe iotereet bere. 
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TobU 34-2. DiiMMionUs* dynomic omplilgd* wlio ond dynomic tnpons* ongU divialiou Icf fitil- oi»d second-order differential equation forms 

ossocioled oith integiolion ond differeniiotion. (Page 2 of 2) 


REFERENCE COMPARED 
EQUATION EQUATION 
SYMBOL SYMBOL 



( 1 : 1 . 2 ) 


DIMENSIONLESS DYNAMIC AMPLITUDE RATIO 
FRACTIONAL DEVIATION 

iMtt t9 Ikliuuoe SuAwy M*1 J 


FioAT4^1e 

^(bptHl 30 >^(bprM«{Ut» V * 

I(FD)tDAR)]i.., 




»« 

- 1 I 

No fc|ioa of lre<|QCfiCf roiio Tblaci exitca vkkiA v^icb cbio fnctioQol 
devUiioo it tubtiiMixlly m/o. Pm chit reuoo, ^ it am of iocetetc 
ot A form fof tpproiistUAi 


P(i(ti 

Fro« Ttble )4»I» 

•MilriMliMl) -- ^ - I 


((FD)toAR)]( 








DYNAMIC RESPONSE ANGLE DEVIATION 
lAPU.iw(.„.e.l- «DXDRA)],„ 

(Refer (o Defbitieo SuAAtiy H-U) 





j I ^2 ^ it of 00 lAieretc ti u a^protlB mIoq lo ^ l 
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Dimensionless dynamic amplitude ratio fractional deviation 

(FD)'(DAR) « Au 



OilOl OjOI 


I ■ I . I ■ I . I . I . I ■ I ■ I ■ I ■ I ■ I ■ I ■ I ' I ■ I ■ ’ 
_3 -2 Lorus 

Dj 

Reference frequency ratio = n— “ 


Fig. 34-29. Dimensionless dynomic omplitude ratio ond dynamic response ongle devtotion plots (or the ( » $ 
differentiol equations with respect to the (0;1) ond (1;0) differentiol eqootions, respe 
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response angle deviation 
(D)(DRA> 


















Dimensionless dynamic amplitude ratio fraccionai deviation 

(FD)I(DAR) » Am 



Reference frequency ratio (fr), .. f—. s n t 


Fig. 34-30. Dimensionless dynomic amplitude ratio end dynomic response angle deviation plots for the (0 0 1) ond (M 2) 

differentiol equotions with respect to the (0;1) differential equotion. 
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Dynamic response angle deviation 
(DKDRA) *= A<^ 






















identifies the equations corresponding to the reference relating function and the 
compared relating function. The second and third rows give deviation tolerance 
limits for the dynamic response angle and the dimensionless dynamic amplitude 
ratio, respectively. The fourth and fifth rows give the high reference frequency 
ratio cutoff values corresponding to the various specified dynamic response angle 
devlationtolerancelimits and dimensionless dynamic amplitude ratio fractional 
deviation tolerance limits. The cutoff frequency ratios are given both in lorus and 
in numerical values. The sixth and seventh rows are the high frequency cutoffs, 
which are obtained by dividing the numerical frequency ratio values by the charac¬ 
teristic times used for the reference period. The eighth and ninth rows give the 
band widths corresponding to the hi^ frequency cutoffs of the sixth and seventh 
rows. Because all thedeviationcurvesapproach zero asymptotically for low fre¬ 
quency ratios, the band widths are identical with the high frequency cutoffs. 

34.100. Table 34-4 summarizes the cutoff frequency and bandwidth informa¬ 
tion from Fig. 34-30 in the same way that Table 34-3 summarizes information 
from Fig. 34-29. 

34.101. When the form of the performance equation and the characteristic time 
for any given integrator or differentiator are known, the cutoff frequency and the 
band width for any tolerance limit listed in Tables 34-3 and 34-4 may be read di¬ 
rectly from the proper row and column. For example, if the integration perform¬ 
ance of a system with a performance equation of the (0;0,1) form and a character¬ 
istic time of 0.01 second is to be judged on a dynamic amplitude ratio fractional 
deviation tolerance limit of -0.1, Table 34-4 shows that the low frequency cutoff 
occurs at 0.331 divided by 0.01, or 33.1 cycles per second. Cutoff frequencies and 
band widths for the other tolerance limits listed in the table may be read directly. 
The same information for tolerance limits not listed in the table is available by 
inspection of Fig. 34-30. 

VISCOUS SHEAR INTEGRATOR EXAMPLE 

34.102. To illustrate the pattern for the application of the generalized infor¬ 
mation summarized in the earlier parts of this chapter to specific problems, a 
preliminary engineeringanalysis of the performance to beexpectedfromaviscous 
shear integrator made up of operating components with specified characteristics 
is carried out in Derivation Summary 34-19. Refer to Derivation Summary 34-5 
for a generalized analysis of the viscous shear integrator. 

34.103. Section a ofDerivationSummary 34-19 repeats the pictorial diagram 
for the typical viscous shear integrator given in Fig. 34-4. Section b is the cor 
responding functional diagram, repeated from Derivation Summary 34-5. Sec 
tion c outlines the development of performance information on a typical direct- 

current torque generator, which has the excitatloncurrent supplied to the field and 

the input current supplied to the armature. Figure a gives plots of output torq 
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as a function of input current for three levels of the excitation current under bl^ked- 

rotor* conditions. All the curves start at zero torque for zero input current and 

increaselinearlyuntiltheinputcurrentexceedsabout 60milliamperes. For higher 

currents, the curves break from the initial linear portion and tend asymptotically 
toward constant torque levels. This effect is due to saturation in the magnetic cir¬ 
cuit parts of the torque generator. For the purposes of performance specification, 
slopes of the linear portions of the input current - torque output curves are taken 
todetermine the input current - excitation current - torque output reference sen¬ 
sitivity of the torque generator given by Eq. (1) of Derivation Summary 34-19. 
When a constant excitation current is specified, this sensitivity becomes the 
current-torque reference sensitivity as given by Eq. (3) of the summary. 

34.104. The current-torque sensitivity performance ratioof the torque gener¬ 
ator for any input current and a specified excitation current is formed by dividing 
the current-torque sensitivity for the input current by the current-torque refer¬ 
ence sensitivity, which is based on the linear portion of the torque generator per¬ 
formance characteristic curve. Figure b shows the performance ratio curve, 
based on data from Fig. a, for the case when the ^excitation current is 400 milli- 
amperes. The performance ratio is substantially constant at unity for input cur¬ 
rents less than 60 milliamperes and falls off rapidly for larger input currents. 
In order to magnify small departures of the performance ratio from the ideal per¬ 
formance ratio value of unity, the performance ratio deviation is defined as the 
performance ratio minus unity. This deviation is plotted as a dashed-line curve 
in Fig. b on an expanded ordinate scale. This curve shows, for example, that 
saturation causes a negative deviation of approximately one percent when the in¬ 
put current becomes 65 milliamperes. 

34.105. Section d of Derivation Summary 34-19 outlines a calculation of the 
damping coefficient for the drag generator based on the use of a fluid with a vis¬ 
cosity of 20 poises at 160 degrees Fahrenheit. For the small fluid-layer thicknesses 
used in the drag generator, the shearing force acting on any small area exposed 
to the fluid is proportional to the viscosity, the velocity of the moving area with 
respect to the corresponding stationary area, and the area involved, and is in¬ 
versely proportional to the thickness of the fluid layer. In the damping coefficient 
calculations, the resultant coefficient is found by summing effects due to the various 
parts of the drag motor. 

34.106. Section e of Derivation Summary 34-19 gives the performance char¬ 
acteristics of the output signal generating system, which consists of a gear train 
and a potentiometer. 

• Id general, it is reasonable to assume that, in practical operation ol the viscous shear integrator, the rotor 

angular velocity wUl be limited to values so small that the outputtorque is effectively identical with the blocked- 
rotor torque. 
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(tg) Torque gcocracof 

The charaaeriscics shown in Fig* a wore delcrmined from experimental tests oo the direct^current 
torque generator with the rotor blocked = O). (lotheyiscous shear integrator, the rotor speed is 

limited to the low range in which the output torque is substantially independent of speed.) 

Based on slopes taken from the linear portions of the characteristic curves (input currents less than 
60 milliamperes), the reference sensirivity of the torque generator is 

'tni (milliaropere)^ 

For the special case when 

^(ex)(tq) ® 400 milliamperes (2) 

the reference sensitivity (slope of the currcnc^torque curve for * 400 ma) becomes 

■ (>5‘X400) - 7.64 X 10< , 3 , 

miUiampere 

For this special case, the performance of the torque generator io terms of deviation from the reference 
sensitivity is summarized in the performance ratio plot of Fig. b« 

The moment of inertia of the torque generator rotor is 

“ 9000 grara*(centimeters)^ (4) 

Io addition, 

Winding resistance of armature » 30 ohms (5) 

Winding resistance of field s 240 ohms ( 6 ) 

c) Torque generator 


(dg) Drag generator 

A cross-sectional view of the drag generator is given in Fig* c. 


Torqu« Genorotor Sholt 
(tg.) 




63$ cm) 


(0*476 cm)* 

O.OlO*' 
(0.02S4 cm) 


O.OlO" 
(0.02S4 cm) 



(1.27 


r* (2,S4 cm) 


Fluid 

Houslnq 


(5*06 cm] 


(0*316 cml 


Fig* c« Cross^sectiofiol view of the drog generotor* 

1 ( 160 ) • 20 poises j 

« viscosity of damping fluid at 160®F 

Derivation Sumn»,y 34-19. Illustroti.e performonc. enniysis for o viscous shear integrator. 
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Derivotion Summary 34-19. Illustrative performonce analysis for a viscous shear integrator. 
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Temperature coefficient of viscosity » - 3 


percent 


degree Fahrenheit 


( 8 ) 


The sensitivity of the drag generator may be calculated by considering the viscous shear torque com* 
ponents produced by various sections of the rotor. 

The contribution of the top surface of the rotor (tsr) can be calculated as follows. 

The incremental moment applied to the rotor due to 
the fluid forces acting in the shaded area is 

dM » xdF (9) 

where 



Since 


and 


then 


V d(Ajea) . 

d(Area) = 

differential 

t 


area 



(10) 

d(Area} e 

2n X dx 

(11) 

V « 

Wx 

(12) 

dM B - X q 

2fr X dx W'. 

t (13) 


W B A B angular velocity ol (ha rotor with raapact 
to tha eoaa 

t B (hleknaaa ot tha fluid layer 


t 

and the total moment exerted on the cop surface of 
of the rotor is 

* M 

. - rj) (14) 

From the cross*$ecttonal diagram of the rotor 
given in Fig. c» 

rj B 5.398 cm ; rj « 0.794 cm ; t - 0.254 cm 

{15) 


which gives 


•^.1 « - 1.06 X 10^ 

Wj, rad/sec 


(16) 


(tar) 


B torque - angular velocity ratio for the top surface 
of the rotor with damping fluid at 160^F 

Equation (14) can be used to calculate the contribution of the bottom surface of the rotor (bsr) with 


^2 • 3.3% cm 




t o 0.254 cm 


(17) 


These values give 


[I] 


- 1.06 X iqS dypg-cm 
rad/sec 

torque - aagular velocity ratio for the bottom surface 
of the rotor with dampioj fluid at 160**F 


(18) 


The contributioD of the side walls of the rotor (sw) can be calculated in a simUar way. 

Derivation Summary 34-19. Illustrotivo performance analysis for a viscous sheer integrotor. 

(Page 4 of 12) 


515 



Bo(or 


Fluid 


Hous4n< 



For either the inoer or outer surface, the moment 
exened by the side waUs of the rotor is giTen by 
the expressioo 

^t.wT) = (19) 

t 

For the inoer surface of the rotor (is) 
r s 5.08 cm ; h « 2.064 cm ; t « 0.0254 cm 

u- t . (20) 

which Jives 


[^] 


«= -1.34 X 10® 

rad/sec 


( 21 ) 


so chat 


« torque — angular velocity ratio for 
the inner surface of the rotor with 
damping fluid at 160^P 

For the outer surface of the rotor (osr), 
r s 5.598 cm ; h 8 2.54 cm ^ t ■ 0.0254 cm 


( 22 ) 


m .-1 

iwJ(o.r) 


- 1.98 X 10 


6 dyne*cm 
rad/sec 


8 torque ^angular velocity ratio for the outer surface of 
the rotor with damping fluid at 160^F 

The resultant angular velocity input--torque output sensitivity of the drag generator is 


Ml = [Ml ^ [Ml , [Ml , [M.] 

wU) LwJ, 

I'm'] * ^(dompMdg) * ^(dg)|A;M| * ^ 


- 3.53 X 10® (24) 

rad/sec 


3.53 X 10® 

rad/sec 


(25) 


The moment of inertia of the drag generator rotor is 

l(d,) “ woo gm-cm“ 
d) Prog generofor 

(osgd) Output signal generator drive 


(26) 


(osg) Outpuc signal generator 


>(o.qd) “ 500 

8 moment of inertia of the moving parts of the 
outpuc signal generator drive referred to the 
torque summing member 

:.l - »•'” 

- 150 YoltS 

Sio.,.I*,.l ■ ^ 

ej Output signol gwi^mting sysfwn 


(27) 


(28) 


(29) 

(30) 


(31) 


(vsi) Viscous sheaf intcgracof 

The dcTelopmene of DefiYstioo Sumnary 34*5 shows thst the yUcous shear integrator perfomance equa¬ 
tion has the form . C , , 5 . 

Derivation Surtnory 34-19. Illustrative-performonce onolysis for o viscous sheor mtegrctor. 

(Poge 5 of 12) 
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where the sensitivity on the right-hand side of the e<iuation is to be taken as the constant value asso- 
ciaced with a specified sec of operaciog coodicioos. 

Assume the following operating condicioas: 

(CS)T * 160® a temperacure control setting 

< 60 myiiamperes : i,,.,(„)= 400 mdliamperes ; = 150 volts 

(U)M(t^^) a 0 o torque summing member uncertainty torque 
From the definitions of Derivation Summary 34-5, 

I 


( 33 ) 




(tern) 


s 


(dq)|A;M 


" '(tql * *(do) + *(oagd) = S"***^® 

(cn,,., o ^ 2,900 _ = 3.66 X 10-3 

3.53 X 10^ 


(34) 


(35) 


(36) 


In addition, 


(37) 


^ ^(o8qd)[A;A)^{oaq)[ A;el ^ ? mv/$ec 

^{vai)(i|j j;el(re0 “ ^ ] ma 

ndq)|A;Ml 

The viscous shear tocegracor performance equation has the (0;1,2) differential equation fornu The per* 
’formance function for the viscous shear integrator has the focin of the (0;1,2) relating function, which is 
developed in Derivation Summary 34-17; ioe«, 

rncl fDCl ;•)(«» 


(38) 


(FR) 


(ref) /j : ^^*^^(ref) 


(■ 


where 


V8l)[.,.„,;el(ref) “ (CD,,.,, = 0.189 mv/ma 

T 


-) 


(FR)(r.l. 


(ref) 


Assume 


Dref) ' ((^"(^(vel) = 5-66 x 10*3 sec 
Then, from Eq. (15) of Derivation Summary 34-17, 

(bp),..,, - ^ 

From EqSo (19) and (20) of Derivation Summary 34-17, 

(DAR),o.,_ 2, - (SR){y,i,(i,e, =- 


(39) 


(40) 


(41) 


(FR) 


(42) 


(43) 


(reO 


1 + 


(bp) 


(V 


(FR) 


(ref) 


((’Pify.l) 


(DRA)(0:1,2) “ ((^(^^(v»l)(l;e) “ “o + 


-(FR) 


(ref) 


L ((>P)(vef) J 


(44) 


The development of Derivation Summary 34-1 shows that the ideal iategtator performance function has 
the form of the (0;1) relating function; i.e.. 


(PPV.illl;e)(Ideol) ^ 


. (FR) 


(45) 


(ref) 


(^P^(vBf) 


Derivation Summary 34-19. Illustrative performance onalysis for a viscous shear integrotor. 
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Forcing frequency t%i icycies per second) 
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Forcing frequency (cycles per second) 

Fig. d* Dimensionless sensitivity rotlo 9)d dynamic response angle for the viscous she« integrator* 
Derivation Summory 34*19* Illustrative performance anolysis for a viscous shear integrotor* (Poge 7 of 12) 
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where 


^(v8l)(i;el(fef)(lde<jl) ^(vsll[l;«l(ren“ ^(vsl)(t;el(fef) 


^^^(v8l)(l;el(lde«l) * "TZZT 


; (DRA)(vsl){l;®)(ldeen “ “'f" 


(46) 

(47).(48) 


(FR) MV8lJU;©nid®0lJ 2 

C^PJlv.l) 

WhcQ the ideal performance fuoctioo for an locegracor is takco as the reference function in Eq. (8) of 
Definition Summary 34*lt the fractional deviation of the dimensionless sensitivity ratio of the viscous 

[(FD)'(SR)],„.,- ■ 

Y (bp)„.„J 

The conesponding dynamic response angle deviation is 

[(D)(DRA)J,„„ = \ ~ ( 50 ) 

The dimensionless sensitivity ratio and the dynamic re^oose angle of the viscous shear integrator 
are plotted in Fig. d. The fractional deviation of the dimensionless sensitivity ratio and the deviation of 
the dynamic response angle are ploned in Fig* e* 

0 Porfomioftce function end per/ormonco plots hr t/io viscous sheer infe^rofor with rero uncerto/ofy 


for^ue and reference torque qenerotor diorocteristics 


Cutoff frequencies and band widths for the viscous shear integrator are given in Table a. The tolerance 
limits are specified values of the derivation of the actual integrator performance from the ideal iocegracor 
performance* (See OerivattonSummaries 34^1 and 34*17^ Definition Summary 34*1» Fig* 34*29 and Table 34*3< 


Table a* CutoH frequencies ond band widths for the viscous sheer inteqrotor for zero uncertainty torque 

cmd reference torque generator choracteristics* 


(TL)(DRA) - 2^ - 5® - ICF 


(P^J{Te<)(hfco)((TL)(DRA)) - 2.2 lotus • 0.0063 - 1.84 lotus - 0.0145 - 1.55 lotus • 0.0282 


. J.72 


"(hteol((TLKDRA)) 
cycles per second (cps) 


3.96 


0-02g2_ - 7.71 




1.72-0 


3.96-0 


7.71 - 0 


(TL) '(DAR) 

- 0.001 

^^^^(fet)(hrcoJ((TL)'lDAR)) 

- 2*15 iorus 
*.0*0071 

"{McoHlTD'lDAR)) («ps) 

0.0071 

- 1.94 

(®'^((TL)'(DAR)) fcps) 

1.94-0 



.005 


- 1.80 lotus 

» 0.0159 


0.0159 


-4.35 


4.35-0 


- 0.01 


- 1.65 lotus 
• 0.0224 


0.0224 


-6.12 


6 . 12 - 



-1.28 lotus 

- 0.0525 




.0525 


(CT)(„,) 

- 14.34 


14.34 - 0 


((13)7-160°? : 150v ; (CT)(^,„ - 3.66 x lO*^ sec ; ‘(m) < 60 ma 

MT 4.0 Totque Motot No. 3176 ^e*l(tq) “ 400 ma _ 

g) Cutoff frequencies ond band widths 

Derivation Summary 34-19. Illustrative performonce onolysis for o viscous shear integrator. 

(Page 9 of 12) 


520 



























When uncertainty torque components act on the torque summing member of the viscous shear integrator, 
additional deviations from ideal performance appear when the torque generator output is reduced to a level 
comparable with the maximum value of the uncertainty torque. Further deviations from ideal performance 
result when the torque generator operates in the region where saturation effects occur (i(in) > 60 ma, see 
Figs, a and b). From Derivation Summary 34-5 and the equation in Fig. b of this summary, the performance 
equation for a viscous shear integrator whose torque generator operates in the region of saturation effects 
and whose (orque summing member is subjecced to uncertainty torque may be written as 

/rxi X .A _ ^(tq)(l;Ml{rer)^(osqd)(AiAl^(oaqllA:o) fPR), .,i,. , 

'^vsl)®{out) + ®(oull “ -7-;- 

^|dq)|A:M| 

^ ^(oaudllA;Al^[osql[A:el ,| (51) 

^(dg)|A;Ml 


4 


where 


|(U)M,„ 


as uncertainty torque magnitude, which^ by its inherent nature, is never exactly 
known. For the purples of this discussion, in order to arrive at conservative 
results, will be considered as representing I I 

(he maximum value of (he uncertainty torque 


fDDl _ ^(«ql(i:M) (5 

^llqlll;Ml(t.f) 

■ current input*-torque output sensitivity performance ratio of the torque 
generator 

By using the reference sensitivity for the torque generator, the uncertainty torque magnitude may be re* 
duced to an equivalent current^input uncertainty ma^itude. From Eq# (37), Eq. (51) may be written in 


(52) 


the form 




l(U)i 


(in)' 5 


'(vsU[i;i](rel) ^(in) 


(53) 


where, by definition, 

n«g)U.M)(r.n 

Note chat Eq. (54) is saictly valid only when the input current to the torque generator is less than 60 
milliamperes, that is, when ^^^^^^(tq)(Sj,.yj) * 

From Eq. (53), 


(54) 


c f{PP) I S r , 


(55) 


By definition, 


(TO.S[, 


(56) 


Therefore, from Eqs. (55) and (56), 






(57) 


s current input - voltage rate output sensitivity performance ratio of 
the viscous shear integrator 

* Pee conv«nI«nce, the negative aiqn is generoliy used (or drawing pericrmonce ratio plots. It is understoed that 
0 second heonch ot the periormance ratio curve exists corresponding to the plus sign lor the |(U) term. In 

any cose, the actual peflonoonce ratio curve will lie between the — IW) and the + ](U) curves. 

Derivation Summary 34-19. Illostrotive performonce onalysis for a viscous sheer integrator. 

(Poge 10 of 12) 
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Mcasufemenc shows a maumum unccftaiftty torque of about 300 dyDe^ccDtiraeters. Therefore, from 
E<I- (54). 

KU)i{i„,|(^oK) = ^-93 X 10 mUliampct« (58) 

The cortesponding sensitivity performance ratio and performance ratio deviation are plotted in Fig. f as 
funaions of input current. 

h) Performonco rofio /or on in f egrofor with uncerfoinfy torque ond forque generator sotvntion tfhcJi 

Derivotion Summary 34-19, lllustrotive performance analysis for a viscous sheer integrator. 

(Page 12 of 12) 


34.107. Section f summarizes the performance information of the complete 
viscous shear integrator when there is zero uncertainty torque and operation of 
the torque generator occurs in the linear region of the performance characteristic 
curve. This information is based on the (0;1.2) performance equation and asso¬ 
ciated definitions developed in Derivation Summary 34-5. The assumed operating 

conditions are as follows: 

1) Control temperature setting is 160'’F. 

2) Torque generator input current is less than 60 milliamperes. 

3) Torque generator excitation current is 400 milliamperes. 

4) Output signal generator excitation voltage = 150 volts. 

5) Torque summing member uncertainty torque is zero. 

Equation (36) of the summary shows that 



and that 



3.66 X 10"^ seconds 

characteristic time of the viscous shear integrator 

51 7 millivolts/sec ond 
mllliampere 

current input - voltage rate output reference sensitiv¬ 
ity of the viscous shear integrator. 


34.108. Equations (38) through (44) of Derivation Summary 34-19 give the 
particular expressions for the viscous shear integrator performance functions 
that are based on the (0;1,2) relating function forms developed in Derivation Sum¬ 
mary 34-17. The corresponding ideal viscous shear integrator performance func¬ 
tion and the performance function deviation expressions based on the (0;1) relating 
function developed in Derivation Summary 34-1 are given by Eqs. (45) through (50) 
of the summary. The full-line curves shown in Fig. d of the summary are log-log 
dimensionless sensitivity ratio plots for the actual viscous shear integrator and the 
ideal viscous shear integrator. The abscissa scale is marked off in loru units of the 
reference frequency ratio, directly in reference frequency ratio, and alsodirectly 
in frequency with the reference frequency taken as 273 cycles per second, which is 
numerically equal to the reciprocal of 3.66 x 10"^ second, the characteristic time 
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of the actual viscous shear integrator. The dashed-line curves of Fig. d are the 
corresponding dynamic response angle plots for the actual viscous shear integrator 
and the ideal viscous shear integrator. 

34.109. Figure e of Derivation Summary 34-19gives the fractional deviation 
of the dimensionless sensitivity ratio for the viscous shear integrator with the 
dimensionless sensitivity ratio of the ideal integrator as the reference. This 
curve is shown as a full line and is related to the left-hand, loru and direct- 
number ordinate scales. The dashed-line curve of Fig. e represents the dynamic 
response angle deviation for the viscous shear integrator with the ideal value of 
minus -a/l as the reference. The abscissa scales give reference frequency ratio 
directly and in lorus, and give the forcing frequency in cycles per second. 

34. no. The deviation curves of Fig. e show a minus one percent fractional 
deviation in the dimensionless sensitivity ratio and a dynamic response angle 
deviation of minus eight degrees at a forcing frequency of about six cycles per 
second. The frequency limits corresponding to other sensitivity ratio anddynamic 
response angle tolerances may be read directly from Fig. e. Table a of the sum¬ 
mary lists cutoff frequencies and band widths for a number of dimensionless sen¬ 
sitivity ratio fractional deviation and dynamic response angle deviation tolerance 
limits. 

34. 111. It is important to note that the curves of Figs, d and e and the data 
of Table a are based on the assumption of linear behavior of the viscous shear 
integrator as a system. This means that 1) the torque generator input current 
must not exceed the 60-milliampere level that the performance ratio deviation 
curve of Fig. b shows as the limit of linearity (that is, constant current-torque 
sensitivity) for the torque generator, and 2) there must be no uncertainty torques 
present. 

VISCOUS SHEAR INTEGRATOR WITH UNCERTAINTY TORQUE 

34.112. The viscous shear integrator performance equation developed in 
section h of Derivation Summary 34-19includes a term that represents the effect of 
uncertainty torque acting on the torque summing member. No commitment as to 
the exact nature of this term is made beyond the implicit assumption that it is not 
linearly related to displacement, velocity, or acceleration of the torque summing 

member. 

34.113. Uncertainty torques are due to actions that are too inconsistent for 
their effects to be estimatedin quantitative terms.* For example, rubbing friction 
between solidparts causes friction that usuallyhas a behavior intermediate between 
the constant-magnitude characteristicof coulomb friction and the linear dependen 

* Torquf components that could actually be taken into account by the inclusion of design featui P 
seat in a given design must be considered as uncertainty components. 
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on velocity of viscous shear. Ballbearings are even more erratic sources of un¬ 
certainty torque because of the -lockup- and -release- action that accompames 
roUtion of ball-and-race combinations, particularly at low angular velocities. 
Gear trains adjusted for low backlash usually have -tight- and -loose" positions 
as they transmit rotation. Side shake in rotor bearings causes electromagnetic 
components to have eccentricity effects that cause output torque changes due to 
variations in flux-carrying gaps. Any systems in which gravity and acceleration 
can act on mechanically unbalanced units to apply torque to the rotor will be sub¬ 
ject to uncertainty effects when physical distortion of the parts involved is caused 
by thermal gradients. A similar uncerUinty torque is produced by dimensional 
changes due to "creep" in the material used for solid parts. In addition to the ef¬ 
fects mentioned above, the particular features of any given design will often con¬ 
tribute uncertainty torque components that must be considered as special cases. 
Forexample. thesliderof the output signal generator potentiometer in the viscous 
shear integrator of Derivation Summary 34-19 will require a driving torque that 


may be expected to vary with time and environmental conditions. 

34.114. The inherent nature of uncertainty torque makes it impossible to 
apply exact theoretical methods fordeterminingthecorresponding effects on over¬ 
all performance of any given system. It Is true, however, that statistical methods 
are available for estimating average and root-mean-square values of uncertainty 
effects, and these methods are often useful for predicting the performance of a 
specified system. On the other hand, for engineering purposes, it is generally 
more useful in theoretical treatments to assume that the uncertainty torque has 
aconstant magnitude and that it follows the coulomb friction law of changing signs 
so that it always acts against motion in the system with which it is associated. 
The use of the constant-magnitude assumption at the maximum value for the un¬ 
certainty torque existing in a given case will always result in the prediction of con¬ 
servative performance characteristics. By reducing the performance-describing 
forms to nondimensional terms, results for a given system may be easily applied 
to situations with any given maximum value of uncertainty torque magnitude. 

34.115. To illustrate a procedure for including uncertainty torque effects, a 
derivation for the performance of the viscous shear integrator* of sections a and 
b is given in section hof Derivation Summary 34-19 for the case when uncertainty 
torque components act on the torque summing member. A typical performance 
ratio curve covering the entire operating range for the input current is also 
provided. 

34.116. Equation (51) of Derivation Summary 34-19 gives the viscous shear 
integrator performance equation with uncertainty torque included. This equation 


• The Tiseous $heaf integratot is a typical electromechanical system. Tlie method for taking uncertainty 
torque effects ioco sccouat for tbis case m%y be directly applied to any siaUar sicuacioo. 
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is also written to include the effect of deviations of the torque motor sensitivity 
from its reference value. By reducing the uncertainty torque to an equivalent 
current-input uncertainty, the right-hand side of the performance equation can be 
written as the product of the current input - voltage rate output reference sensi¬ 
tivity, the input current, and the sum or difference of two terms. This form of 
the performance equation is given in Eq. (53) and shows that the first term is the 
current input - torque output sensitivity performance ratio of the torque generator. 
The second term is the ratio of the equivalent current-input uncertainty to the 
input current. By definition, this equivalent uncertainty current is the input cur¬ 
rent that would be required to produce a torque generator output equal to the un¬ 
certainty torque. In order to improve the usefulness of the uncertainty current 
definition, it is based on the current input - torque output reference sensitivity 
of the torque generator. This means that the uncertainty current is equal to the 
uncertainty torque divided by the current-torque reference sensitivity of the 
torque generator. For the reasons discussed in paragraph 34.114, the uncertainty 
torque is assumed to have a constant value equal to the actually existing maximum 
value. 

34.117. By definition, the current input-voltage rate output sensitivity of the 
viscous shear integrator is the coefficient of the input-current term on the right-hand 
side of Eq. (53) of Derivation Summary 34-19, as indicated by Eq. (55). The cor¬ 
responding definition of the current input - voltage rate output sensitivity perform¬ 
ance ratio of the viscous shear integrator is given by Eq. (56) as the ratio of the 
current input - voltage rate output sensitivity to the current input - voltage rate 
output reference sensitivity. Equation (57) shows that this performance ratiois 
equal to the sum or difference of the two terms described in the previous paragraph. 

34.118. Figure f of Derivation Summary 34-19 shows the current input- 
voltage rate output sensitivity performance ratio curve and the corresponding 
performance ratio deviation curve for the viscous shear integrator when the 
maximum uncertainty torque is 300 dyne-centimeters. The low-input-current 
portions of these curves are drawn for the negative sign of the uncertainty current. 
The high-input-current portions of the performance ratio curves are identical with 
the high-input-current performance ratio curves for the torque generator. 

34.119. The viscous shear integrator performance ratio curve of Fig. f of 
Derivation Summary 34-19 is a special example of the typical semilogarithmic 
performance ratio curve of Fig. 5-2, which is discussed in generalized terms in 
Chapter 5. Thefallingoff of the curve at low input levels is due to the interfering 
effects of uncertainty torque. The falling off at high input levels is due to satura¬ 
tion of electromagnetic circuits in the torque generator. 

34.120. The performance deviation curve for the viscous shear integrator 
operating under the specified conditions shows that, for a deviation of not more 
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than one percent, the input current should never be less than 0.4 milliampere nor 
more than 67 mlUiamperes. 

motor -AMPLIFIER-FEEDBACK.TACHOMETER INTEGRATOR WITH ZERO UNCERTAINTY 

34.121. The pictorial diagram of section a and the functional diagram of 
section b of Derivation Summary 34-20 show the essential features of a typical 
motor - amplifier - feedback-tachometer integrator. Section c gives the direct 
and feedback sensitivities of the signal comparator. The use of simple sensitiv¬ 
ities shows that the signal comparator performance is not affected by either 
magnitude or frequency of the input and feedback signals. Section d shows that 
the torque generator drive amplifier has a constant gain, independent of the fre¬ 
quency and magnitude of the input signal over the operating range required by 
integrator operation. 

34.122. Sectione of Derivation Summary 34-20 gives the performance char¬ 
acteristics of the two-phase alternating-current torque generator. Figure a shows 
the blocked-rotor input voltage - output torque characteristic curves for three 
levels of voltage excitation. These characteristics are all straight lines within 
the range of input voltage used for the plots and lead to an input voltage - excitation 
voltage - torque output sensitivity of 9.60 dyne-centimeters per volt-squared. 
When an excitation of 115 volts at a frequency of 400 cycles per second is applied, 
the voltage-torque sensitivity is 1104 dyne-centimeters per volt. The running 
speed-torque characteristics for 115-volts excitation at 400 cycles per second 
are given by Fig. b for the three constant levels of input voltage. The downward 
slopes of these characteristics show that the angular velocity - torque sensitivity 
magnitude of the torque generator is 119dyne-centimetersperradian-per-second. 

34.123. Section f of Derivation Summary 34-20 gives the angular velocity - 
torque sensitivity of the viscous damper and the moment of inertia of the torque 
summing member. The calculations for finding these quantities are identical in 
nature with those described for similar quantities in Derivation Summary 34-19. 

In the interest of brevity, only the results are given in section f. 

34.124. Section g of Derivation Summary 34-20 gives the performance data 
on the angularvelocity signal generator. Section h gives the corresponding infor¬ 
mation on the output signal generating system. 

34.125. Section i of Derivation Summary 34-20 gives the performance equa- 
tiondevelopedinDerivationSummary34-11 for the motor - amplifier - feedback- 
tachometer integrator and summarizes the defining equations for the characteristic 
time and sensitivity that completely specify the operation of the integrator when 
no uncertainties are present. Equations (22) and (24) shows that the characteristic 
time is 4.22 x 10"^ second, and that the voltage input - voltage rate output sensi¬ 
tivity is 0.0355 volt-per-second per volt. 
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(isfsc) Input signal-feedback signal comparator 
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(tg) Torque generator 

The b!ocked*rotor (A(,g^j 
are givea to Fig. a. 
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= O) characteristics of the cwo*phase altcmating-curreot torque generator 
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torque generator. 

On the basis of slopes taken from the characteristic lines of Fig. a« 
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The running (A{,^^j ^ o) characteristics of the torque generator are giren in Fig. b. 
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(mofti) Motor - amplif ter - (eedback^cachometer integrator 

The development of Derivation Summary 34*11 shows chat the performance equation of the motor — 
amplifier-feedback^tachometer integrator with zero unccnaioty torque has the form 
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(17) 
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(19) 
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( 22 ) 


(25) 


S(n,o.H)(.,4l - »-0355 

i) htegrotor component performance information 


(24) 


The performance equation of the motor-amplifier-feedback*tachomecer integrator has the (0;1,2) dif* 
fereotial equation form* Therefore» the performance funaion of the motor - amplifier - feedback-tachometer 
integrator for voltage in and voltage out has the form of the (0;1»2) relating function developed in 
Derivation Summary 34*17; i«e.» 


[RF](o.i,2, - o - .-p' - 

i /1 + j 


( 25 ) 


Derivotion Summary 34*20. Illustrotive performance analysis for o motor-amplifier- 

feedback*tachometer integrator. (Page 4 of 9) 


531 


where 
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= (CT)(„„,„) = 4.22 X 10-3 

Theo, from E<js. (14) and (15) of Oerivaciofi Summary 34-17* 

From Eq. (25), 

'(DAR)((,.j 2, = -! 
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From Derivacioo Summary 34-1* the perfotmauce fuoctioo of an ideal iotegracor has the form 
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With the ideal performaoce hioctioa as a reference, the fractjooal deTtatioo of the dimensionless seih 
stciyity ratio of the actual btegrator is 
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and the corresponding dynamic response angle devUtioo is 
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The dimensionless sensitieity ratio and the dynamic response angle of the motor •amplifier feedback 
tachometer imcgrator arc ploaed in Fig. c. The fractional deviation of the dimensionless sensitivity ratio 

and the deviation of the dynamic response angle are plotted in Fig. d* 
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Fig# c# Dimensionlest tentitivity ratio and dynsnic response angle for the motor ^ ornplifler ^feedbock«tochometer integrator. 
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Flq. i. Dimeniionlets sentitivity ratio fractional deviation and dynamic response angle deviotion for the motor - omplifier- feedbaek'tachometer Inte^otor. 
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The cutoff fiequeocies end buud widths fot the motoi tachometer integtatot ate gieetl in the following 
table. The toletance limits ate specified ..lues of the deviation of the actuj integtatot petfotmmice ftom 
the ideid integtatot petfotmance. (See Deti.ation Summaties 34-1 and 34-17, Definition Summaty 34-1. 

Fig. 34"29 and Table _ 

Tabl. a. Cutoff froquoncios and bond width, for the motor -omplifiw-feedbock-tochometer 

integrator with zero uncertainty torque. 
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The effects of uocertsioty torques coosidered in DeriTtcioo Summery 34*11 may be cooTerted to an 
equi?aJeDt eoltege-iDput uocerteiticy« From Eq# (23) of Derieedoo Summery 34*11, 
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In the preceding expressions, 5[n,(,tti)[e;i](re() ^ Ecj. (19). By experiment, the uncertainty in 

torque applied to the torque summing member due to friction is no greater than the torque corresponding 
to the application of 2.8 volts to the control field of the torque generator with the main field excited at 
115 volts. It follows that 


|(U)e 


(in) Mmox) 


2*8 volts 


From Eqs. (43) and (44)» 


^(UUc)|e;e|(air) ^((qdo)|e;o| 


= 3*52 X 10*^ volt 


(PR) 




1 ± 3e52 X 10 


The performance ratio and performance ratio deviation curves for the minus sipis in Eqs. (45) and [46) 
are plotted in semilogarithmic coordinates in Fig. e« 





























Note: Tto hlgh^input-current region is not known | | | 
because the torque generator curves of Fig* o A —0. 
do not extend to the region In which the char- ' ' 
act eristics deport from straight lines* I 
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34.126. Section j ofDerivationSummary34-20 summarizes the performance 
function forms and numerical data for the motor - amplifier - feedback-tachometer 
integrator and gives dimensionless sensitivity ratio and dynamic response angle 
curves in Fig. c. Figure d gives the corresponding deviation curves. Table a of 
the summary lists cutoff frequency and bandwidth information for several sensi¬ 
tivity ratio and dynamic response angle deviation tolerance limits. 

34.127. Section 1 of Derivation Summary 19-20 outlines a procedure for 
describing the influence of uncertainty torques on the operation of the motor - 
amplifier - feedback-tachometer integrator. In the integrator performance equa¬ 
tion given by Eq. (38), which is based on the development of Derivation Sum¬ 
mary 34-11, uncertainty effects are lumped together in a resultant equivalent 
voltage-input uncertainty. Reasoning similar to that used to find the viscous shear 
integrator performance equation in Derivation Summary 34-19 is applied in sec¬ 
tion I to show that the performance ratio for the motor « amplifier - feedback- 
tachometer integrator may be written as the sum of unity plus or minus the ratio 
of the equivalent voltage-input uncertainty magnitude to the input voltage. Fig¬ 
ure e gives the voltage input - voltage rate output sensitivity performance ratio 
and the corresponding performance ratio deviation for the operating conditions 
listed on the figure and a maximum input voltage uncertainty of 3. 52 x 10“^ volt. 

34.128. The performance equation for the motor - amplifier - feedback- 
tachometer integrator has the (0;1,2) differential equation form, which is identical 
with the (0;1,2) form for the viscous shear integrator. This means that, except 
for the design coefficients that determine the characteristic time and reference 
sensitivity, the two integrator types give similar results. The performance- 
describingcurvesof Figs, d and e of Derivation Summary 34-19 and Figs, c and d 
of Derivation Summary 34-20 show that both integrator types give performance 
that, except for uncerUinty effects at low input currents and saturation effects at 
high input currents, is theoretically perfect in the low-frequency range and drops 
off in the high-frequency range. This high-frequency characteristic is basically 
due to inertia reaction effects associated with mechanical parts. The high-frequency 

cutoff depends on the deviation tolerance limits specified for the dynamic ampli¬ 
tude ratio and the dynamic response angle. 

34.129. At low input levels, both of the integrator types considered show strong 
negative performance ratio deviations due to uncertainty effects. This falling off 
of the performance ratio at low input levels is characteristic of many electrome¬ 
chanical devices. It is important to note that the frequency range for satisfactory 
operation may always be Increased by reducing the effective uncertainties. 

34.130. At high input levels, the performance deteriorates because of satura 
tion In electromagnetic components. This effect is shown by the viscous shear 
integrator performance ratio deviation curve of Derivation Summary 34-19 but 
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is absent from the corresponding performance ratio deviation curve of Derivation 
Summary 34-20 for the motor - amplifier - feedback-tachometer integrator 
because the blocked-rotor characteristic curves were not carried to sufficiently 
high input voltages for saturation effects to reach appreciable magnitudes. 

34.131. The curves of Figs, d and e ofDerivation Summary 34-19and Figs, c 
and d ofDerivationSummary 34-20are identical from the standpoint of shape and 
the coordinates used. This means that these curves may be applied to any partic¬ 
ular case of an integrator that has a performance equation of the (0;1,2) form by 
listing the essential numerical data and placingalogarithmicallydividednumerical 
scale parallel to the abscissa axis with the reference frequency aligned with zero 
on the loru scale and 1.0 on the reference frequency ratio scale. When this scale 
adjustment is completed, the operation of any system with a (0;1,2) performance 
equation and with no uncertainty or saturation effects present is adequately de¬ 
scribed by plots identical with Figs, d and e of Derivation Summary 34-19. 

34.132. When uncertainties are not negligibly small and saturation effects 
are present, performance ratio curves plotted with input level as the independent 
variable will have the general shape of the full-line curve of Fig. f of Derivation 
Summary 34-19. Because of special circumstances that are likely to appearin 
particular cases, it is impossible to draw a generalized input level - performance 
ratio curve that may be applied to any situation. Curves of this t 3 rpe must be devel¬ 
oped for any given device by a special consideration of the design features involved. 

34.133. The preceding discussions of a typical viscous shear integrator and 
a typical motor - amplifier - feedback-tachometer integrator are intended to be 
illustrative rather than exhaustive. While many of the characteristics associated 
with the components of the two integrator types have been described, some of the 
possible problems of designing and testing electromechanical integrators have not 
even been mentioned. However, a pattern has been described for specifying 
component performance, deriving performance equations and performance func¬ 
tions, computing numerical data, and summarizing results by means of graphical 
representations. This pattern is useful in solving the engineering problems as¬ 
sociated with integrators of any kind. 

ANALOG COMPUTERS 

34.134. Analog computers are devices that solve differential equations. 
Alternatively, and more important in practice, analog computers are counterparts 
of the physical systems they are set up to represent, and thus provide convenient 
means for obtaining the dynamic responses of such systems. Such computers as 
used for the study of linear systems consist basically of arrays of integrators, 
coefficient multipliers and summers or adders, capable of being interconnected in 
any desired manner in accordance with the problem under study. Theoretically, 
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differentiators might be employed in place of integrators, but in practice they are 
never used because of difficulties experienced in handling rapidly varying signals. 
In addition to the basic elements just mentioned, a variety of additional analog- 
computer components are used for performing other operations, such as the mul¬ 
tiplication of two variables and nonlinear function generation in many forms. The 
use of these components makes it possible for an analog computer to solve many 
physical problems that could otherwise be solved only by numerical methods. 

34.135. If the physical system is available and may be readily subjectedto 
test inputs, then tests on the system itself willgenerally be preferable to analogous 
tests on a computer. This is because in practice there is never exact correspondence 
between components of the physical system and the corresponding computer com¬ 
ponents; the excellence of this correspondence is the index to the accuracy of the 
computer solutions. Usually, however, the system under study will not be avail¬ 
able for test. In fact, the purpose of an analog-computer study will most often be 
to aid in the initial design of such a system. Here, the analog computer can reduce 
greatly the time required for analytical studies. Its convenience in use and low 
cost per solution will frequently mean that solutions will be obtained where none 
would have been attempted had the computer not been available. Because of these 
advantages, analog-computer solutions may sometimes be preferable even when 
the physical system is available. And, of course, by a reconnection of the computer 
components, the computer may be changed from one problem to another and hence 
may be utilized efficiently in an organization in which a number of problems are 
under simultaneous study. 

34.136. Generally speaking, an analog computer will solve a problemina 
time different from that taken by the physical system to complete the corresponding 
response (presuming, of course, that the same type of input disturbance is used in 
both cases). A time transformation is thus involved, and it is necessary to think 
very clearly to avoid confusion between two kinds of time: physical problem time 
and analog computer time . Both are physical times in the sense that they represent 
the running variable in a physical situation, the first in the physical system under 
study and the second in the analog computer. One may think of the time transfor¬ 
mation in terms of a) the ratio of elapsed time in the analog-computer solution to 
elapsedtimeat the same point in the actual physical-problemsituation or b) to its 
equivalent, the ratio of the rate at which the physical system generates a solution 
to the rate at which the analog computer obtains a corresponding solution. These 
ratios are shown by Eqs. (3) and (4) of Derivation Summary 34-21 to be equal to 
the solution time ratio, STR, which is an important quantity in the scaling of a prob¬ 
lem for analog-computer solution. Figure 34-31 illustrates the various concepts 
associated with physical problem time, analog computer time, and the solution 
time ratio. 
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As iodicaced, both the independent variable, u, and the dependent variable, V, vary with where 

t(pp) « physical probletn time; time associated with the actual physical problem 
running variable associated with the physical situation 

Functional diagrom ossociafed with the physical problem 
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Electrical 
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Computer 
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Output Voltage 
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dependent variable 
of the physical problem) 
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As indicated, both the input voltage, and the output voltage, vary with where 

- analog computer time; time associated with the analog^compucer representation of 
the physical problem 

n running variable associated with the analog<omputer representation 
b) Firncfiono/ diagrom associated with the ono/o 9 <omp(/fer representation of the physical problem 


From a comparison of sections a and b, the following quantities can be defined: 
(SF)< 1..1 e B ^ — B independent variable •input voltage scale t 


(u;e) 




iadepeodeot variable-input voltage scale factor 


(SF),,.., = . h. 


dependent variable • output voltage scale factor 


As shown in Fig* 34*31» the solution time ratio relates the analog computer time and the physical pro^ 
lem time as follows: 


S7R 


^ Il2£i = l!i2£l = solution time ratio 


(ST) 


iPp) 


(PP) 


(PP) 


where 

(ST)^^c) * analog^computer solution time ; * physical-problem solution time 

A simple rearrangement of terms in E<j. (3) shows that the solution time ratio, and hence the time trans¬ 
formation between the actual physical situation and the corresponding computer solution, can be thought 
of in terms of rates of solution generation as well as in terms of elapsed time; i.e., 

100 r 1 , ratio of the rate at which the actual , 


STR » 


i^IliPEi- 

100 


solution developed per unit 
of time ^ 

percent of analog-computerl 
solution developed per unit 
of time ^ 


physical problem progresses to the 
rate at which the analog computer 
solves the physical problem 


cl Basic re/otionsfiips between fhe vortobfes of th« physical problem and those of tha corresponding 

analog^omputer represenfofion 


• The runnlrvj vorioble may be omitted when no confusion will result from this ooilsslon. 

Derivation Sunvnary 34-21. Basic concepts and relationships ossocioted with an electneal onolog 
computer in which voltoges represent thedependent ond independent voriobles ofo p ysica pr am. 
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By deftDicion, 

STR = - solution time ratio 


where 


(ST) 


(pp) 


(ST), , = physical*problem solution time; time required for 

the actual physical system to teach a solutiorj in 
response to a given input 

(ST)„,, a analog-computer solution time; time required for 
the analog computer to generate the correspond* 
ing solution for the same given input 
From the diagram, 
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Note 


Time scale 

The seme time units ore used (or physical problem time ond onoloo computer time. 


oj Re/offonships between physicol prob/em timo ond analog compufor time for the cose of a **slow** oompufer 

((s-n.,,. > (STi,p„) 

Although the presentation shown in Fig. a above adequately represents the relationship between and t(pp)» 
it has the limitation that the relationship applies for only one value of STR. The following presencation, on the 
other hand, is less pictorial in natxire but shows the relationship between and t|pp| for any value of STR, 
from zero to infinity. 



For computer a (a **fast’' computer), 

(STR)^ = = IWiq < 1 

^(pp){olap8sd) ^^(pp) 

For computer b (a real time computer), 

(STR)^ « _ haOb ^ ^*(ce)b . J 

^pp)(elapaed) ^^{pp) 

For computer c (a **slow*' computer), 

(STR)^ = , *^*iqeic > 1 

Defioirioos: lppH«lap«d) 

(STR)<^^^^^ a solution time ratios for computers a, b, 
and c, respectively 

*(cc)o.b,e " ntne in solutions generated by 

analog computers a, b, and c, respectively, 
at points corresponding to a given elapsed 
time in the physical-problem solution 

^*(oc)a,b,c * diffetoniial change m analog computer 

time corresponding to a differential change 
in physical problem time for computers a, 
b, and c, respectively 


f>) Rtlationship twfween physical problem time and analog eomputor time for any vo/«o of the solution time ratio 

Fig. 34-31. Pictoriol representation ol the relotionship between physicol problem time ond analog 

computer time in terms of the solution time ratio. 
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34.137. When the solution time ratio is unity, the solution rate in both the 
physical system and the analogcomputer are the same. Under these circumstances, 
the computer is said to be a real time computer. With such a computer, it becomes 
possible toarrangea compositesystemconsisting in part of physical system com¬ 
ponents and with the remainder made up of analog-computer components. At the 
interconnection points it is necessary to change the physical quantity in the physical 
system to the voltage required by the computer or vice versa. This technique is 
valuable where only part of a complete physical system is available and where this 
part contains effects difficult to represent on the analog computer. When the solu¬ 
tion time ratio differs from unity, the computer may be characterized as "slow" 
or "fast, " depending on whether the computer solves the problem at a sloweror 
faster rate than the physical situation that the computer represents. It should be 
noted that the terms "slow" and "fast" refer to rates relative to the physical prob¬ 
lem rather than to any absolute rates. 

OPERATION OF ANALOG-COMPUTER COMPONENTS 

34.138. Commerciallyavailable analog computers utilize electrical voltages 

as the computer variables. Computers based on angular shaft position andon 
pneumatic pressure have also been constructed, but these types are quite rare. 
As shown in Derivation Summary 34-21, the physical system input, u, is related 
to the analog-computer input voltage, e„, by a scale factor which is the 

ratio of to u. Similarly, another scale factor relates the physical sys- 

temoutput, V, to the analog-computer output voltage, e„. These scale factors are 
used to transform the system equations in terms of u and v to equations in terms 
of e^and e„ for purposes of analog-computer scaling. 

34.139. Simple techniques for performing computing operations may be used 
when the computer variables are voltages. For example, addition may be achieved 
by simple series connections, although in practice the more sophisticated method 
of current addition is used. Likewise, multiplication by a constant coefficient 
may be carried out by means of a voltage divider, or potentiometer if the coef¬ 
ficient is less than unity. More versatile is the variable gain amplifier, which can 
handle coefficients greater than, as well as less than, unity. As for integration, 
the devices already studied in this chapter for integrating voltages are applicable. 
The most extensively used is the resistance - amplifer - feedback-capacitance 
integrator shown in Fig. 34-9 and analyzed in Derivation Summary 34-10. 

34.140. When voltages are used to represent the input and output quantities 
of an integrator, it is evident that if the output is to represent the time integral of 
the input a proportionality constant that has the dimension of time must exist be¬ 
tween the input and output voltages. Section c ofDerivationSummary 34-22 develops 
this relationship for the resistance - amplifier - feedback-capacitance integrator 
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The generalized form of che linear differential equation *ith constant coefficients applicable to the 
generalized physical problem represented in section a of Derivation Summary 34-21 is given by 


l=n J=m 

1=0 ®MppI 1=0 


(PP^ 


whcfc 

Npp) “ physical problem time 

running variable of the physical problem 
V c dependent variable of the physical problem 
u » independent variable of the physical problem 

d‘v jth dependent variable derivative with respect to the running variable 

'^'(ppl 

= j'J' independent variable derivative with respect to the running variable 

Oj ■ i^^ dependent variable differential equation coefficient 
independent variable differential equation coefficient 

The notation of Eq. (1) is identical with that used in Chapter 14 in the discussion of the general linear 
integro-diffetential equation with constant coefficients. The purely differential equation form of Eq. (1) 
is used in che present discussion since it is the more generally encountered situation. No loss in gen¬ 
erality is incurred by this procedure, however, since, if integral terms should arise, they may be removed 
by successive differentiation. 

As can be seen from Eq, (1), the mathematical operations needed to solve this equation arc: 

1) Integration of the dependent and independent variables v and u. 

2) Multiplication of the integrated quantities by the constant differential equation coefficients 
0 ^ and b| • 

}) Summation of terms between the limits imposed by the summation notation, 
o) Gonero/iied /ineor different o/ nquofion with cons font coefficients opp/icob/e to o physico/ problom, 


ond the mothemoticof optrofions roqvirod to solve if 


The discussion of section a shows that electrical analog computers used to solve physical problems 
(hat can be represented by differential equations of the form given by Eq. (I) must comprise three basic 
types of components, as follows: 

(i) Integrators 

%'hile any integrator that receives an elecaical input signal and produces an electrical output signal 
could function in an electrical analog computer, practical requirements usually demand that an integrator 
of the type represented in Fig, 34*9 and described in Derivation Summary 34*10 be used. Section c of che 
present summary derives (be relationships associated with the application of such resistance - amplifier- 
feedback*capacitance integrators to the integrator requirements of an electrical analog computer. 

(cm) Coefficient multipliers 

As in (he case of the integrator, a basic requirement for a coefficient multiplier* used in an electrical 
analog computer is that it receive an elecuical input signal and produce an electrical output signal. Two 

* Since the function ol eoch nuitlpUer used In on eUctricol onalog conputer is to produce on output proportlonat 
to the product of a differential equation coefficient and an input quontlty, such r&ultipliers ore called coefficient 
giultipliers. 

Derivation Summary 34-22. Performance relationships associated with the components of o 

linear-system electrical anolog computer. (Page 1 of 8) 
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ISJ Sommers 

As m the case of the cocfficicDt mulnpiief, there are two common types of components used for sum- 

mat,on ,n analog computers, one based on the use of an amplifier (fixed gain in this application) and the 
Other independent of any such element* 

fe) Basic computer components for lineat-SYSttm electrical analog computes 

An analysis of the resistance-amplifier-feedback-capacitance integrator is given in Derivation Sum¬ 
mary 34-10. As shown in that summary, within the operating range for which the output voltage-difference 
term of Eq. (11) is negligible in comparison with the rate of change of the output voltage-difference term,* 
the performance relationship for the resistance - amplifier - feedback-capacitance integrator is 
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Then, differentiating Eq. (2) with respect to analog computer time shows that 
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^^"^(RC) * integrator input voltage to the rate of change of the integrator output 
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As shown by Eq. (12) of Derivation Summary 34-10, (CT)jpQ) is related to the dynamic performance gov¬ 
erning the characteristic time of the resistance-amplifier-feedback-capacitance integrator, (CT)(,gjgj), 
by the expression 
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By meaos of Eq* (3) of DeriTaCton Summary 34^21p che running variable of Eqs. (2) and {3)f which 
is associated with the analog computer, may be replaced by the running variable which is associated 
with the actual physical problem being represented by the analog computer, to yield 
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Application of Kirchoff's laws to this functional Jia^ram yields the following expressions for and 


(,„) in terms of the input voltage source level 
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Equation (17), which gives the output voltage - input source voltage relationship for (he coefficient muN 
tiplier» and Eq« (18), which gives the relationship between the input voltage applied to the coefficient 
multiplier and the actual source voltage, show that special conditions must be imposed on the resistances 
if the ideal relationship given by Eq. (12) is to be obtained* 

Impose the special condition that 

R. 


^(out) ^(In) + 


Then, Hqs. (17) and (18) reduce to the form 

^(out) 


(ott) 


'(tdl 


(19) 


^(ln)(source) 


1 4^ 


( 20 ) 


'(oti) 


and 


(In) 


1 


^(ln)<80\ire«) 


1 +.?ilrO 


( 21 ) 


(ott) 
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Next, separately impose the special conditioD that 


(ott) 


» R, 


Under this cooditioo, Eqs. (17) aod (18) become 


^(inKsdufce) 


1 + 


(out) 


^(In) (source) 


I - 


^(out) . r 
-=— + Hid) 

If both of the cooditioos given by Eqs. (19) and (20) are simultaneously imposed, then 

®(out) r 

e, - '"{Id) 

^(ln)[80urce) 


( 22 ) 


(23) 


(24) 


(25) 


__ j 

A 

^(ln)(source) 

EquacioQ (26) shows chat when both special coodicioos are imposed^ Eq. (2S) reduces to the form 

®(out) r 


(26) 


(27) 


which is ideocical with the ideal form giveo by Eq« (12)* 

d) Performonce re/cfionshrps ossociofed with a vorioh/e^goiVcmp/if/ef coeff/cieof mi/Uiplier and on 


ottenuot^r coeff/cient mu/ fip/ier wheoeifher is used os a component ofonelecfTicolonalog computer 

■ 

Ao ideal summer caa be represeated by the followiog mathematical^fuoctiooal diagram* 


First Input Voltage 
®(ln)l 

Second Input Voltage 
®(ln)2 


Summer 

(s) 


IS 

E 


Output Voltage 
®(out) 


0 ^ Input Voltage 


The performance equation corresponding to this functional diagram is 


'(out) 


II 

^ *(in)l 


(28) 


Derivation Summory 34-22. Performonce relationships associated with the components of a 

lineor-system electrical onolog computer. {Poge 6 of 8) 


548 







Specific performance relationships for the two summers noted in section b ore given in the remainder of 
this section. 

(rns) Resistance pctwofk summer 

The following pictorial circuit diagram represents the components of a resistance network summer for 
che case of three input voltages. 



Application of Kirchoff's laws to this pictorial circuit diagram shows that the perfonnance relationship 
of the resistance network summer, with equai to zero as in che previous cases, is 

^Un)l ^ ^lin)2 I ^Un)3 

R| R2 R3 

•(out) -— - - - - — (29) 

Rl R; R3 Rl 

(rofrs) Resistaace*affipUfier*fecdback*rc$iscaiicc summer 
The following pictorial circuit diagram represents the componcDts of a resistance • amplifier • feedback^ 
resistance summer for the case of three input voltages* 

Derivation Summary 34*22* Performance relotionship$ ossociated with the components of a 
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First Input Resistor 
(fir) 



A derivation procedure similar to those already used io the summary shows that the perforraancc rela* 
tionsbip of a resistanceamplifier ~ feedback-resisiaoce summer is 


^®(out) “ ®(re{)^ * ^(a)|e:e| 


R 


R 


R 


(30) 


R 


‘(jbi 


Rj R2 R3 


Assume 

Then Eq. (30) reduces to 


S(a)|.:c| » » : ®{rcf) • 0 

(■^). 


(31) 


(32) 


e) Performance reloHonships assccialed with a resistance network summer and o resistance^ 
Offip/iYiV- fe^back-resistance summer when either is used as o co mponenr of 

elect ricol onofog computer 

Derivotion Summory 34-22. Performance relationships associated with the components of o 
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in terms of physical problem time as the running variable. The proportionality 
constant so found is denoted as the reference time, and depends upon the 

values of the resistance and feedback capacitance used in the integrator, as well 
as upon the solution time ratio. Thus, the value of governs the rate with 
respect to physical problem time at which integrator output voltage increases for, 
say, a step in input voltage. Or. what amounts to the same thing, it is the ratio 
of input voltage to rate of change of output voltage taken with respect to physical 
problem time. Accordingly, the value of that is employed will be seen to be 
of significance in governing the relative voltage levels that exist in different parts 
of the computer. 

34.141. Nondimensionalization is advantageous in representing the process 
of integration. In operational form, the ratio of output to input for an integrator 
is 1/p where p is the differential operator taken with respect to physical prob¬ 
lemtime. If time in this operator is nondimensionalized by means of and the 
dimensionless operator denoted by 'p. the performance function for an integrator 
becomes simply l/'p. as represented by the functional block at the end of sec¬ 
tion c. Derivation Summary 34-22. This may also be thought of as replacing the 
dimensionless product pT,,„„ by the dimensionless operator 'p, which means that the 
dimensional operator p appearing in the system equation may be replaced by 
'd/T, The computer integrators are considered to provide the operation 1 /'p. 
as already noted. The quantity that remains is lumped together with the coef¬ 
ficients of the differential equation, along with the scale factors transforming input 
and output quantities to voltages, to yield the coefficients that will be set on the 
analog-computer coefficient multipliers. This is the essence of scaling a problem 
for solution by an analog computer. 

34.142. DerivationSummary34-22alsogivesrelations for the commonforms 
of coefficient multipliers and summers used with electrical analog computers. 
Taken togetherwith integrators, these units will solve any linear-system problem, 
if they are available in adequate numbers. This is evident on inspection of Eq.. (1) 
ofDerivationSummary34-22 in which the operations of integration (preferred over 
differentiation), coefficient multiplication and addition are implicit. 

SOLUTION OF THE GENERAL LINEAR DIFFERENTIAL EQUATION WITH CONSTANT 
COEFFICIENTS BY AH ANALOG COMPUTER 

34.143. InDerivation Summary 34-23, the general linear differential equation 
with constant coefficients that represents the physical problem is converted to a 
form directly applicable for analog-computer solution. The steps involve me intro¬ 
duction of the input and output scale factors andT,,^,,. General expressions for 
the values of the analog-computer coefficient settings are written down, andare 
seen in each case to involve the system coefficients, the scale factors and the 
reference time,T(,^„. 
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As ootcd in section a of Derivation Sunnnary 34-22. the physical problem may be represented tnachemat- 
ically by the linear differential equation with constant coefficients 

J=m 

y 0 - V b dJu 

^ ^ dt‘ ^ ^ 

1=0 ,= o dt{pp, 

The running variable t(pp, can be nondimensionalized by the procedure used in Eq. (9) of Derivation 
Summary 34-22; i.e., 


Npp) ~ = nondiraensional physical problem time 

^(ref) 

where, as defined by Derivation Summaries 34*21 and 34-22, 

T (CT)/Br 


(2) 


(ref) 


STR 


= reference time 


= RC = ratio of integrator Input voltage to the rate of change of integrator output 
voltage 


^TP _ Nac) ... 

^ - * —•—- = solutioo time ratio 


(ST) 


(pp) 


*(pp) dt 


(pp) 


(3) 

(4) 

(5) 


In terms of Eq, (1) becomes 

l«n 


l**n j&re 

y _2i_ —dW . y_^ 

T* A('* ^ 

1=0 '(ret) laO '(f 4 


d^u 


J 


(ppj) ^ d{'t(pp,) 

The independent and dependent variables U and V can now be replaced by their analogous voltages 6^ 
and by means of the following relationships, which are derived in Derivation Summary 34*21: 


( 6 ) 


u 


e. 


e. 


(7),(8) 


(9) 


(SF)(u,., (5R„,,, 

Application of the scale^faccor relationships to the physical^problem differential equation jieeo by Eq. (6) 
yields (be corresponding analog^cotnputer differential equation; i«e»» 

y _b, dU„ 

h TLn{SF),,,., d('t,pp,)‘ U d(^ 

If the coefficients of Eq. (9) are denoted by and this equation becomes 

left ,, jem 

Z r ^ ^ - V r ^ 

leO 1*0 


where 

c 

and 


( 10 ) 


(a^) 


^ ■ — B coefficient associated with the i^ output*voltage term of the analog* 

"^(ref) computer differentia] equation 


'(b 


• —- - - • coefficient associated with the ioput*Toltage term of the analog* 

Vf6f)^^^^(u*e) computer differential equation 

As is shown in the next summary, generalised coefficients such as C{^^) and determine the numerical 
values of the coefficient settings of the various coefficient multipliers used in the analog computer. 


Since from Eq. (11) of Derivation Summary 34-22, 


P - 


(13) 




Derivotion Summory 34-23. Tronsformotion of an n*b.order linoor differantiol equotion with 

constont coefficients toaformsuitoble for solution by on eleclricolonolog computer. 
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E<). (9) can be forcKer moJifieJ to the operaciooahnotation form 


Jam 




(14) 


The subscripts aj and bj of bqs. (10) (hrouj*h (14) indicate that the generalized coefficients and 
j are respectively ducctly proportional to the aj^^ and the coefficients of the physicaNproblem 
differential equation and independent of each of the other physical-problem differential equation coef¬ 
ficients. 

The analog-computer differential equation may be multiplied by a constant in order to increase or de¬ 
crease the magnitude of all the generalized coefficients as desired. For example^ if Eq. (14) is multiplied 
by the constant in order to make the coefficient of the k^ output-voltage term equal to unity, 

that equation can be written 


4* >• J 

Y. = Y Ve„ 


(15) 


where 


•(a/a^ 


a coefficient associated with the ouq>ut-voltage term of the analog-computer 


(o^l 


differential equation modified by multiplying all terms by 


(16) 


■(bj/a^l 




coefficient associated with the input-voltage term of the analog-computer 
differential equation modified by multiplying all terms by (17) 


In this case, the subscript ratio aj/ai^ indicates that the generalized coefficient is directly pro¬ 

portional to the aj'*' coefficient of the physical-problem differential equation, inversely proportional to 
the aij'** coefficient, and independent of each of the other coefficients. Similar information is conveyed 
by the subscript of the generalized coefficient . The coefficient of the output-voltage term 

is of course unicy, as shown by the relationship 

c., 




la^) 




(18) 


There is no restriction on the choice of constant factors that could be applied to Increase or decrease 

the magnitude of the coefficients of Eq. (14). For example, Eq. (14) could be multiplied by the constant 

l/C,.. , in order to make the coefficient of the input-voltage term equal to unity. In the general case, 
10 ^ I 

where it is desirable to multiply all tenns of the analog-computer differential equation by a constant fac¬ 
tor but without necessarily reducing any term coefficient to unity, the following equation applies 


jestn 


where 


^a,/(CF)l 


(CR 


Y ^a/lCF)]'p‘®v * Y ^b,/{CF)]'p'e^ 

leO J=0 


coefficieot associated with the oueput-vohage term of the analog- 
computer differential equation modified by multiplying all terms by 
the reciprocal of a constant factor (CF) 


(19) 


( 20 ) 


Hb,/icnl ■ -pj 


« coefficient setting associated with the input-voltage term of the 
analog-computer differential equation modified by multiplying all 
terms by the reciprocal of a constant factor (CF) 


( 21 ) 


(CR 


constant factor 


Derivation Summary 34-23. Transformation of on n -order lineor differential etiuation with 
constant coefficients toaformsuitable for solution by on electrical analog computer. 
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In this case, the subscript ratio aj/(CF) indicates that the generalized coefficient C[^ /jcF)] « directly 
proportional to the aj'^* coefficient of the physical-problem differential equation, is independent of each 
of the other coefficients, and is associated with an analog-computer differential equation modified by 
multiplying all terms by l/(CF), 

Either of the analog-computer differential equation forms given by Eqs. (14), (15), and (19) are suitable 
for direct handling by an electrical analog computer that uses the integrators, coefficient multipliers and 
summers already described in Derivation Summary 34-22. 

Derivation Summary 34-23. Tronsformation of on n^^-order linear differentiol equation with 
constont coefficients too form suitable for solution by on electrical analog computer. 

(Poge 3 of 3) 

34.144. A computer block diagram for solving the converted linear differential 
equation with constant coefficients may have various possible forms. For example, 
insofar as the right-handside of theequationisconcerned (Eqs. (10), (15) and (19) 
ofDerivation Summary 34-23 are all applicable here), one might at first visualize 
the input voltage successively differentiated m times, each derivative multiplied 
by the appropriate coefficient, and then the sum taken. However, as has been al¬ 
ready mentioned, the use of differentiation would introduce difficulties. For 
example, if e^^were taken as a step function, the values of the derivatives of e^, 
would become unmanageable at the instant the step occurs. As a consequence, 
this approach is not used. One might next conceive an arrangement in which the 
highest derivative of is the input voltage to the computer and m integrators are 
used topr(3duce all the needed lowerderivatives. This eliminates the difficulty with 
differentiators but introduces an equally formidable problem whenever m is greater 
than zero; namely, that ofproducingthe input signal if itself is to be some simple 
function, such as a step. In this instance, if m were equal to unity, so that only 
one integration would be required, the input signal would have to be an idealized 
impulse, which is a quantity incapable of physical realization. For larger values 
of m, such difficulties would multiply. As for the left-hand side of the equation, 
if the highest derivative of e, is presumed to exist as a voltage, it may be suc¬ 
cessively integrated n times to produce all lower derivatives of including the 
zero-order term. Each of these may be multiplied by its proper coefficient and 
the sum taken together with the terms on the right-hand side of the equation. The 
result of this summation is then the highest derivative in e, multiplied by its coef¬ 
ficient. Thus, such a feedback connection could serve to develop the signal that 
was initially presumed to be available. It is apparent, then, that the left-hand side 
of the equation offers no problem if the right-hand side can be managed. 

34.145. The connection of computer elements shown in Derivation Sum¬ 
mary 34-24* serves to solve this general problem and will herein be called the 

n^cooncccion was proposed by Mr. Loebe Julie while a. Columbia University in 1943 and later it^e- 
pendenily. it is understood, in England by Mr. J. G. L. Michel, then of Manchester University. No published 
rcf^icnce disclosing this idea is known to the authors« 
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-least number of components- connection since, fora linear system, this connec¬ 
tion requires the fewest computer elements. An auxiliary variable, z, defined 
for the physical problem, represents physically the response of the system to a 
unit impulse. The arrayof computer elements used in the "least number of com¬ 
ponents" connection makes available voltages proportional to z and its derivatives 
at points between n integrators, which are arranged in a series chain. When 
these voltages are multipled by coefficients representing those on the right-hand 
side of the differential equation and the resulting voltages are added together, the 
output voltage, e^. is obtained. This technique is a direct manifestation of the 
principle of superposition, since the output voltage is seen to be the sum of m + 1 
voltages, each of which represents the response of the system to one term on the 
right-hand side of the equation. This connection of computer elements is also 
most economical of computer components since n integrators are sufficient to solve 
the problem. Derivation Summary 34-24 shows this analog-computer connection 
and develops the performance relations that govern the operation of the computer. 

SOLUTION OF THE (0;0,1) DIFFERENTIAL EQUATION BY AN ANALOG COMPUTER 

34.146. The simplest dynamical system is the first-order (0;0,1) system 

studied in Chapter 18. Derivation Summary 34-25 shows how such a system is set 
up on an analog computer. Scaling of the problem or calculation of the computer 
coefficient setting involves selection of the reference time, input and out¬ 

put scale factors, and the coefficients of thegoverningdifferential equation. Three 
such coefficient settings are needed, proportional respectively too,, Qq and bo, 
the differential equation coefficients. The block diagram in section a of Derivation 
Summary 34-25 shows the computer arrangement for handling this system. 

34.147. It isevident that the original differential equation may be multiplied 

through by a constant. If this is done, the numerical values of the computer coef¬ 
ficient setting will be modified in either direct or inverse proportion to the value 
of the constant. This makes it possible to further adjust the values of the com¬ 
puter coefficient settings so as to fall within desired numerical ranges appropriate 
to the capabilities of the computer. Special cases of this occur when the multi¬ 
plying constant is so chosen as to make one of the coefficient settings equal to 
unity. There will be three such possibilities for a (0;0.1) system, depending on 
which of the three coefficient settings is made equal to unity. Each of these pos¬ 
sible choices is shown by the block diagrams of sections b. c and d, respectively. 
For example, in the block diagram of section c, the analog-computer equation is 
divided through by to make the feedbackcoefficient setting equal to unity. 

This makes the elimination of one coefficient multiplier possible. More significantly, 
it makes the coefficient setting of the multiplier that receives the summer output 
voltage inversely proportional to the reciprocal of the first-order system time 
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An arrangement that provides for the most economical use of components in an analog computer designed 
for handling linear systems is called the "least number of components" connection.* Under this scheme, 
the minimum number of integrators required is n, the order of the system. The minimum number of coef¬ 
ficient multipliers is n + m + 2, the number of coefficients present in the differential equation transformed 
for analog-computer solution, unless the equation is multiplied by a constant such that one of the coef¬ 
ficients becomes unity,•• in which case n + m + I coefficient multipliers are needed. Two summers are 
needed if m ^ I, but if only the zero-order term in U is present (that is, if m = 0) one summer is sufficient, 
provided k has provision for handling che needed number of inputs* 

Inherent in this scheme is the presence of a voltage proportional to a valuable auxiliary variable of the 
problem, which is represented by the syfobol 2 . The significance of this auxiliary variable can be seen 
from the following analysis. Based on the operational form of Eq. (1) of Qerivation Summary 34-23; i.e., 

1=0 j =0 

the auxiliary variable, z, can be defined as 


u 


f«n 


( 2 ) 




X] °iP‘ S bjP' 

j-o 


1^0 


This definition of z has a useful interpretation. If the input u is taken equal to unity, then z is seen to be 
equal to This quantity, except for the constant, is the response of the physical system to an io* 
pulse input of unit magnitude, otherwise called the weightini function. In general, v is the sum of succes* 
sive derivatives of z, each multiplied by its appropriate coefficient, bj. This sum is a direct nanifcstacion 
of the principle of superposition* 

The auxiliary variable voltage, 0 ^, can be related to the auxiliary variable, z, by a procedure analogous 
to that of Derivation Summary 34^21; i«e*, define 




e) 


e auxiliary variable-^auxiliary variable voltage scale factor 


(3) 


A study of the voltage relationships of Michel’s computer arrangement reveals chat 

e* - (4) 

SO that 

Section b gives a functional diagram showing the computer arrangement for solving a general n^^*order 
linear differential equation* The voltage occurs naturally as a measure of the auxiliary variable z. Im* 
plicit in this diagram is the assumption that, initially, voltages at all points in the circuit are at the co^ 
rect level, which may be zero. The input to che computer is the voltage and the output, corresponding 
to the solution of the physical problem, is the voltage c^* As noted on the diagram, this scheme requires 
that che order of the dependent variable side of the equation, n, be greater than the order of the independent 
variable side of the equation, m* 

The integrators, coefficient multipliers and summers are units of the types discussed in Derivation Sum* 
mary 34*22* The coefficient settings of the coefficient multipliers have numerical values equal to the cor¬ 
responding generalized coefficients and given by Eqs. (11) and (12) of Derivation Summary 34*23, 

* See footnote for poroqropK 34«I4S* 

** See Derfvotlon Summary 34*23 for thle procedure* 

*** These relations hips are derived In section d of this summory* 

Derivolion Summary 34*24. Functionol diogrom ond performance equotions of on onolog-compyter 
arrongemenf bosed on the **leost number of components*^ connection ond representing o genero 

n*^*ofdef lineor system. (Page 1 of 5) 
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wi.h the exception of the coefficient setting of the n'^-order dependent variable coefficient multiplier 
(cm), w „ which is related to the conesponding generalized coefficient C,^ , as follows: 

ol "Least number of components" connection of basic analog-computer components 


(6) 
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b) Generalized fyoctionQl diagram ot on anoiog^compyter orrangem tni bosed on the "/eosf number 

componenfs" connech'on 

Derivation Summary 34-24. Functional diogram and performonce equotions of on onolog-computer 
arrangement based on the “least number of components" connection ond representing o general 

n*^-Ofder linear system. (Poge 2 of 5) 
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Assuming ideal operation, the performance equations for the components shown in the functional diagram 

of section b can be written as follows from inspection and the ideal relationships developed in Derivation 
Summary 34*22* 

Input summer 

^(cm)(r)(l) (7) 

imO 

n^^-ofder dependeot vaiiable coeflicjeoc multiplier 


(cmHv)(n) 


(cm) 


(l/o„)es 


( 8 ) 


(v)(l) (j “ 0, 1, . . . n - 1) Zero-order through (n - l)^^-order dependent variable coefficient multipliers 


®(cm)(v)m ' ^(aj)®Unt)(t+n • i = 0, 1, . . . n - 1 
(irrt)(,)(i = l. 2....n)F Ifsc^ofder through o^^*ofder jpcegratofs 




/ • • • 

n*l+l 


/®{em)[T)(n) 


1. 2. « • • n 


° Mpp) 


ez = 




(9) 


( 10 ) 


( 11 ) 


(cm) 


(u){j) Ci * 1» • • • ip) Zero-order through m^^-order independent varia ble coefficient multipliers 

®(cm)(u)(J) = ^(bj)®(lnt)()+l) “ ^(bj) i j =0, 1, . . . ra 

(s)(g^i) Output summer 


( 12 ) 


jem 

E 

J*0 


(cmKuMj) 


(13) 


As shown by the diagram of seccioo b, the output voltages of the o integrators are fed back to the input 
summer through (he zero-order through (a ~ l)^^*order dependent variable coefficieot multipliers lo which 
each voltage is modified by a particular multiplying coefficient. The output voltage of the summer, which 
is the sum of the input voltage and the zero-order through (n ~ l)^^-order feedback voltages, is modified 
by the n^^-order dependent variable coefficient and is applied to the n^^-order integrator. The output volt¬ 
age of this integrator Is successively integrated o — 1 times by the computer integrators as indicated on 
the functional diagram of section b. As indicated by the functional diagram of section b, the auxiliary 
variable voltage, 0^, is the output voltage, the first-order integrator. 

The relationship between the auxiliary variable voltage, nod the input voltage, may be found 
by eliminating from Eqs. (7) and (9) and substicucing Eqs* (9)» (10), and (11) in the result. 


z 

imO 


Thi 


le voltage ©(i^)(m+n (® •** l)*^*ordcr integrator, is not only fed back to the input swn* 

mer through the m^”-order dependent variable coefficient multiplier and fed forward to the m 

order integrator, but is also applied to the m^^-order independent variable coefficient multiplier, 

The loteg/ator output voltages to ^(intXl) applied to the remaining independent 

variable coefficient multipliers through j, in addition to being fed back to (be de¬ 
pendent variable coefficient multipliers (^)(v)( 0 } ^^^CvXm-D* already noted. 

The output voltages of the m independent variable coefficient multipliers ^^^(u)(id) 

are related to the corresponding integracor voltages by Eq. (12) in terras of the auxiliary variable voltage, 
which, as already noted, is the output voltage of the first-order integrator 

Derivation Summory 34-24. Functionol diogrom ond performonce equotions of on onolog^computer 
arrangement based on the ^*leost number of components” connection ond representing o genera 
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Substitucing the teUtionship of Eq. (12) in Eq. (13) shows th^it the ao.iliary variable voltage, e and 
output voltage, e,. of the summer, which is also the output voltage of the analog computer, ate related as 

follows: . ^ 


Solving Eqs. (14) and (15). both of which are in operational-notation form, for 6^ and equating the two 
relationships shows that 

^_ (16) 


i«n J«rn 


1® m 


1=0 J=0 

The relationship between and e,, teptesented by Eq. (17) is identical with Eq. (12) of Derivation 
Summary 54-23, which is (he transformation of an n‘**-ordcr linear differential equation with constant co¬ 
efficients to a form suitable for solution by an electrical analog computer. This means that the analog 
computer provides the requited performance, such that the output voltage, is at all times related to 
the physical-problem dependent variable, v, by the scale-factor relationship 


(SF)(v. 


(18) 


c) Performance equations of on ono/og-compufer orrongemenf bosed on the /cost number of components 

connectio n ond representing o general n* -order lineor system 

The performance-equation development made in the previous section provides the basis for deriving the 
scale-factor relationship given in section a. From Eq. (15), the auxiliary variable voltage, e^, and the 
output voltage, e , of the analog computer are related as follows: 


j® m 


I] 


p^e. 


(19) 


A substitution for the generalized iodepeodenc variable coefficient* using Eq. (12) of 

Derivation Summary 34*23» 




( 20 ) 




yields 


® ^( 21 ) 

^ T (SR 

If the nondimensional operator, is replaced by P^Uef). Eq. (21) can be wricteo as 

j«m ^ 

J-0 

The output voltage, 6^, of the analog computer is related to the dependent variable, v, of the differential 
equation representation of the physical problem by the scale^factor relationship 

ey “ ^SF),^.„,v (23) 


( 22 ) 


Derivotion Summary 34-24. Functionol diagrom and performance equofions of on onolog-computer 
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(24) 


Substitution of this relationship for in Eq. (22) yields 

fgm I 

(SF),,.^,y = y ^ pJe 

iv.e) ^ K I 

J-0 

Of, reanan^iog the terms of Eq. (24), 


(25) 


J*ro 

E ‘’jp’ 

)«0 

Equation (2) of this summary shows that the ratio on the right-hand side of Eq. (25) is equal to the auxili¬ 
ary variable, Z, so that Eq. (25) can be rewritten in the form 

® (26) 


SO that 


d) Auxiliary vof»ob/e-/ndependen> voriobfe-depent/enl vorrob/e refofionsh/ps 


(27) 


Derivotion Summary 34*24. Functional diogram and performonce equations of on anolog-computer 
orrongement based on the least number of components" connection ond representing a generol 

n^^-order lineor system. (Poge 5 of 5) 


constant r. Since the time constant in such a system is the one and only dynamic 
parameter, it is desirable to have a coefficient multiplier that varies this quantity. 
All variations in system dynamics are thus included in a single coefficient setting. 
In this same arrangement, the other coefficient multiplier varies the quantity o, 
which is the sensitivity, or ratio of output to input under static conditions. This 
kind of parameter-setting dependence is often more directly useful in system studies 
than the ability to vary all three system coefficients independently, so this connec¬ 
tion is of great practical importance. 

34.148. The computer connections shown in the block diagrams of sections b 
and d are less useful. In both of these arrangements, the system characteristic 
time is involved in both of the coefficient settings. In order to vary this parameter 
alone, then, it is necessary to change by properly related amounts two coefficient 
multiplier settings. This is, of course, a more complicated procedure and usually 
is to be avoided. 


SOLUTION OF THE (0;0,1,2) DIFFERENTIAL EQUATION BY AN ANALOG COMPUTER 

34.149. In Derivation Summary 34-26, the same approach is applied to the 
second-order (0;0,1,2) linear system, which is treated extensively in Chapter 19. 
The same generalities as those just stated for the first-order system also apply 
here. This time, however, there are two dynamic parameters, the undamped an¬ 
gular natural frequency, w„, and the damping ratio, DR, in addition to the static 
parameter <r. Here, the computer connection shown in the block diagram of Fig. d, 
in which the coefficient setting in the zero-order feedback path is made equal to 
unity, yields the arrangement in which the system parameters are most nearly 
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The generalized form of the (0:0.1) first-order differential equation that represents a linear-system phys- 
ical problem is 


dv 


dt 


+ OqV = boU 


( 1 ) 


(pp) 


Following the partern of Derivation Summary 34*23* Es* (1) can be written in terms of the nondimensional 
ninniog variable, *^ 2 ; 


I 


dv 


"'^(reM ^ ”’(pp) 


w 


here 


't, , = *EEl 

(pp) j 


♦ OoV = boU 


t, 


( 2 ) 


(3) 


The independent and dependent variables u and v can now be replaced by their analogous voltages 
and 6 by means of the following relationships, which are derived in Derivation Summary 34*21: 


U = 


(SF),... 


(u;e) 




(•1).(5) 


U'ith those relationships, Eq. (2) becomes 

a, de 


ev = 


( 6 ) 


^lrp|)(^F),„.,, **(ppl 

A comparison of Eq. (6) with Eqs« (10), (li), and (12) of Derivation Summary 34*23 shows chat, in terms 
of the generalized coefficients discussed in that summary, the physical-problem differential equation given 
by Eq, (I), as transformed for computer operation, can be written 

^ de. 


•(o J 


»' d't 


(pp) 






(7) 


where 


(a*) 


_ . Q ^ _ 

'■ ■ '-o' ■ (SF),... 


r 

• Sb^) - 


'0 




(8).(9).(10) 


( 11 ) 


( 12 ) 


(rel)'-'' '(v;e) Mv;e) 

In the operational notation form of Eq, (14) of Derivation Summary }4*23» Eq, (7) becomes 

^(oj) P®v * * ^(bQ)®u 

where, from Eq, (11) of Derivation Summary 34*22, 

'P • —^ ■ PT„.,I 

*1PP) 

The discussion given in section a of Derivation Summary 34*24 shows that an analog*computer arrange* 
ment of the type discussed in that summary muse include the following components if it is to solve the 
physical problem represented by Eqs. (7) and (11): 

1) The number of integrators required is one, since Eqs. (7) and (11) represent a firs^order system; i,e,, 
n a 1. 

2) The minimum number of coefficient multipliers is three, since three coefficients are involved; 
i,c., m + n + 2 = 3. 

3) One summer is sufficient, since only the zcro*order term of the independent variable is present; i,e,, 

m a 0. * 

Application of these requirements to the generalized computer functional diagram of Derivation Summary 34-23 

yields the following computer arrangement for the firs^order situation represented by Eqs. (7) and (11) of 

the present summary. In this arrangement, the coefficient settings of the three coefficient multipliers arc 

separately adjustable in terms of Qj, Gq, and b^, respectively. The numerical values of these settings, 
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which are given by the quantities within brackets on each of the coefficient-multiplier blocks, are deter¬ 
mined in accordance with the discussion of section a, Derivation Summary 34-24; namely, 

1) The numerical value of the coefficient setting of the first-order dependent variable coefficient 
multiplier is equal to the reciprocal of the generalized first-order dependent variable coefficient 


[a,)! 




(13) 


2) The numerical values of the other two coefficient settings are equal to the corresponding gen¬ 
eralized coefficients; i.c.» 

^ Qa ^ b/s 




• ^<b«) = 




(14).(15) 



oj Ano/og-compt/fer orrongemenf for so/vmg fhe (0;0,1) first' order di(ftrential eqi/oh'on when oil 
genero/izerf ono/og-compufer tf/ffer enrio/ equation coefficients ore d i fferent from uni ty 


As noted in Derivation Summary 34-23, the number of coefficient multipliers may be reduced by one when 
the analog-computer differential equation is multiplied by a constant so that one of the generalized 
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coefficients becomes unity. For example, if Eq. (7) is multiplied by the reciprocal of the first 

order output-voltage term coefficient, the following relationship is obtained. 


de 


(ao) 


d't 




(ppi 




!y 

. (SF),... 


(16) 


(u;e) 


For the modified form of the analog-computer differential equation represented by Eq. (16), 


*'^0* _ Q 


:a,» 




^ °0^(foll ^ ^ Q 


\/r) 


(17) 


'‘^0> _ Q 






v;e) 




c,.,. 


{0'T) 


(18) 


where the quantities, crand r, associated with first-order differential equations solutions, are defined as* 

b, 


cr « — s dimensional similarity factor 


u. 

T s = first-order characteristic time 

oo 


(19) 


( 20 ) 


In accordance with the discussion of Derivation Summary }4-23, the subscript a^/aj means that the gen¬ 
eralized coefficient a ) directly proportional to the coefficient Oq of the physical-problem dif¬ 
ferential equation, is inversely proportional to the coefficient and is independent of all the other 
coefficients. The subscripts bQ/aj, l/r, and <r/f have a similar significance. 

The following functional diagram represents the computer arrangement associated with Eq. (16). Here, 
the first-order dependent variable coefficient multiplier, which is associated with the first-order outpur- 
voltage term of the analog-computer differential equation and is present in the functional diagram of sec¬ 
tion a, has been eliminated. The numerical values of the coefficient settings in the other two coefficient 
multipliers have been changed as indicated by the quantities within the brackets in the blocks. With the 
modified computer arrangement, the settings of the coefficient multipliers are no longer separately ad¬ 
justable in terms of Oj, Qq, and Sq, but must be set in terms of 1/r and o/r. 

These changes result from application of the discussion of section a of Derivation Summary 54-24 as 
follows: 

1) Since, from Eq. (16) of the present summary, the numerical value of the coefficient setting of the 
first-order dependent variable coefficient multiplier would be equal to unity, it is evident chat 
this coefficient multiplier can be eliminated from the computer anangement of section a, so that 
the output voltage of (he summer, will now be applied directly to the integrator. 

2) The numerical values of the coefficient settings for the two coefficient multipliers that remain 

are equal ro the corresponding generalized coefficients associated with the analog-computer equa¬ 
tion modified by multiplying all terms by i.e«, 


•(a^) 


’(b^/o i) 




(bo) 


,Qt) 


0' . 




(a,) 


^0 ^(re(l 


I 


■il/T) 


( 21 ) 


(SF) 


(v;e) _ 


(r«f) 


(SF), 


vjcl 


(SF) 


<u;e) 


(SF) 


io/r) 


( 22 ) 


(u:e) 


• See Definition Summary 18-1 oi Chapter 19. Note that Eq. (|9) is obtained by setting in Eq. (2) cf 

Dellnitlon Summ<vy equal to 
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Input 

Summer 

[E] 


Output Voltage of Summer 


Fust-Ordcr 

Integrator 

(int),„ 

[^] 


Zero*Order 
Dependeoc Variable 
Coefficienc Multiplier 

(cin)(^,(0) 

m 



Zerc>*Order 
Indepeodem Variable 
CoefficieDt Multiplier 

^°"^{uK0) 


’(bcf/ail 




<rT 


(ref) 


S 


Output 

Voltage 



computer different/o/ e^uotion is modified by multiplying each term by the reciprocal of the generalized 


coefficienr C/^ \ 




The 2 ero*order dependeoc variable coefficieot multiplier^ which is associated with the zero*order output- 
voltage terra of the aoalog-coraputer differeotial e^uatioo, may be elimioated from the fuoctiooal diagram 
of section a by multiplying Eq* (7) by 


‘■'<■1' <<'v . . _ . 

^(oq) ® *(pp) Soq) 


(23) 


For the modified form of the analo^compurer differential equation represented by £q. (23)i 

c_. 


(Oj) 


(On) 


"Tt— 

°0 ‘(ref) 


(24) 


(ref) 


(Oa) 


Q (^^(v;e) 




(25) 


In the corresponding analog-computer arrangemeot» shown by the accompanying functiooal diagraroi the 
zero-order dependent variable coefficient multiplier has been eliminated from the functiooal diagram of 
section a because its coefficienc setting has been made unity by multiplying Eq, (7) by The 

Derivotjon Summery 34-25a Anolog-computer orrongements for solving 0 first-order lineor 
differentiol equotion with constont coefficients, (Page 4 of 7) 


564 










numerical values of the coefficient settings in the other two coefficient multipliers have been changed as 
indicated by the quantities within the brackets in the blocks. These changes are made in accordance with 
the procedure already described in the previous section. 


Input 

Voltaic 


Output Voltage 
of Summer 


Input 

Summer 

[E] 


First-Order 
Dependent Variable 
Coefficient Multiplier 

^Ico/tn) 

_ °o'^(reJ) _ "^(ret) 


*(cm)(yMl) “ 'P®* 


First-Order 

Integrator 

(int),i, 


[i] 


Zero-Order 
lodepeodeoc Variable 
Coefficient Multiplier 

'^Ibo/a,) 

b. (SF),..., 

“o 

- , (SF),„.., 

(SF),.,., 


Output 

Voltage 


c) An of og-comp u for offqngomenr for solving fht ftrsf-order dUferwfiol 9<fuation whtn the ono/og- 


compufer dUftrtnfiol oquof/on is modified by mtjltiplying eoch term by the rociprocof of the gtnerolized 


coefficient ) 


By a procedure similar to that used in sections b and c of this summary, the zer^order independent 
variable coefficient multiplier may be eliminated from the functional diagram of section a by multiplying 
Eq. (7) by 1/C,bg); i.c.. 


Ma,) de, 

^(bo) 


(On) 


(bo) 


e s e 


(26) 
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For the modified form of the analog*computer differential equation represented by Eq. (26), 


C 


(6- 


Gj/bQ) - 




'(r/(r) 


(27) 


iar ^ 


Uq) 


= C, _ I (SF)(„.^| ^ 


(l/r) 


The following functional diagram is the corresponding simplified form of the analog-computer 
giveo id section ^ 


(28) 


aira&jccDeDC 



df Anolog^compufer orrongemtnf for solving the(0;0,1) tirsf^order differeniial oqvation wh en the anolog^ 
computer differentiol equation is modified by mulfiplying each term by tht rociprocol of go ntroliz^ 

coeffjciefif ^ 
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First-Order Dependent 
Variable Coefficient 
Multiplier Setting 

Zero-Order 
Dependent Variable 
Coefficient 
Multiplier Setting 

Zero-Order 
Independent Variable 
Coefficient Multiplier 
Setting 

All analog-computer 
differential equation 
coefficients different 
from unity 


c, , 

r bo 

(SF),„,., 


(SF)u;„, 

First-order output-voltage 
term coefficient equal to 
unity 

1 


^^Ibo/Oi) 

bo'^(ron 

^ (SF)„,, 

_ ^(reM 
r 

Zer^order output-voltage 
term coefficient equal to 
unity 

r 

Oj 

f 

1 

^ bo (SF),^.^, 

(SF).u;e. 

Zero-order input-voltage 
term coefficient equal to 
unity 

^(bo/a,) 

(SF),..-., 

C{ao/bo) 

OO (SF)(a:el 

bo (sn,.,, 

1 

1 

1 


e) Summery cotfficient settings associated with the ono/og-compufer so/ufion 0 / f/>e (0;0,1) first-order 


differential eguafion 
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separated. The block diagrams for the other possible arrays are presented in 
Figs, b, c and e and the resalts are presented in tabular form in section f. 

NUMERICAL EXAMPLE OP SCALING A PROBLEM FOR ANALOG-COMPUTER SOLUTION 

34.150. In the foregoingderivation summaries, a general approach for handling 
linear systems is given. In Derivation Summary 34-27, a specific example of a 
second-order system is studied from the viewpoint of scaling it for analog- 
computer solution. A positional servo with tachometric feedback is chosen for 
this purpose. 

34.151. A description of the system and its block diagram is given in sec¬ 
tion a of Derivation Summary 34-27. The governing relationships for each of the 
operating components are written in section b. These are combined to yield 
Eq. (13), the equation of motion for the positional servo system. This is seen to 
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Cenain physical problems may be represented by a second-order differential equation. The generalired 
form of che (0;0,1,2) equation is 


°^pp) ‘^‘(pp) 


( 1 ) 


By nondimensionalizing the running variable = t(pp/T(,.„) and by replacing the independent and 

dependent variables U and V by their analogous voltages and 6^,, Eq. (1) can be written as 


d2 


de 


b. 


^ *fpp) ^(rof 1 'Vpl 

In terms of the generalized coefficients and Eq. (2) becomes 




( 2 ) 


d^e 


■(aO 


de. 


2' d't2 

(pp) 


•(a.) 


d'f 


+ ^(aA)«v 


'<bo)®u 


(pp) 


(3) 


where 


'(a,) 




1 = 0 , 1 . 2 


(4) 


and 




(r«f) 


(SF)u:. 


j = 0 


(5) 


EquacioQ (3) is now in a form suitable for direct haodliag by aa electrical analog computer# The fuoctiooal 
diagram of Fig* a shows the analog*computer component arrangement for che solution of the (0;0^1,2) phys* 
ical*problem differential equation# The numericai value of each coefficient multiplier setting is given 
within the brackets on each block# 

^^o^og^compufof solotion of fhe fQ;0, ?,2) seconc^order diHerwtiol eqe/ofion when qII the genero/iiod 
ono/og^compofer diHtrenfiol equofion coaffle/enfs ore different from unity 

If a particular coefficient of the analog*computer differencial equation is made equal to unity, the cor* 
responding coefficient multiplier can be eliminated from che functional diagram of Fig* a. Hence, if the 
second*order analog*computer differential equation represented by Eq# (3) is multiplied by a constant, 
following relationship is obtained# 

- — -f — - - — +- — e.. « 


'<L> 


^(o,) ‘^"^PP) 


'(a,) 


•(bol 

■(a,) 


e 


(6) 


For che modjfied form of the analog-computer differential equation represented by Eq. (6), 

^(*l) f T T 

f - ** Saj/oj) ** -5- '(r*f) “ I(,,„ 

So,) * 


(7) 


(ooJ 


(a,) 


= c 


(Oq/qj) g 


Oo_t2 


(r«f) 




(8) 


•(bA) 


•(«2) 


■lbQ/02) 






(sn(u;*) 


(9) 
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( 02 ) 




®{etn)(vK2) " 


Input 
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Integrator 

(int)(2, 


(cm)<v)(l 


Fir5t*0rder 
Dependent Variable 
Coefficient Multiplier 

C - °i 

T (SF) 


Firsi*Order 

Integrator 

(int),„ 


'<cm)(v)(0) 


Zerc^Order 
Dependent Variable 
Coefficient Multiplier 

(cni)(y){0i 




(v;e) 


Zero*Ordef 

Independent Variable Qucdu* 
Coefficient Multiplier Voltage 

(cni){u)(0) --- 

r I e.. 






Fig, a. Anolog-compofer orrongemenf for solving fho (0;0,I,2) second-order differentiol equation when 
the generalized onolog-compufer difterentiol equation coeHicients ore different from unity. 
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Fig. b. Analog-computer orrong.mont for solving the (0;ai,2) socond-order differentiol equotion when the 
□nalog-computer differentiol equotion is modified by multiplying eoch term by the reciprocol of the 

generolized coefficient 
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where the quantities, Cand w, associated with the second-order differential equation solution, are defined 
according to Definiiion Summary 19^1 as 

/ ts DR » — ^ — s damping rac 10 


^ ts DR s -s damping racio 

2 

V? B undamped angular natural frequency 
and the quantity O', used in Derivation Summary 34-25, is 
<r e — s dimensional similarity factor 


( 11 ) 


( 12 ) 


The functional diagtara of Fig. b represents the analog-computer arrangement associated with Eq. (6). 
Here, the second-order dependent variable coefficient multiplier, which is associated with the second-order 
output-voltage term of the analog-computer differencial equation and is present in the functional diagram 
of Fig. a, has been eliminated because the coefficient of the second-order output-voltage term of Eq. (6) 
was made equal (o uoicy. 

b) Ano/og-computer solution of the (0;0,1,2) secon d-order differential equation when the analog-computer 
differential equation is modified by muffip/yinq each ferm by fhe reciprocol of fhe genero/ized 

coefftciertf 

The fifs^ofdcr dependent variable coefficient multiplier, which is associated with the firsforder output- 
voltage term of the analog-computer differential equation, may be eliminated from the functional diagram 
of Fige a by multiplying Eq* (5) by l/C^^ %; i.e.. 


where 




(pp) 


'(oq! 


(Oj) 


Sy * 


(bo) 




(13) 


^(02) 

- Cr , . • 

°2 

^(Oj) 


°l^(ref) 


- c 

®0^(reH 

^(0,) 

' Moo/Oj) “ 


*-(bo) 

^(Oj) 

“ ^(bo/oi) = 

Ol 


(14) 


(ref) 




(ref) 


(15) 






(16) 


The functional diagram of Fig, c represents the analog-computer arrangement corresponding to Eqe (13)* 
The first-order dependent variable coefficient multiplier has been eliminated from the functional diagram 
of Figs a because the coefficient of the first-order output-voltage term of Eq« (13) has been made equal to 
unity, which corresponds to a coefficient setting of unity* 

c) Ano/oo"computer solution of iht (0;0J,2) second-o rder d/tferenriof equoiion when the ono/og-comoufer 
dUferential eqvaticn is modified by mvlfiplying toch ferm by the reciprocal of the generalized 


eoefficienr C. 

If Eq. (3) is multiplied by the constant l/C(^^,, the coefficient of the zero-order output-voltage term 
is made equal to unity, which means that the zero-order dependent variable coefficient multiplier can be 
eliminated from the functional diagram of Fig* a* 
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Fig. c. Anolog-computer orrongemwt for solving fh« (0;0,1,2) second-order differential equation when the 
onolog-computer differential eqootion is modified by multiplying eoch term by the reciprocol of the 

generalized coefficient C^^^e 
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Fig. d. Anatog'computef orrongement for solving the (0;0,1,2) second*order differential equation when the 
anolog-computer differential equation is modified by multiplying eoch term by the reciprocal of the 

generalized coefficient 
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The aDalog-computer differential equation with the coefficient of the zero-order voltage term equal to 
unity can be represented by the equation 
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The analog-computer arraoiemeoc correspoodiog to Eq. (17) i$ giyeo in the hmcciooal diagram of Fig. d« 
Here, the zero-order depeodeoc variable coefficieot multiplier has beeo elimioated from the fuoctiooal dia¬ 
gram of Fig. a because its coefficieot settiog is unity. The settings of the ocher coefficient multipliers are 
given within the brackets on each block. 

d) Anoloycompofer solution of the f0;Q^?,2) second-ofrfer cfiffemnyio/ egootion when the ono/og-compoter 
d/fferen fro/ equofion is modiffW by moffip/ying eoch ttrm by fhe rociproco/ of fhe genero/izod 

coefficient « 

The zero-order iodependeoc variable coefficient multiplier, which is associated with the zero-order 
input-voltage term of the analog-computer differential equation, may be eliminated from the functional dia¬ 
gram of Fig. a by multiplying Eq. (5) by i.e., 
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For (he modified form of (he analog-coiDpu(er differeD(ial equation represented by Eq. (21) 
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Elimination of the zero-order independent variable coefficient from the functional diagram of Fig- a 
results in the following analog-computer arrangement. The coefficient setting of the zero-order independen 
variable coefficient multiplier is unity; all other settings are given within the brackets on each block, 
ej Anolog-compofer solution of the (0;0.1.2) second-order diffnnntiat ogoofion when tha ono/og-compu^ 
differential equation is modified by multiplying each term by the recipr oeol of the generoUz __ 


coeff/cient C 
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Fig. e» Ann log-computer orrongement for solving the (0;0,l,2) second^rder differentiol equation when the 
onolog-computer differentiol equation is modified by multiplying each term by the reciprocal of the 

generolized coefficient ^(bg)* 
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f) Svmmary of co^Hiei^nt settings ass ociated with the of>o/og.comp>/ter »o/»>/on of fhe fQ;PJ.2j s»eond‘ord»r diihnntial aquatic 

Dorivotion Summory 34-26. Analog-compuler arrangements for solving a second-order lineor differential equation with constont 

coefficients. (Page 9 of 9) 
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Fig. 0 . Functionol diogrom showing the components ond interconnections of o typical positional servo 

system. 

The positional servo system discussed in the present summary and represented in the functional diagram 
of Fig* a causes the angular motion of an output shaft to follow the angular motion of an input shaft, with¬ 
out any mechanical connection between the shafts. This action is accomplished by means of an electrical 
system chat develops an electrical signal proponional to the difference in the angular positions of the two 
shafts, and uses this signal to drive a motor connected to the output shaft In a direction such as to reduce 
the difference in the angular positions of the two shafts. As shown by Fig, a, the electrical system com¬ 
prises two signal generators, a motor, an amplifier, and a tachometer. 
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The two signal generators, which are identical, are coupled to the input and output shahs, respectively, 
and are connected -lectrically so as to produce a voltage proportional to the difference in the angular po- 
sitions of the two shahs. Synchros are typical signal generators used in this kind of application. These 
devices require electrical cxcitatioo that must be provided by external means not considered here. The 
error signal that results from such a pair of signal generators is generally of low power level, and hence 
requires amplification if it is to operate an electric motor. Either an electronic or a magnetic amplifier 
may be employed for this purpose. External power is needed for such a device, of course. 

The amplifier output is supplied to the motor in a manner suitable to control the output torque of the 
motor. Typically, the motor might be a two-phase induction motor with one of the phases supplied from an 
external power source and the other phase connected to the amplifier. If the motor shaft is held stationary," 
the electromagnetic torque developed is proportional to the amplifier voltage as long as the magnetic 
material of the motor remains unsaturated. This torque accelerates the motor shaft In a direction such as 
to reduce the error voltage obtained from (he signal generators. The control loop as thus far described 
would behave like a second-order undamped system. The secont^order aspect arises at the motor shaft 
since the angular acceleration of the output shaft, which determines the inertia reaction torque, is propor¬ 
tional to the second derivative of the angular position of the output shaft, to which the driving torque Is 
proponional if the input shaft is at rest. 

The undamped system described in the preceding paragraphs would be of no practical interest since it 
would be inherently unstable. In such a system, however, a certain amount of damping is contributed by 
the tendency of the motor to act as a generator when it is rotating. A back electromotive force is developed, 
which is proportional to the angular velocity of the output shaft. This voltage acts in opposition to the 
voltage supplied by the amplifier and reduces the net voltage that is effective at the motor terminals, and 
hence reduces the motor current, also. The electromagnetic torque is correspondingly modified by the ad¬ 
dition of a damping-torque component that acts in opposition to the output angular velocity. However, the 
amount of damping thus developed ts often insufficient to prevent excessive oscillation. In such cases, it 
is not practical to increase the amount of damping by amplifying the back electromotive force since this 
voltage is not available at the motor terminals. Rather, an independently generated electrical signal pro¬ 
portional to the output-shaft angular velocity is developed, either by appropriate electrical circuitry or, as 
in this example, by means of a tachometer that is mechanically connected to the output shaft. If the size 
of such a tachometer is held to a minimum, the power level of its output signal is insufficient to have any 
appreciable effect directly on the motor. Amplification Is therefore required in the same manner as for the 
signal-generator error signal. Hence, it is appropriate to add the tachometer signal to the signal-generator 
error signal at the amplifier input. 

It may be possible to reduce the size of the motor required by providing step-down gearing between the 
motor shaft and the output shaft. This would also serve to increase the torsional stiffness at the output 
shaft and hence render the system less sensitive to load disturbances, which are not considered here. 

Such gearing down is not considered in this summary since it adds nothing to the generality of the problem 
insofar as scaling values for the analog computer is concerned. 

o) Funcfional diogrom ond dtscripfion of o typical posif/ono/ sarvo sysftm 

The perfomance relationships for the components shown in the functional diafram of Fig. a can be writ- 
ten as follows, assuming ideal operation: 

(isg) Input signal generator 
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(osg) Output signal generator 


(out) 


= ^(osq)lA;Vl^(oull 


( 2 ) 


Not..: Sln« tKe input slqr.^l qenoralor and tho output siqnal generator ore assun^d to be identical, S,^^,[a.v1 
is used In the remalndor ol this summary ir\ place ol ^(osq)lA;Vl‘ 


(t) Tachometer 


(o) AmpliHer 


^t = ^(t)lA;Vl Aout) 


= ^(a)(V;Vjf'^A 


a 


(In) 


- V 


(out) 


-V.] 


(5) 


(4) 


((tl)(gen) Voltage^generating componeftts of the motor 


= Si 


m)(q©n) '^(m)(qen)l A:V I ''(out) 


nllA;'.') A 


= back electromotive force 


{mwms) Motor windings and magnetic structure 


M, 


em. 


“ ^(n.)lV;Ml(^g '^ImKgenJ 


(5) 


( 6 ) 


where 


M(^rn) “ electromagnetic torque produced by the motor 
^(mllv-wl * voltage input-torque output sensitivity of the motor 
Substituting tq. (5) in Eq. (6) gives 

M 


(7) 

( 8 ) 


(em) " ^lml(V;Ml(^o “ ^(mUgenllA;VlAoul)^ 

* ^(mllVjMl'^o - ^(ml(qof.)lA:Vl5(fn)(V..M)Aoutl 
The second term on the right-hand side of Eq. (8) represents the damping-torque component noted in sec¬ 
tion a. This totque results from the generation of a back electromotive force and acts in opposition to the 
output angular velocity. The angle rate input- torque output sensitivity of the motor that is associated 
with the generation of this damping torque is equal to the ratio of the torque generated to the angular 
velocity of the ouepue shaft; 




. ^(mHoenl(A:Vl^(ml[V;KOAout) , J 


(m»qen)(A:Vj^m)(V;M) 


(9) 


^(out) 


« angk fate • torque sensitivity associated with the damping*tofque component 
generated by the motor 

or, solving Eq. (9) for 

< _ ^(ct»IA:m1 

^(mKqenllAiV) ' 7 - 


( 10 ) 


.m 


)(v:m1 


The sensitivities and determined from motor characteristic curves of the type 

shown in Fig, b« The left*hand plot represents the torque developed by the motor when the output shaft is 
allowed CO rotate^ and shows the reduction in torque produced by the back electromotive force. The initial 
value of each characteristic line, which corresponds to a value of equal to zero, is determined by 

the characteristic line of the right-hand plot. As indicated in Fig, bJ 

1) The sensitivity equal to the magnitude of the slope of the characteristic 

lines that represent the relationships between and for constant values of 

(he input voltage from the amplifier, 

2) The sensitivity S(„j)(v;m) ^he slope of the characteristic line that represents 

the relationship between and when the motor shaft is held stationary, so that 

Aoutl = 
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* ^ / 


^®ut) = ° 


^ou«) 

Fig. b. Mofor chorocteristic curves. 

(ms) Motor shaft 

A summation of the torques acting on the motor shaft shows that 


where 


'(•m) + *^(lr) 


9 0 


( 11 ) 


W(lr) “ -Im^oul) (12) 

* inertia reaction torque acting on the motor shaft 
9 moment of Inertia of the motor shaft and the connected mechanical load 
Substitution of the relationships for and given respectively by Eqs. (8) and (12) in Eq. (11), 
and subsequent use of Eqs. (1), (2), (3)« (4) and (10) shows chat the performance equation of the positional 
servo system shown in Fig. a Is 

^m^(oul) ••• ^^(m)[A;Ml+ ^(t)(A:Vl ^{a)(V;V) ^{m)[V;M]^ ^(out) * ^(8q)[A;V] ^{allV;V] ^(m>(V;M] ^(out) 

” ^{•q)(ArVl^(a)(V;V)5(m)(V:M]^(«n) 

b) Component analysis ond denVq>/on of the overdo// perform once equotion of fhe pos/fiono/ servo sysfem 

shown in Fig, o 

An alternative procedure to chat of section b for aniving at the performance equation of the positional 
servo system of Fig. a is to use loop relationships instead of component relationships. Starting with the 
innermost loop, each of the three feedback loops is consolidated into a single operating component. These 
three loops, in order of consolidation, are: 

1) The back*electromotive*force feedback loop. 

2) The tachometer feedback loop. 

3) The output«signal*generator feedback loop. 

This procedure results in a reduction of the loops in the functional diagram by successive steps until the 
entire diagram is consolidated into a single block whose performance equation is identical with that de* 
rived in section b. The procedure also serves to delineate the mathematical form of progressively more 
complete parts of the positional servo system. 

The consolidation of each loop of Fig. a is based on the generalized procedure already described in 
Fig. 3-4 of Chapter 3. This consolidation procedure is reduced to direct applicability to the present situa- 
tion in Fig. c. As shown in that figure, any feedback loop can be reduced to a single equivalent component 
whose performance function is expressed in terms of the direct and feedback performance functions of the 

loop as follows: lPF](dir) (14) 


(PF] 


(14) 


Uoop) 


1 ♦ [PFl|d„, PP] 


This relationship is used in turn for each of the three loops of Fig. a. 
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^(in)[loop) 


> 

lPFJu„, 




• 

q(outMiocp) 



^(fb) 

mi.b. 






[PF],^„, = performance function associated with the direct path of the feedbacic loop 
[PFi„^,, = performance function associated with the feedback path of the feedback loop 

^(inJdoop) * quantity tp the feedback loop 

^(oiitKloep) * quantity of the feedback loop 

^(dir) * quantity to the direct path of the feedback loop 

q(lb) “ output quantity of the feedback path of the feedback loop 
The output obtained from the feedback path of the feedback loop is 

" l^^J(lb)q(o\it)Uoopl 

Hence, the input to the direct path of the feedback loop is 

q(dlr) * ^tlnXloop) “ t^^^db)q(oMtUloopl 

The output of the direct path is identical with the output of the loop and is related to the input to the 
direct path as follows: 

q(ouO(loop) “ f^^^(dir)q(dlf) * P^^(dlf) ^q(ln)(loopJ ** ^^^{lb)q(out)(loop) J 
The foregoing means that any feedback loop can be replaced by a single operating component 


q(lnl(loop) 

whose performance function is 

(PF] 



q(ouO(ioopi 


[PFJ 


(dtr) 


q(out)(ioop) ^ 

■ lUnKLoop, 1 ♦ (PF],„„ IPF]„„ 

Pi^i c» Feedbock loop reduced to a single operating component* 

Figure d is the machematical*functional diagram of the positional servo system that corresponds to the 
functional diagram of Fig. a. The performance function of each operating component, assuming ideal opera- 
cion, appears irtside brackets in the appropriate block of the diagram. These performamce functions, ob¬ 
tained from the component equations given in section b, are written in the operational-notation form for 
ease in algebraic manipulation. As a result, the input to the voltage-generating components ^ motor 
and the tachometer is shown as rather than process of differentia¬ 

tion is represented as taking place inside the block, as shown by the presence of the operator p. 

Since the over-all performance function of an open chain of operating components is equal to the product 
of the performance functions of the individual components,* consideration of the back-electromotive-force 
feedback loop shows that 


P^(dlr)(b®tii!) " ^(m)lV;M) 


^mP' 


(15) 


performance function associated with the direct path of the back-eleccromocive- 
force feedback loop 


* See the discuss (on oi Chopter 3. 
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Fig. d. Mctheffloticol-functionol diogrom for a positional servo system corresponding to the functionol 

diogrom of Fig. o« 


rod ^(m)[A;Ml „ 

■•'^'^J((b)(bemf) - -Z - F 


(16) 


performance function associated with the feedback path of the back- 
eIeccrofflotJve*force feedback loop 


From Eq. (14), 




[PF] 


(ioop)(bem() 


1 + s 


C 1 i r^(m)(A;M) n] 


^(m)(V;Ml 

^(ml[A;M] 

p( p ♦ 1 


(17) 


= performance function of the back-electroraoti»e*force feedback loop 
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The consolidation of Fig. d obtained by considering the back-electromotive-force feedback loop as a 
single operating component is represented in Fig. e. The performance function of this component is i en- 
tical with that of the loop it replaces and is given by tq. (P). 


_ V 


- V 


‘(m: 


'(out) 



Motor and Connected 
Mechanical Load 

(m) 


'(out) 




p/—+ 



Fig. e. Mathemoficol-funclional diagrom for a positional servo system with the bock-electromotive-force 

feedbock loop of Fig. d consolidated into o single operoting component. 

Figure f represents the consolidation obtained when the tachometer feedback loop of Fig. e is replaced 
by an equivalent operating component whose performance function is identical with chat of the loop. This 
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Fig. f. MothemoticoUfunctional diagram for o positional servo system with the back>electromotive>force 
feedback loop and the tochometer feedbock loop of Fig. d consolidated into o single pseudo operating 

component. 
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performance function is given by the expression inside brackets in the large block of Fig. f, and is oh^ 
rained by the same procedure used in the consolidation of the back-electromotive-fotce feedback loop. The 
algebraic combination of the direct and feedback performance functions to form the loop performance func- 
UOQ is omicced here since oo new principles or procedures arc mvoWed* 

Consolidation of the final loop, the output-signal-geoerator feedback loop of Fig. f, is accomplished by 
the same procedure used for the other two loops. The performance function of the complete positional 
servo system is then obtained by multiplying the performance function of the output-signal-generator feed¬ 
back loop of Fig. f by the performance funrtion of the input signal generator. This latter performance func¬ 
tion is simply the signal-generator sensitivity S(sq)(A;V)- The resulting performance function of the po¬ 
sitional servo system appears inside brackets in the block of Fig. g. This figure represents the functional 
diagram of Fig. d with all feedback paths elimioaced. 



PositioDal Servo System 

(pss) 

_ 1 


_Ls_ p2 ^ ^(ml[A;M]-» Wa;V]^[ a)[V:V]^lm)rV;M] p ^ j 

^(s(j)[A;V)S(a)[v;V)S(o)[V;M) ^(8g)[A;V] 5(a)[V;V] ^(in)[V;Ml 


^(ouO 



Fig. g. MothemoticoUfunctional diogrom for o positional servo system with all components of Fig. d 

consolidated into o single pseudo operating component. 

Multiplication of the performance function shown in Fig. g by the input angle» gives the ezpres* 

sioQ for the output angle, of the positional servo system. Except for the fact that the resulting 

performance relationship is in operational notation, it is identical with the performance equation derived 
in section b and given by Eq. (13)» 

c) Defermfnotron of fhe over-a// performonce equation of the positional servo sysfem of Fig, a by 


using loop re/otionships 


The (0;0,1,2) second-order performance equation for the positional servo system written in operational* 


notation form is 


l^mP^ * t^licl[A;M) + ^lt)[A:Vl5(o)(V;Vl^(ml[V:MlJP + ^(o)(V;V] 5(n.)[V:M)JVot) 

° ^(■g)(A;Vl ^{a)[V;Vl 5(m)[V;M) ^(In) 

From Eqs. (1) and (2) of Derivation Summary 34-21, the scale-factor relationships may be written directly 


(out) 




(19) 


( 20 ) 


• As on old in readily distlngulahlng a vcltoge ceaocloted with the poeltlonal eerro fyatem from a voltage ase^ 
cloted with the anolog computer, the main symbol V is used tor o servo system volt^e while the rooln symbol 9 U 
used for cm analog computer voltage. 
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The use of the nonJimensional operator {'p^ = E<\s. (19) and (20) shows that (18) can 

be transformed for analog-computer application as follows: 

__k_ .p2 ^ ^(m)(A;Ml * ^(t)[A;V)^(o)[V;V)? m] -p 




+ ^(sq^(A:Vl^[q)[V;Vl^(ml[V;Ml 


(SF) 




’(sg)[A:Vp(a)lV;V)^(m)(V:M] 


S, 


1 e 


(out) 


(SF) 


(A(j„,;«) 


(in) 


( 21 ) 


Following the pattern of Derivation Summary 34-26, the coefficient settings can be written from Eq. (21) as: 

c, ' 


iOe,) 


( 22 ) 


■(i/o^) 




(23) 


C , = ^ImllA.M) + S„,(i.v]S(a)(V;Vl5(m)(V^ 


(Oj) 


(24) 


laQ) 


^^(out)-*' 


■(b„> 


S ^(»q>( A;Vl^lq)( V;Vl^(m)tV;Ml 

(SF), 

_ ^(8q>(A;V)^la)[V; Vl^(m) (V;M) 


(25) 


(26) 


(SF) 


The accompanying analog-computer functional diagram of Fig. h concsponds to the system functional 
diagram ol Fig. a, and is identical In form with the (0;0,1,2) analog-computer functional diagram given by 



Fig. h. Analog-computer functional diagram (or the positienol servo system. 
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Fjg. a of Derivation Summary 34-26. The values within the brackets oo the blocks are the coefficient set- 
tings given by E^s. (23) through (26)» and have the dimensions of torque units per volt. 

As can be seen from the functional diagram of Fig. h, the parameters of the system (that is, the component 
sensitivities) are lumped together in each coefflcieft^mult^plief block. This means that any adjustment of 
the coefficient settings cannot be associated with a change in value of a particular system parameter. AJ* 
though the functional diagram of Fig. h could be simplified by the procedure of Derivation Summary 54*26 
to the extent that any one of the four coefficient multipliers shown could be eliminated, the coefficient 
settings would still have no individual relationships with the system parameters* Fortunately, the para* 
meters cao be separated by modifying the analog-computer functional diagram in a step-by-step procedure. 
The end result is an aoalog«compucer diagram char resembles the positional servo system of Fig. a. The 
various steps involved are described in the following paragraphs. 

Step 1 

If Eq. (21) is multiplied by l/5(a)[v;V]^(m)[V;M] • resulting analog-computer differential equation 
has the form 

_ k _ 'p2 + ^(ml[A;Ml -*• ^(t)[A:V] ^(o)[V;V] ^(m)[V;M] -p 


s 


(s<,)Ia;V] 


(SF) 


(A 


(out) 


;e)J 


s 


{sg)(A;V] 


(out) 


(sn, 




(tn) 


(27) 


For this form of the analog-computer differencial equation: 

a) Each coefficient setting is a dimeosionless quantity. 

b) The coefficient setting of the zero-order dependent variable coefficieoc multiplier is determined by 
only oat system parameter; namely, the signal-generator sensitivity. 

c) 7*be associated functional diagram is modified to the form given by the accompanying Fig. i. 



Fig. i« Anolog-computer functionol diogrom for the positionol servo system when the onolog-computer 

dtfferentiol equotien is multiplied by * 
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St 2 

^ ncx. st.p m transforming th. ^alog-computcr diagram into one that resembles the positional servo 
system functional diagram of Fig. a is to move the zero-ordcr independent variable coef/icient-mu tip ler 
block from the output side of the analog-computer diagram to the input side. UTien this is done, the analog- 
computer differential equation remains the same, but the voltage levels in the analog computer undergo 
change. The functional diagram of Fig. j represents the results of this step. 



Fig. Jv Modified analog^comput^r functionol diogrom for the positional servo system corresponding to o 
shift of the tero-order independent vorioble coefficient-multiplier block from the output side of the 

diegrom to the input side. 

Step i 

The tachometer sensitivity can be separated from the first-order dependent variable coefficient setting 
by rewriting the expression as the sum of two fractions; i.e.. 


( 28 ) 


^(m)(A;Ml ^ ^(0[A;V)^(m)IV?V]^(m)[V?M] ^ _ ^(m)(A?M) _ 

+ ^ttl[A;Vl ( 28 ) 

Figure k shows the corresponding addition of a coefficient multiplier and a summer to the analog-computer 
functional diagram of Fig. j. The dashed line in Fig. k that surrounds some of the blocks groups the co¬ 
efficient settings that are associated with only the amplifier and the motor. 

Derivation Summory 34-27. Component analysis and performance equotion of a typical positional 
servo system; derivation of the corresponding onalog-computer equotion ondthe equivolentanalog- 
computer arrangement; determination of the coefficient settings. (Poge 11 of 20) 
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Fig, k. Modified onolog^eomputer functionol diogrom for the pesitionol servo system with only the omplifier 

and motor parometers not sepaoted. 

Step 4 

The next seep is to separate the amplifier and motor parameters from each ocher. This is done in two 
substeps: 

a) Introduce a coefficient multiplier to handle shown In Fig. 1, 



Fig. I. Coefficient multiplie. added to handle the amplifier sensitivity. 


b) Move the coefficient^multipHer block representing to the input side of the 

in Fig. 1. This allows the amplifier sensitivity to be removed from the coefficient-multiplier biocx 
in the feedback path, as shown in Fig. m, which means that each coefficient setting is now in 
terms of either a motor sensitivity or the amplifier sensitivity, but not of both. 

Derivation Summary 34-27. Component onofysis and performance equation of a typical positionol 
servosystem; derivotion of the correspondingonalog-computer equotion and the equivalent ono og 
computer arrangement; determinotion of the coefficient settings. (Poge 12 of 20) 
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Fig. m. Modified motof o mplifier lunctionol diogfom with omplifier and motor porometers seporcted. 
Seep 5 

The ( 4 chometef feedback signal and the oucput-signal-generatof feedback signal ore introduced at dif¬ 
ferent points in the position.d servo system. In order to show this in the analog-computer functional dia¬ 
gram, one more summer is introduced in the manner shossTi in Fig* n. This diagram corresponds completely 
to the positional ser\'o system functional diagram given in Fig. a. Two coefficient multipliers and two 
summers have been introduced in addition to those in the original analog-computer functional diagram of 
Fig. h, but the direct correspondence to the physical situation makes the additional complication desirable 
in practice. 


^Isj1(A:v1 


,(SF) 




'(Q»|V;Vl 




E 


E| 


Z 




^H)[A;V1 



^(sqllAlV) 1 




{out) 


Fig. n. Analog-computer functionol diagrom with all parameters separated and with complete correspondence 

to the octuol positionol servo system functional diogrom. 

Derivation Summary 34-27. Component analysis and performance equotion of a typicol positional 
servo system; derivation of the correspondinganalog-computerequotionondthe equivalent anolog- 
computer orrangement; determination of the coefficient settings. (Page 13 of 20} 
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Except for the multiplication of each coefficient setting by a constant factor, the analog-computer func¬ 
tional diagram of Fig. n is in a form that is best adapted for the study of the positional servo system^ All 
parameters have been separated and each is associated with a particular coefficient mulciplien 

All the coefficient settings in any one of the three feedback loops may be modified by a constant fac¬ 
tor without altering the input to and the output from this particular loop. Thus, insofar as the input and the 
output signals are concerned, the two followbg loop diagrams arc equivalent.* Figure p shows the con¬ 
stant factor (CF) introduced into the input coefficient setting Cj . In order to maintain the same output 
signal as in Fig. o, the direct coefficient setting in the loop, C 2 , must be multiplied by l/(CF) and the 
feedback coefficient C 3 multiplied by (CF), as shown. The presence of an integrator has no effect 00 the 
constant factor in the loop. The coo scant-factor technique is a means of modifying the values of the sig¬ 
nals combined at the summer in order to bring them into the useful working voltage range of the analog 
computer. 



Fig. 0. Loop diogrom with coefficient settings C2ond C3. 



Fig. p. Loop diagram of Fig. 0 with the coefficient settings modified by a constont factor (CF) without 

ottering the input to or output from the loop. 


A different constant factor may be employed for each loop. In the system under consideration, there are 
three such loops, so that three constant factors, designated as (CF)j , (CF); “tl (CF)3 , can be utilized. 
When this is done, the analog-computer funaiooal diagram for the system under study becomes as shown 

in Fig. q. 

• Note that, as used lo the pt..«U application, the term -loop" includes the .taple loop considered In section c 
plus the operating coreponent precedlnq the io^. 

Derivation Summary 34-27. Component onolysis ond performance equation of a typical 
servo system; derivation of the corresponding onolog-computer equation and the equivalent onoi g 
conputer arrangement; delerminotion of the coefficient settings. ( oge o 
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(29) 


If the values of the positional servo system parameters are given, the problem may now be scaled for 
analog-computer solution. Typical values of these parameters for a positional servo system utilizing a 
10-wart, two-phase motor arc listed.* 

^(s^)[A;VJ ' lOvolts/rad 
^(rr.)IV;M] * oz-in/volc 

^(m)[A;M) = oz-in/rad/sec 

^(t)(A;Vj “ 0,060 volc/rad/sec 
^(o)(V;Vj “ 50 volts/vole 

s 0.00050 oz*in sec^/rad 

The torsiooal stjffoess of the positiooal system servo is then 

..,^(m)lv;M]** “ 13-5 oz-io/rad 

aod the undamped angular natural frequency is 

w » ^(8<j)[A;V)^(a)[V:Vl^{m)[V;Mj 

The damping ratio provided by tbe back electromotive force effect of the motor is 


'‘(torslonol) - ^(aq)[A;V] ^(a)(V;V] 


(30) 




164 rad/sec 


(31) 


(DR) 


(bemO 


'(iii)IA;m) 


• • 


^(8q)lA;V)^(o)[V;Vj^(rol[V;M) 
The damping ratio provided by the tachometer feedback is 


« 0.12 


(32) 


(DR), 


’(t)[A;V)^o)lV;V}^m)tV:Ml 


• • 


= 0.49 


(33) 


2'Nflro^(»gl[A;V]^(o)(V;V]^(m)(V;M] 

The total damping ratio is thus 

The characteristic time of the positional servo system corresponding to these values Is 

(CT), - J 


(34) 


(paa) 


** = 0.01 second 


(35) 


(DR)w 


n 


In accordance with this characteristic time, a step^function response time of 0.03 second is indicated,•• 
or say 0.04 second to provide a safe margin. Thus, the time duration associated with the rcspcnse of the 
system to the step function, which is generally used in analog computers, will be taken to be 0.04 second. 
This interval, considered together with the time in which the analog computer solves the problem, decci* 
mines the solution time ratio, STR, which in turn determines the reference lime applicable to the 

analog computer physical problem combination. 

The information of the preceding paragraphs Is now applied to the problem of scaling two different rep* 
resencative types of computers, which will be referred to as Computer No. 1 and Computer No. 2. 


* As noted In section a oi this summery. It is assumed that there Is no qetf Ino between the motev shaft and the 
output shaft. Normally, hlqh terque output per unit dllference between Input and output shall positions will be rwed 
and this con be provided by such qeoflnq at the expense of the dynamic response ol the outptit shaft. As treated here, 
it Is presumed that o high-powered raotcr U used to produce rapid response without gearing. 

•• T^iese equations are obtolned by opplylng the relotlonships of Table 19*1 ol Chopt^ 19 to Eq* (I®)* Ibe per¬ 
formance equation ol the posltlonoJ servo system. 

See Fig. 19-9 of Chopter 19. 


Derivation Summery 34-27. Component onolysis and performance equation of a typicol positionol 
servosystem; derivation ofthe corresponding analog-computer equations ondthe equiva entano og 
computer arrongement; determinolion of the coefficient settings. (Page o 
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COMPUTfcR NO. 1 

Fot chis computer, the proportionality constant RC between integrator input and rate of change of inte- 

RC = I second (36) 

A computer solution time of 4 seconds will be assumed since this choice will be seen to give coefficient 

settings and voltage levels that lie well within the capability of the computer and associated recording 

equipment.* This gives for the solution time ratio (see Eq. (3) of Derivation Summary 34*21). 

^ computer soiucion ciroe ^ ^ fs 100 (37) 

ph)'sicat-problem solution time 0.04 

The corresponding value of (see section c of Derivation Summary 34^22) is 


(ret) 


STR 


= 0.01 second 


(38) 


Take as output* and input*quancity scale factors 

This enables computation of the coefficient settings in terms of the constant factors (CF)j, (CFjj and 
(CF) 3 . The result of this procedure is shown in the functional diagram of Fig. r. 


(39) 


■^in) 


[0.1 (CF),] 


(CF), 

(CRi 


(cn 


[<m] 


[i:] 


[E] 


[E] 


[o.74(CF),J 


[i] 


[0.06 (CF),] 


'Ti [o.i (CF)j] k 


[i] 


(out 


Fig, r. Anolog-computer functional diagram for Computer No. 1 with constont factors (CF)j , (CF )2 

(CF)^ undetermined, 

* Knowledge ol the llmltotlons of the porticulor otmIoc computer as regards range o( coeflJcient settings and coo^ 
puter solution ttiae to essential in order to scale o problem Intelligently, 


Derivation Summery 34-27. Component onolysis and performance equation of a typicol positional 
servosystem; derivation of the corresponding onolog-computer equations and the equivolent analog' 
computer arrangement; delerminotion of the coefficient settings. (Page 17 of 20) 
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The values of the constant factors may be chosen by considering each loop in rura, using as a guide the 
magnitude of the coefficients so that they will become neither excessively large nor small. This may best 
be accomplished by making the direct^path coefficient setting numerically equal to the corresponding 
feedback^path coefficient setting. As applied to the motor loop» this means making 

7^ = 0.74 (CF}3 (40) 

whence 

(CF )3 = 0.853 ... say 1.0 (41) 


For the next outer lot^^ the same procedure shows that 

=0.06(CF)2 


whence 


{CF)2 

(CF)2 


28.9 • • • say 30 


(42) 


(43) 


Similarly^ for the outer loop. 


whence 


-i2_ = 0.1 (CF), 

(CF), 

(CF), = 17.3 ... say 20 


(44) 


(45) 


In terms of these values, the coefficient settings become those shown in the functional diagram of Fig. s, 
These values are reasonable and hence the scaling is satisfactory insofar as coefficient values are con* 
cemed* 



Fig. $. Anolog-computof functional diagrom for Computer No. 1 with coefficient settings date 

D=,Lotion Sumntory 34-27. Component onolynis nnd performonce eqootion o( o 'yPI”' 
servo system; derivation of the corresponding onolog-computer equation cnd the eq 
computer orrangement; determination of the coefficient settings, oge 
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COMPUTER NO. 2 
For Computer No. 2, 

RC = 0.0004 second 

Following the same procedure as for Computer No. 1, assume a solution time of 0.004 second. Then 

SIR s = 0.1 

0.04 

and 

= 0.004 second 


( 46 ) 


(47) 


(48) 


[o.l(CF)j! 


(CF), 

(CF), 


(CF) 


0.0864 

{CF)3 


[S] 


[Si 


[0.15 (CF),] 


E 


[iJ 


■H[|.85 (CF)3] 




^[o.i (CRjIf 


(out! 


Fig* t, Anolog**computef fuACtionol diogrom for Compute No, 2 with conslont foctofs (CF)|, (CF )2 end 

(CF)^ undetermined. 


0-0864 , 1.85 (CF)3 

(CF)3 

(CF), = 0.216 . . . say 0.2 


(49) 


(50) 


50jlM= 0.15(CF). 

(CF); " 

(CF )2 * 8.16 ... say 10 


(51) 


(52) 


-i0_= 0.1 (CF), 
(CF), ' 

(CF), = 10 


(53) 


(54) 
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Fig* u* Anolog»computer functionol diogrom for Computer No* 2 with coefficient settings determined* 


Here again the coefficients are well within reasonable values, and hence the scaling can be considered 
to be satisfactory* 

Had the coefficient values obtained for Computers No* 1 and No* 2 turned out to be more widely spaced 
numerically, there would be two possible reasons for this: 

1) The value for was not favorably chosen. This involves both the characteristics of the 

computer and the solution time of the physical problem under study. 

2) If the coefficient settings cannot be brought within working range by employing the full capa* 
bilicies of the computer, then the part of the block diagram having the numerically small coef¬ 
ficient setting probably represents an unimportant part of the system and may be safely 
neglected* 

e) Determinotion of coefficient stttings for two different types of onolog compufers used fo represenf 

fhe posifionof strvo system 

Derivotion Summary 34-27. Component analysis end performonce equotion of a typicol positionol 
servo system; derivation of the corresponding onolog-computer equation and the equivolent onolog- 
computer arrangement; determination of the coefficient settings* (Page 20 of 20) 

be a second-order equation of the(0;0,l,2) type, the solutions of which are worked 
out in Chapter 19. The second-order-term coefficient stems from the inertia of 
the output shaft. The first-order, or damping, terms come from two separate 
sources. One is due to the back electromotive force generated by the motor; the 
other results from the action of the tachometer coupled to the motor shaft. The 
zero-order, or restoring torque, terra originates in the development of a torque 
proportional to the difference in angular positions of input and output shaft posi 
tions and involves the signal generators, amplifier and stall-torque-per-voU 
characteristics of the motor. 

34.152. Given the system blockdiagram, the equation of motion may also be 
arrived at from the standpoint of feedback-loop algebra. In Figs, d through g, th 
three feedback paths are successively eliminated by the repeated process of re 
placing the innermost loop by its equivalent single block. This leads to consolid 
tion of the system into a single block, the performance function of which represe 
in operational form the ratio of system output to system input. 
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34 153 However obtained, the differential equation is next transformed for 
computer scaling by introducing input and output scale factors and thedimension- 
less integrating operator, together with the computer-system time parameter 
T Following the pattern of section a. Derivation Summary 34-26. the com- 

puT^r block diagram given in Fig. h is obtained. This diagram might be modified 
to eliminate one of the coefficient multipliers after the fashion of Derivation 
Summary 34-26. Whether or not this is done, it is apparent that each of the coef¬ 
ficient settings is dependent on more than one of the system coefficients and. 
further, each system coefficient appears in more than one coefficient-multiplier 
setting. This means that a computer study in which it is desired to determine the 
effect of changing one system variable is more complicated than it need be. A 
better arrangement for this purpose would be one in which each coefficient multi¬ 
plier controls only onesysteracoefficient. This suggests a computer arrangement 


like the system block diagram itself. In Figs, i through n, the minimum-component 
second-order block diagram of Fig. h is expanded step-by-step with the object of 
leaving only one system parameter within any coefficient-multiplier setting. This 
procedure is guided by making the various diagram changes in a manner such as 
to collect into separate parts of the diagram the individual physical elements of 
the system. Inevitably, additional coefficient multipliers and summers are re¬ 
quired in order to achieve this conformance of computer arrangement to system 
arrangement. It is a worthwhile complication, however, since the expanded ar¬ 
rangement focuses principal attention on the physical system and its components 

rather than on the defining differential equation. 

34.154. The coefficient multipliers in any loop can be modified by multipli¬ 

cation or division of the coefficient settings by a constant factor in such a way that 
there will be no change in loop input and output. This is shown in Figs, o and p. 
Such a procedure is useful to modify the numerical values of the coefficient 
settings. In the positional servo system under examination, three such constant 
factors may be used, one for each loop. Mathematically, this corresponds to 
multiplying each of three simultaneous equations by a different constant factor. 
This adds the last possible freedom of choice in scaling the problem for analog- 
computer solution. Recapitulating, then, the factors that govern the coefficient- 
multiplier settings for a physical problem are the values of the physical constants 
of the system, the input and output scale factors, the reference time, and 

the constant factors. It should be unnecessary to note that the units chosen in 
assigning numerical values to the physical system coefficients must be dimen¬ 
sionally consistent, unless the problem is so set up that every coefficient multiplier 
has associated with it a dimensionless quantity, in which case only the dimensions 
of the quantities comprising each unit need be consistent. 

34.155. With this background, the problem at hand can now be scaled. This 
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is done in section e of Derivation Summary 34-27 for two different computers, 
referred to as Computer No. 1 and Computer No. 2, whose solution times differ 
by a factor of a thousand. For each computer it is necessary to select scale 
factors and with regard to the voltage levels that are developed in various 
parts of the computer and the rate at which the solution is generated. 

34.156. The choice of may be made by examining the definition of this 


quantity; namely, 



In some computers, the value of RC is fixed in the design of the computer; if this 
is so, there will be no latitude available in its choice. An estimate can usually 
be made as to the magnitude of the system response time, that is, the physical- 
problem solution time, (ST)jpp,. For instance, if the characteristic time of the 
slowest natural mode of the positional servo system can be approximated, then 
(ST)(pp,can be estimated to be say four times this interval. As for the analog- 
computer solution time, the value chosen will be governed by the drift of 

the integrator and by auxiliary considerations, such as the nature of the available 
input and how the output is to be displayed or recorded. 

34.157. For Computer No. 1, RC is 1 second and (ST)(^^,wUl range from the 

order of a second to the order of a minute if best results are to be obtained. For 
the example of Derivation Summary 34-27, a value of equal to 4 seconds is 

chosen, which gives a value of equal to 0.25 {5T)(pp,. The minimum solution¬ 
time limit for a computer arrangement employing only integrators, coefficient 
multipliers and adders is established by the dynamic limitations of the direct- 
writing recorder used to record the output voltage. The dynamic capabilities of 
servo units used as multipliers of two variables or as function generators also 
limit the minimum time that may be used for a solution. For many problems, the 
type of computer represented by Computer No. 1 can be used as a real time com¬ 
puter for which, with an RC value of 1 second, will be one second. The 
general arrangement of one computer of this type is shown in Fig. 34-32. 

34.158. Computer No. 2 is normally used as a repetitive type of computer. 
This means that the computer solution time is made small, so as to permit a 
number of identical solutions to be repeated sufficiently rapidly to enable use ofa 
continuous-appearing display on a cathode-ray oscilloscope, with the scope swept 
at the solution repetition rate. For such a computer, a typical value of RC is 
0.0004 second and an associated value of (5T)(,,,of 0.004 second gives good results. 
This combination gives a value of equal to0.1 (ST)[pp,. If ^(,,0 were tohav 
this same value for Computer No. 1, this would mean a computer solution time of 
lOseconds. The general arrangement of a computer of the repetitive type is shown 

in Fig. 34-33. 
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Fig. 34-32. Generol orrangement ofCompufer No. 1. 

34.159. The determination of input and output scale factors is based on esti¬ 
mates of the maximum desired value of input and corresponding expected maximum 
output, taken together with the maximum voltage levels for which the computer is 
designed. In a system such as the positional servo system considered inDeriva- 
tion Summary 34-27, the change in output shaft angular position must be of the 
same order as the change in the input shaft position, so that making input and out¬ 
put scale factors equal is logical in this instance. The choice of values for these 
scale factors should also be reconciled with the desirability of having the input 
signal be of a voltage level adequate to submerge unwanted responses to random 
noise. 

34.160. Constant factors are chosen with a view to bringing the numerical 
values of the coefficient-multiplier settings into the desired ranges. This maybe 
required for the entire computer arrangement or to just a part thereof. The con¬ 
stant factors may be selected in the manner shown in the numerical examples 
worked out in Derivation Summary 34-27. There, the constants are chosen such 
that the numerical values of the coefficient settings occurring in the summer output 
are approximately equal to the numerical values of the coefficient settings in the 
feedback paths to the same summers. This guarantees the best compromise be¬ 
tween two coefficient settings widely divergent in magnitude. 

34.161. Even though the procedure outlined in the preceding paragraphs and 
illustrated in section e of Derivation Summary 34-27 is followed, extreme values 
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Fig. 34*33. General arrongement of Computer No. 2. 


of coefficient settings may still be encountered. This is to be expected in high- 
gain loops where there is a wide variation in signal levels, and in systems having 
among its components dynamic elements that, relatively speaking, do not contrib¬ 
ute significantly to the dynamic response and may in consequence be neglected. 

34.162. The effect of on Uie settings of the coefficient multipliers may 

be seen by comparing the setting values determined for Computer No. 1 and Com 
puter No. 2. These values appear in the blocks of Figs, s and u of Derivation 
Summary 34-27. The only difference between the two sets of values stems from 

the difference in . 

34.163. It should be noted that there are other ways of attacking the scaling 
problem than that presented here. ♦ For example, if maximum values of the problem 
derivatives are known, this will serve to fix the value of . • ** 


• A paper by ReswieV (RIO) presents an excellent ueatment of the problem of analog-computer 

•• See Kora and Korn (K6) and MIT Servomechanisms Laboratory (M17) for information on this me o 


600 































CHAPTER 35 


VIBRATION MEASUREMENT AND VIBRATION ISOLATION 

Y. T. Li 


INTRODUCTION 

35.1. Vibration is a term associated with cyclic changes of physical quanti¬ 
ties with respect to specified reference conditions. The problem of vibration 
measurement is that of producing records or scale readings to represent the 
deviations that correspond to these cyclic changes. In particular, mechanical 
vibration is the cyclic displacement of a moving body with respect to some refer¬ 
ence position. Measurements in this instance may be made by any device, or 
system of devices, capable of indicating instantaneous positions of the vibrating 
body with respect to some reference position of the body. 

35. 2. The most general problem of mechanical vibration involves six degrees 
of freedom - three translational components and three rotational components. An 
illustrative example of the generalized vibration problem is shown in Fig. 35-1, 
which represents a simple three-dimensional body that has been given a generalized 
displacement with respect to a reference position shown by dashed lines. In order 
to describe the displacement of the body from its reference position, a set of three 
mutually perpendicular axes is fixed to the body. Any arbitrary position of the 
body may be described in terms of coordinates along these axes, and a reference 
position of the axes that corresponds to their position when the body is in its ref¬ 
erence position, with no vibratory motion present. 

35.3. In terms of the coordinate system of Fig. 35-1, any mechanical vibra¬ 
tion may be resolved into six components. Three of these components are linear 
and correspond to the displacement of the moving origin with respect to the ref¬ 
erence origin, taken as projections along the x, y, and z axes, respectively. The 
remaining three vibration components are angular displacements of the moving 
axis system with respect to the reference axis system, taken as rotations about 
the x, y, and z axes. At any instant, six independent numbers would be required 
to specify the position of the moving axes with respect to the reference axes. For 
this reason, the moving body shown in Fig. 35-1 is said to have six vibratory-motion 
degrees of freedom. 

35.4. A body that is constrained so that its only motion with respect to a 
reference position is translation along a single axis or rotation about a single axis 


601 



X 



’^(reO > ^(ref) • ^[r«f) referecicc axes; identical with x, y, z axes when moving body is in reference position 

0 - origin of X, y, z axes 

^(ref) fcfcteoce origin; pijfhioo of 0 when moving body is in the reference^Mettion 

(Id), I (ld)y, (Id)^ -> linear displacements of 0 with respect to measured along x^ y, zttKefrfdspcctively 

(ad)^ , (od)y , (od)^ - angular displacements of x, y, z axes with respect to x^^^], y(fg|} , 'ax^s, measured 

about the x, y, Z axes, respectively 

Fig. 35*1. Generalized six*degree-o('freedom displacement of o moving body with respect to o 

reference position of the body. 

is said to have a single degree of freedom. In practical engineering problems, 
vibrating bodies often have several degrees of freedom, while the instruments 
used to indicate or measure the motion usually operate as single-degree-of 
freedom devices. This means that the vibration-receiving element responds to 
linear motion along a single axis or rotation about a single axis, but disregards 
another vibration components. Vibration-measuring equipment is almost univer¬ 
sally based on combinations of subsystems, each made up of a single-degree-of- 
freedom receiver associated with suitable coupling and recording units that are 
generally similar to those used in pressure-measuring systems. From the stand¬ 
point of engineering practice, a clear understanding of the theory of single-degree- 
of-freedom instruments is generally sufficient for handling vibration measurement 
problems of all types. This theory is developed in the following sections, and the 
generalized results are summarized in nondimensional terms. 

THE GENERALIZED PROBLEM OF SIHCLE-DECREE-OF-FREEOOM VIBRATION 
MEASUREMENTS 

35. 5. The situations associated with vibration measurements always involve 

three elements: 

1) A vibrating member. 

2) A reference member. 

3) A device for measuring the motion of the vibrating member with respect 
to the reference member. 


602 






When single-degree-of-freedom measurements are made, it is sufficient for the 
reference member to be nonvibrating along a single axis or nonrotating about a 
single axis. The measuring device operates to produce records or scale readings 
proportional to the linear or angular motion of the vibraUng member with respect 

to the reference member. 

35. 6. From the standpoint of instrument design, two typical situations exist; 

1) A nonvibrating member suitable for use as the reference is available in 
the vicinity of the vibrating member. 

2) No nonvibrating member suitable for reference purposes is available, 
so that a reference must be included within the vibration-measuring equip¬ 
ment itself. 

35. 7. The first situation is illustrated in Fig. 35-2a, which represents an 
electric motor mounted on a heavy table by means of coil springs. An unbalanced 
mass attached to one end of the rotating motor shaft causes the motor frame to 
vibrate with respect to the Uble. A conventional dial gage rigidly fixed to the 
table has its receiving rod in contact with the side of the motor frame. This con¬ 
tact is maintained by using initial compression in the antibacklash spring within 
the dial gage. The movement of the dial gage index gives an indication of the 
component of linear vibration along the v ibration receiver input axis, which is 
determined by the direction of dial gage operation. 

35.8. Except for very slow vibratory motion, the dial gage arrangement of 
Fig. 35-2a is capable of indicating only the limits of displacement. A high-speed 
motion-picture camera might be used to photograph instantaneous dial-gage-index 
positions to provide pictures for plotting vibration displacement as a function of 
time. However, the common practice is to use an electrical signal-generating 
system and an oscillographic recording system to replace the dial gage. 

35.9. When vibration is to be measured in environments that do not include 
available nonvibrating members, some Int^aal component of the vibration receiver 
must provide the reference. A typical situation of this kind is illustrated by 
Fig. 35-2b, in which the fore-and-aft vibration of a parlor-car table on a moving 
train is to be indicated. Because no vibration-free member is available, the vi¬ 
bration receiver is shownas a self-contained "breadboard" unit with its base, which 
corresponds to the case of any practical unit, placed on the table. The reference 
is provided by a mass mounted on low-friction rollers that move along straight 
grooves cut into the base. In addition to this support, the mass is connected to 
the base by a spring and a damper. The spring and damper used are so weak that 
they are unable to force the mass to follow the vibratory motion of the base. At 
the same time, the spring is strong enough to keep the mass moving with the train 
so that it remains near its centered position on the base. Under these circum¬ 
stances, a dial gage indicator rigidly mounted on the base with its receiving rod in 
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contact with the mass as the reference member will indicate vibratory displace¬ 
ments of the base along the Input axis. With the base on the table and with the in¬ 
put axis parallel to the longitudinal centerline of the car, the dial gage indications 
will show vibration of the table in this direction. 

THE SEISMOGRAPHIC SYSTEM 

35.10. Arrangements similar to that shown in Fig. 35-2b are commonly used 
to indicate disturbances in the Earth's crust, and for this reason are called s^ 
mographs. * The essential function in devices of this kind is provided by the com- 
bination^f a mass free to move in a straight line with respect to a support, except 
for the restraining effects of an elastic element and a damping element. This 
combination of elements is called a seismographic system. Seismographic sys¬ 
tems are universaUy used in vibration receivers for situations in which non¬ 
vibrating references are not available and, for the purposes of convenience, are 
often applied even when references that might be used are actually present. 

35.11. The three illustrative pictorial diagrams of Fig. 35-3 show the 
essential features of seismographic systems designed to give direct indications of 
vibratory acceleration, vibratory velocity, and vibratory displacement, respec¬ 
tively. Ineachofthedlagrams, the seismic element (the mass of the seismographic 
system) is free to move in a straight line with respect to a base that is shown as 
serving the function of the case** in an actual vibration receiver. The base is 
carried by rollers that permit it to move with a single degree of freedom over a 
platform that is assumed to be unaccelerated with respect to inertial space. 

35.12. In seismographic system operation, three linear displacement com¬ 
ponents are important. Scale and index combinations marked with plus and minus 
conventions are shown in Fig. 35-3 to illustrate the relationships among these 
displacements and the parts of the seismographic system. The displacements are: 

1) The displacement of the case with respect to inertial space, which is the 
input moHon or the forcing motion for the seismographic system. Under 
the conventions of Fig. 9-la of Chapter 9, the symbol for the displace¬ 
ment has x (for displacement) as its main letter, with I (for Inertial space) 
in the reference-space subscript position, and ca (for case) in the located- 
point position. 

2) The displacement of the seismic element with respect to Inertial space. 
The symbol for this displacement is similar to that for the case displace¬ 
ment except that se (for seismic element) is substituted for ca in the 
located-point subscript position. 

• The combming form seismo comes from the Greek seismos, mcaniog eanhquake. 

•• The case of any instrument or instrument coofiooeot encloses the mechanism more or less completely and, 
ifi additioOy serves ss (he structure si^poniog the mscruffleac duiiog operatioo* 
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3) The displacement of the seismic element with respect to the case, which 
is the quantity available as the output of the seismographic system and 
for this reason is called the response motion or the relative motion. The 
symbol for this displacement has x for Its main letter and a subscript 
with ca (for case) In the reference position and se (for seismic element) 
in the located-point position. 

SEISMOGRAPHIC SYSTEM OPERATION IN THE ACCELEROMETER RANGE 

35.13. Figure 35-3a shows a relatively heavy spring connecting the seismic 
element to the case. This spring is so strong that the seismic element follows 
movements of the case along the seismographic system input axis very closely. 
From the standpoint of relating this physical action with the theoretical background 
given in Volume n, this means that the seismographic system has a high un¬ 
damped natural frequency. * The small but essential relative motion is a measure 
of the spring deflection necessary to provide the force for accelerating the seismic 
element so that it "stays with" the case. Under these conditions, displacements 
of the seismic element index with respect to the relative motion scale give instan¬ 
taneous indications of the case acceleration. For this reason, a seismographic 
system with a "heavy spring" is said to be operating in the accelerometer range . 

35.14. In practice, any seismographic system must include some damping 
in order to reduce transient effects that may be excited by sudden changes in the 
motion of the case. However, the essentialperformance feature of aseism^raphic 
system working in the accelerometer range is that displacements of the seismic 
element with respect to the case are proportional to the acceleration of the case 
with respect to inertial space. 

SEISMOGRAPHIC SYSTEM OPERATION IN THE VELOCIMETER RANGE 

35.15. When the force acting on’ the seismic element to make it move with 
the case of a seismographic system is proportional to the relative velocity, the rel¬ 
ative displacement is proportional to the velocity of the case with respect to inertial 
space. Flgure35-3billustratesa system of thlskind, with the force on the seismic 
element provided by a strong viscous damper in which a fluid is forced from one 
side of apistonto the other side of the piston through a properly designed constric¬ 
tion. The position of the seismic element index with respect to the relative motion 
scale indicates the instantaneous vibratory velocity of the case. The seismographic 
system with this characteristic is said to be operating in the yelocimeter ra ng e. 


• Se. Definition Summary 19-1 and Table 19-1 of Ch^>ter 19 for definitions of the undamped nator J 
qucncy in terma of differential equation coefficieota and parameters aaaociated with the linear secon -or 

di/(ereotial equation with constant coefficieots. 
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SE1SM0CR*PH1C SYSTEM OPERATIOM IN THE VIBROMETER RANOE 

35 16 When the elastic element of a seismographtc system is made weak 
enough, it is only able to keep the seismic element near the average position o 
the case without forcing it to have any vibratory motion with respect to inertia 
space. This means that the seismic element becomes a substantially idea 
vibraUon-free reference, and index positions on the relative motion scale are 
direct indications of vibratory displacements of the case with respect to inertial 
space.cJ^ seismographic system with this performance characteristic is said to 
be operating in the di splacement ^^r r^. This operating range is also called 
the vibrumeter range . Figure 35-3c shows the essential features of a seismo- 
graphic system operating in the displacement meter range. As in the case of 
operation in the accelerometer range, some damping must be included in order to 

reduce transient effects. 

VIBRATION RECEIVERS 

35.17. Vibration receivers are devices that respond to vibration inputs and 
produce outputs that represent these inputs. Output quantities are chosen for 
their suitability for transferring vibration signals to coupling components or 
indicating systems. The output quanUties are usually mechanical or electrical, 
but may be optical, hydraulic or pneumatic, or may take any other form required 

for special purposes. 

35.18,o.Vibration receivers or vibration pickups, as they are often called, 
may be divided into two classes, depending on whether a nonvibrating reference 
external to the receiver is used or a seismographic system is incorporated as 
part of the receiver. Figures 35-4a, b, c and d Illustrate the essential features 
of receivers that belong to the first class. Figures 35-4e, f and g show examples 
of the arrangements used for receivers of the second class. Since the vibration- 
receiving function of receivers in the first class depends on the relative motion 
between the vibrating member and some external reference member, such re¬ 
ceivers are called external-reference vibration receivers. Receivers of the sec¬ 
ond class, which are independent of an externalv.ieference member, are called 
self-contained vibration receivers. 

EXTERNAL'SEFfRENCE VIBRATION RECEIVERS 

35.19. The simplest type of external-reference vibration receiver is a scale- 
and-index combination, such as that shown in Fig. 35-4a, with the scale on the 
reference and the index on the vibrating member. If the scale is calibrated in 
terms of the input displacement, that is, if appropriate numbers are associated 
with the scale.markings (see Definition Summary 29-2), a simple vibration- 
measuring instrument is obtained. When the vibratory motion is very slow, it 
is possible for a human observer to determine both the amplitude of vibration and 
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the instant at which any given displacement occurs. As the 

increases, human senses are no longer able to spot instantaneous index posit , 
and can only estimate the displacement limits by means of the blur 
pointer oscillation. The combination of a stroboscopic ligh source 
L" F,,. .. F... ™ 

M .mboram Btb. «,.!» ind.. »» K “ * ““ “ i””' 

in each vibration cycle, so that the persistence of human vision causes th index 
to appear as staUonary at these points. When the vibratory motion is truly a 
steady-state condition, the flashes may be independently timed to the cycle frequency. 
Slow variations of the flashing frequency from the vibration frequency cause the 
index image to move over the range of vibratory displacement. When the vibration 
is not a steady-state condition, the index position observations may be associated 
with the vibration by means of a Uming arrangement actuated by the vibrating 
member. This arrangement makes it possible to study the details of complex 

Vibratory motion by the use of relatively simple equipment. 

35.20. When the vibratory displacements to be examined have such small 

magnitudes that acceptable accuracy by direct observation is impractical, 
mechanical magnification by some device such as the dial gage shown in Fig. 35-4c 
may be used. The only advantage gained from an arrangement of this type is 
expanded indication. Total displacement limits will appear as the boundaries of 
a blur when ordinary illumination is used. Stroboscopic light may be used to 
study displacement-time relationships, but a high-frequency limit will certainly 
be imposed by the action of the dial gage mechanism. This limitation may be made 
less severe by replacing the mechanical system by an optical system. However, 


when continuous records of vibratory motion are desired, the methods suggested 
in Figs. 35-4a, b and c will often be unsatisfactory. 

35.21. When continuous records of vibration are required, it is desirable 
to design the receiver so that it will produce an electrical signal suitable for 
operating the various types of commonly available electrical recording equipment. 
Figure 35-4d, which shows a spring-loaded cord attached to the vibrating member 
and wrapped around a drum fixed to the input shaft of a potentiometer, represents 
a simple approach to this problem. The ends of the potentiometer winding, which 
has its mid-point grounded, are electrically connected to a source of excitation 
voltage. The output voltage is taken between ground and the slider of the poten¬ 
tiometer, which rotates over the winding as the vibrating member moves back 
and forth along the input axis. The output voltage may be used as the input for 
any electrical recording system with the proper performance characteristics. 

35.22. The electrical signal generating system of Fig. 35-4d will cease to 
work properly when the vibratory motion becomes so rapid that the spring can no 
longer maintain tension in the cord. This means that the arrangement shown has 
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limited usefulness and must be replaced by other devices in high-performance 
vibration receivers. A number of these devices are illustrated in later figures 
of this chapter. 

SELF-CONTAINED VIBRATION RECEIVERS 

35.23. Self-contained vibration receivers have the vibration-indicating 
features illustrated in Figs. 35-4a, b, c and d and, in addition, include seismo- 
graphic systems that provide the necessary references. Figure 35-4e illustrates 
a lightly damped vibration receiver with a direct-reading visual indicating system. 
The seismic element is a mass mounted on the free end of a cantilever spring 
whose other end is fixed to the case. The direction of freedom is parallel to the 
input axis of the receiver. When the vibrating member oscillates along<the input 
axis with a frequency near the natural frequency of the spring-and-mass combina¬ 
tion, the index attached to the mass moves with respect to the scale on the case. 
The limits of relative motion are indicated by the visual blur resulting from index 
motion. 

35.24. Vibration receivers of the type illustrated in Fig. 35-4e are princi¬ 
pally useful for identifying a given frequency component in the motion of a vibrating 
member. Instruments made up of a number of vibrating systems covering a range 
of natural frequencies will Indicate the simultaneous presence of frequency com¬ 
ponents that match any of the individual natural frequencies. Another method 
for extending the range of frequencies covered by a given lightly damped vibration 
receiver is to provide means for varying the effective length of the cantilever 
spring. In operation, this length is changed until index displacement reaches a 
maximum. When this occurs, the corresponding frequency may be read from a 
calibrated scale associated with the spring length adjustment. Instruments of this 
type may be used to give approximate measurements of vibration amplitudes, but 
they are more generally useful for making surveys of the frequency components 
present in the motions of vibrating members. 

35.25. The illustrative pictorial diagram of Fig. 35-4f shows the essential 
elements of a self-contained vibration receiver with a mechanical pen that records 
on paper carried by a rotating drum. This arrangement is basically the seismo- 
graphic system shown in Fig. 35-3, with the relative motion scale replaced by a 
recording drum and the index attached to the seismic element replaced by a pen 
or pencil. 

ELECTRICAL-SICNAL-GENERATINC VIBRATION RECEIVERS 

35.26. Practical limitations on weight, size, and ruggedness Imposed on 
vibration receivers by operating conditions require self-contained units designed 
to produce electrical output signals suitable for operating conventional recording 
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equipment. The essential features of such an electrical-signal-generating vibra¬ 
tion receiver are illustrated in Fig. 35-4g. The receiver is basically a seis- 
mographic system with the relative motion scale and index replaced by an elec¬ 
tromagnetic signal generating system. The illustrative pictorial diagram shows 
that this system is made up of a coil attached to the case of the receiver, a per¬ 
manent magnet, and a magnetic circuit arranged to sweep flux lines across the 
winding when relative motion exists. A system of this type produces an output 
voltage proportional to the relative velocity. This means that a vibration receiver 
with its seismographic system operating in the displacement meter range would 
generate an output signal proportional to the vibratory velocity input to the re¬ 
ceiver case. 

35.27. The essential function of the signal generating system and associated 
parts is to accept the relative motion between a base and a moving member as an 
input and to produce an output signal that represents this motion. The arrange¬ 
ment that fulfills this function is called a relative motion receiver . All self- 
contained vibration receivers are made up of a seismographic system, which 
provides the reference, and a relative motion receiver, which takes the motion 
between the seismic element and the base of the seismographic system and 
provides the corresponding output signal. All external-reference vibration re¬ 
ceivers are only relative motion receivers whose input is the motion of the vibra¬ 
ting member with respect to a reference member to which the receiver base is 
fixed. Various types of relative motion receivers are described in the following 
sections. 

RELATIVE MOTION RECEIVERS AND INDICATORS 

35.28. Relative motion receivers are devices designed to accept displacement, 
velocity, acceleration, or some higher derivative of the movement between a 
receiving element and a base , which serves as the geometrical reference, and to 
produce an output signal that depends on this input. Relative motion indicators 
are complete instruments in that an indicating system is associated with a re¬ 
ceiver to give a readable index position as the essential output. In practice, these in¬ 
dicators have a comparatively small field of application because of space and 
reading difficulties and the greater usefulness of small and rugged devices that 
generate output signals suitable for operating high-speed recording equipment. 
Figures 35-5a through 35-5t illustrate the features that are commonly found in 
typical relative motion receivers and indicators. 

dial gage displacement indicator 

35.29. Figure 35-5a shows the essential features of a dial gage displacement 
indicator. The receiving element is a rod constrained to move along the input 
axis by bushings and forced into contact with any moving member under study by 
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means of a linear spring. Rack teeth cut into the receiving element mesh with 
the input pinion of the indicating system gear train. The output of this gear train 
is the angular position of the index with respect to a scale carried by the receiver 
case, which is attached to the base. Backlash in the train is removed by a torsion 
spring that maintains loading toward the input rack. 

35.30. The operation of any instrument of the dial-gage type is subject to an 
upper acceleration limit for the receiving element that occurs when the spring force 
available is not sufficient to keep the element in contact with the moving member 
as it recedes from the case. This limit may be improved by placing the indicator 
case closer to the moving member so that the tension of the contact spring is 
increased. * When this tension is not sufficient, the index indicates correctly the 
closest-approach position of the moving member, but gives erratic readings for 
the other extreme of motion. A similar effect occurs when the torque exerted on 
the gear train by the torsion spring is too small, so that the index motion exhibits 
a "jump" as the backlash shifts from one side to the other of the output pinion. 

35.31. High-quality dial gage indicators may have input displacement • index 
tip displacement sensitivities up to 500, with uncertainty levels in the region of 
0.0001 inch. Because of this performance possibility, and because they are sim¬ 
ple, self-contained, and direct reading, dial gage indicators have many applications. 
On the other hand, they are not suitable for situations that involve high accelera¬ 
tions or require continuous records of relative motion. Subject to the acceleration 
limitation noted in the previous paragraph, the use of stroboscopic illumination 
and photographic recording improves performance in these situations, but high- 
quality performance in the high-acceleration region cannot be expected from dial 
gage indicators. 

35.32. Dial gage indicators may fail to meet the relative motion require¬ 
ments associated with many situations for two other reasons: 

1) Because of the comparatively great force required to operate the receiving 
element of a dial gage indicator, the moving member whose displacement 
is being measured must be fairly heavy and strongly driven if the indicator 

is to be effective. 

2) Because of internal inertia reaction effects associated with moving parts, 
the gage mechanism itself sets a high-frequency limit that varies with the 
amplitude of the input displacement. Although the high-frequency limit 
becomes greater as the input amplitude becomes smaller, there is an 
upper high-frequency limit in the neighborhood of 100 cycles per second,** 
no matter how small the input displacements may become. 


• Whil. .his rsqui... changing the z„o-displ.cc»». posi.i.n of .h. scale, no dillicnl., ..is.s sine, such 
scales are designed to be movable. 

•• This assumes that amplitude readings made from the blurred index image would be acceptable. 
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OPTICAL DISPLACEMENT INDICATOR 

35.33. As noted in the preceding paragraph, displacement indicators with 
mechanical indicating systems always have high-frequency limits that are imposed 
by inertia reaction effects associated with moving parts. Since it is a basic fact 
that inertia reactions increase with approximately the second power of the indi¬ 
cating system sensitivity, ♦ the acceleration errors of any completely mechanical 
instrument must become worse as its sensitivity is increased. One way out of 
this difficulty is to replace mechanical parts by optical elements. Because 
parts used to move light beams have very low effective inertias, it is possible to 
design optical displacement indicators with the optimum dynamic characteristics 
for a given sensitivity. In practice, good design makes it possible at the same 
time to achieve an inputdisplacement - index deflection sensitivity approximately 
the same as that provided by the best dial gage indicators. 

35.34. Figure 35-5b illustrates the essential features of an optical displace¬ 
ment indicator. The receiving element is supported with respect to the base by 
means of a system of flexible hinges. These support flexures constrain the re¬ 
ceiving element to move parallel to the input axis, which is fixed with respect to 
the base. The linear displacement of the receiving element with respect to the 
base is transformed into rotation of a mirror by means of two linkage flexures. 
The indicating system is made up of these flexures, the attached mirror, a light 
source, and the additional parts required to form an index spot that moves along 
the scale as the relative motion input varies. 

35.35. In addition to the good dynamic performance characteristics associated 
with low indicating-system inertia, optical indicators are especially adapted to 
making continuous photographic records. This becomes possible when the scale 
is replaced by a moving strip of film. The principal disadvantage of the optical 
indicator is its relatively large size and weight. It is possible to improve this 
situation somewhat by the use of multiple reflectors and miniaturized light sources, 
but the design compromises required to construct practical instruments consid¬ 
erably reduce the usefulness of these instruments, except for special purposes. 

ELECTRICAL.$IGNAL-GENERATING RELATIVE MOTION RECEIVERS 

35.36. Practical solutions for the size, weight, and dynamic performance 
problems associated with instruments for measuring relative motion are almost 
universally based on some combination of a receiving element with an electrical 
signal generating system. Designs based on this approach lead to small, light¬ 
weight receiver units capable of driving any type of oscillographic indicating sys- 
tem. Be cause physical separation of units is possible, the indicating system may 

• In the case of a simple gear train, this fact is merely another way of stating that the effective moment 
of inertia of a driven member at one end of the train is equal to the actual moment of inertia at the other end 
multiplied by the si^uare of the ratio of the cram. 
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generally be selected on the basis of performance characteristics, without serious 
limitations on the bulk or weight of the equipment. The receiver units, on the 
other hand, may be made acceptably small and light, with connecting wires that 
do not impose serious loads on the member to which the receiver is attached. 

35.37. The physical effects that have been commonly applied in signal 
generators for receiving relative motion inputs and producing electrical signal 
outputs are listed below with references to the pertinent illustrative diagrams in 
Fig. 35-5. 

1) Resistance change (Figs. 35-5c and 35-5d). 

2) Electrostatic field change (Figs. 35-5e, 35-5f, 35-5g and 35-5h). 

3) Electromagnetic field linkage change: 

a) Generator action (Figs. 35-5i, 35-5j, 35-5k, 35-5 1 and 35-5m). 

b) Transformer action (Figs, 35-5n, 35-5o, 35-5p, 35-5qand35-5r). 

4) Piezo-electric change (Figs. 35-5s and 35-5t), 

The diagrams of Fig. 35-5 show typical applications of these effects in electrical- 
signal-generating relative motion receivers, but are not meant to represent an 
exhaustive survey of designs that have been reduced to practice. 

UNBONDED RESISTANCE WIRE DISPLACEMENT RECEIVER 

35.38. The electrical resistance of any given piece of metal wire varies 
with the state of strain of the wire. This makes it possible to use Wheatstone 
bridge arrangements in which one arm or more than one arm is stressed by the 
displacement of the receiving element with respect to the base. By placing the 
active pair, or pairs, of bridge arms in the same environment, it is possible to 
compensate for temperature effects. 

35.39. In Fig. 35-5c, four windings of unbonded strain-sensitive wire are 
each stretched between pairs of insulating pins. One pin of each pair is attached 
to the base of the receiver. The second pin of each pair is fixed to a rigid mem¬ 
ber attached to the receiving element. This member is constrained to move 
parallel to the input axis by flexures or other means not shown in the diagram. 
With the receiving element in its zero-relative-displacement position, each 
winding is stretched to approximately half of the stress corresponding to its 
elastic limit. With the arrangement shown in Fig. 35-5c, an input displacement 
in the positive direction of the input axis increases the strain in the arms between 
terminals 1 and 2 and between terminals 3 and 4. Since the strain-gage wire in 
ordinary use has greater resistance for larger strains, a positive input displace¬ 
ment of the receiving element is accompanied by a positive change in the resis¬ 
tance of the 1-2 and 3-4 windings. Similarly, the windings between terminals 5 
and 6 and between terminals 7 and 8 have their strain level reduced by a positive 
displacement of the receiving element. Consequently, these windings have nega¬ 
tive changes in resistance for positive input displacements. 
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35.40. The electrical circuit diagram on the right-hand side of Fig. 35-5c 
shows that the two windings with positive displacement - positive resistance 
change arms may be connected as a pair of opposite arms in a Wheatstone bridge. 
The remaining two windings are used to complete the bridge. The excitation ap¬ 
plied to the bridge between one pair of the opposite junction points may be either 
direct-current voltage or alternating-current voltage. The output signal from the 
bridge appears as a voltage between the other two bridge junctions. The slider 
of a balancing potentiometer connected across the source of excitation provides 
a means for adjusting the output signal to its null level when the receiving element 

is in its zero-relative-displacement position. 

35.41. In the arrangement of Fig. 35-5c, all four active bridge windings 
are subjected to the same environmental temperature. This means that resistance 
effects due to temperature variations are the same in all of the arms and are 
consequenUy balanced out within the bridge, so that temperature errors do not 
appear in the output signal. 

35.42. The resistance between output terminals of typical unbonded resist¬ 
ance wire displacement receivers is between 80 and 1500 ohms. The maximum 
input displacement amplitude is ordinarily between 0.0005 and 0.004 inch. Within 
an excitation voltage range of 6 to 30 volts, the maximum open-circuit output 
voltage is in the region of 2 to 4 millivolts per volt of excitation, depending upon 
the resistance and the heat-dissipating conditions. Units with these character¬ 
istics may be contained in about 1 cubic inch and do not weigh more than about 
1 ounce. For the recording of frequencies less than about 100 cycles per second, 
an unbonded resistance wire displacement receiver may be coupled directly into 
a matched-impedance D’Arsonval-type recording oscillograph. 

BONDED RESISTANCE WIRE DISPLACEMENT RECEIVER 

35.43. Figure 35-5d shows the essential features of a bonded resistance 
wire displacement receiver. In this device, the receiving element is the tip of 
an elastic cantilever fixed to the base. In the form shown in the diagram, two 
resistance-wire windings are cemented to one side of the cantilever. One of these 
windings is located with its wires positioned at right angles to the top of the base, 
except for end connections, so that bending strains in the cantilever are trans¬ 
ferred through the cement to the wires themselves. The other winding is located 
so that its wires, except for end connections, are positioned parallel to the top 
of the base. With this arrangement, the first winding is affected by bending 
strains in the cantilever, while the second winding is not appreciably affected by 
these strains. 

35.44. The electrical circuit diagram in Fig. 35-5d shows the two bonded 
windings connected as opposite arms of a Wheatstone bridge, and a balancing 
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potentiometer connected across the source of excitation, which may be either 
direct-current voltage or alternating-current voltage. Changes of temperature 
of the cantilever affect the bonded arms of the bridge equally, so that the output 
voltage contains no component due to temperature variations. On the other hand, 
a displacement of the receiving element parallel to the input axis causes a shift 
in the state of strain of the cantilever that changes the resistance of the longi¬ 
tudinal winding without affecting the transverse winding. The result is an unbalance 
of the bridge, which produces the output signal. 

35.45. Bonded resistance wire displacement receivers are simple and 
rugged, but the energy input is larger than that required by an unbonded resistance 
wire receiver because of the greater amount of elastic material that must be 
stressed. A typical bonded wire receiver may have a cantilever several inches 
long and be capable of accepting input displacements up to 1 inch. With an exci¬ 
tation of 60 volts applied to abridge with arms of 2000 ohms, the open-circuit- 
output displacement -voltage sensitivity may be 100 millivolts per inch. 

ELECTRONIC TUBE DISPLACEMENT RECEIVER 

35.46. Figure 35-5e illustrates the essentialfeaturesof an electronic tubedis- 
placement receiver based on the control of an electron stream by interacting 
electrostatic fields. Except for a narrow slit, a hot cathode is completely en¬ 
closed by a solid metal grid. The slit is parallel to the length of the cylinder 
that forms the cathode. A tapered cylindrical rod is positioned with its length 
parallel to the slit. This rod passes through the center of a metal diaphragm that 
seals the end of the metal shell enclosure for the tube. The exposed end of the rod 
that projects through the diaphragm serves as the receiving element for displace¬ 
ments that rotate the rod in a plane parallel to the grid surface containingthe slit. 

35.47. The electrical circuit diagram of Fig. 35-5e shows the grid con¬ 
nected to the cathode, and the receiving element rod connected to the tube shell 
so that both act as anodes. This anode system is made positive with respect to 
the cathode by a voltage source acting through a load resistor. The output signal 
that represents the input displacement is taken across the load resistor. 

35.48. With the receiving element positioned so that it is completely clear 
of the path from the cathode to the outer sheU anode, electrons build up on the 
grid to produce an electrosUUc field that substantially cuts off current flow through 
the slit. When an input displacement tUts the control anode so that it is partially 
in front of the slit, the electron-retarding negaUve electrostatic field of the grid 
is neutralized to some extent by the positively charged rod close to the grid sur¬ 
face. This action aUows more electrons to be drawn to the anode surfaces, so 
that the effective resistance of the tube is decreased, and a change oc^s 
output voltage taken from the load resistor. When the tapered rod is tilted away 
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from the slit in the other direction, the action just described is reversed, and 
the current through the output resistor is decreased. 

35. 49. Interactions of the kind described in the previous paragraph cause 
the output voltage of the electronic tube receiving system to follow variations of the 
input displacement. The output circuit may be modified as required for operation 
of any desired indicating system. Typical electronic tube displacement receivers 
occupy about 0. 5 cubic inch and have a weight in the region of 0. ^5 ounce. With 
a load resistor of about 50,000 ohms and a plate supply of 20 volts, the displace¬ 
ment-voltage sensitivity of the system is in the region of 5000 volts per inch over 
an input displacement range of 1 0.001 inch. 

ELECTROSTATIC CAPACITY RELATIVE MOTION RECEIVERS 

35. 50. Signal generating systems for relative displacement receivers may 
be based on changes in electrostatic capacity due to motion between the conducting 
surfaces of a condenser. The diagrams of Figs. 35-5f, 35-5g and 35-5h illustrate 
the essential mechanical features of relative motion receivers designed to use 
electrostatic capacity variations for producing output signals. The receiving 
element is a metal plate with flexure supports that allow motion with respect to 
the base in the direction parallel to the input axis. These flexure supports are 
insulated from the base so that the connected plate acts as one side of an air- 
insulated condenser. The other side of the condenser is a rigid U-shaped struc¬ 
ture of two plates mounted on the base and positioned with their faces parallel to 
the plane of the receiving element. A positive relative displacement causes the 
receiving element to move toward the closed end of the U-shaped structure so that 
the overlapping area of the plates in the small-air-gap region is made greater, 
and the electrostatic capacity increases. In a similar way, a negative relative 
displacement causes a decrease in capacity. 

35. 51. The electrical circuit diagram of Fig. 35-5f shows the condenser of 
the relative motion receiver connected in series with a source of direct-current 
excitation and a load resistance. The output is voltage taken from the ends of the 
load resistance. In an arrangement of this kind, current flows through the re¬ 
sistor only when the capacity is changing. This current is substantially propor¬ 
tional to the rate of change of capacity and consequently depends on the relative 
velocity input. Since the open-circuit output signal, which is the voltage drop 
across the resistance, depends on the relative velocity input, the system acts as 
a linear velocity receiver. 

35.52. Typical condenser-type relative velocity receivers occupy approxi¬ 
mately 1 cubic inch, may weigh 1 ounce, and operate over an input displacement 
range of ±0.1 inch. With a zero-deflection capacity of 100 microfarads, a load 
resistance of 10,000 ohms, and an excitaUon of 100 volts, the linear velocity - 
voltage sensitivity may be in the region of 0.04 millivolt per centimeter-per-second 
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35. 53. The electrical circuit diagram of Fig. 35-5g shows the plates of a 
condenser-type displacement receiver connected as one arm of an alternating- 
current-excitedresistance-capacitance bridge. The output signal is takenfromthe 
pair ofbridge-arm connection points opposite to those atwhichthe excitation is ap¬ 
plied. A receiver unit with characteristics similar to those noted in the orevious 
paragraph, a fixed-value bridge-arm condenser whose capacity is equal tothezero- 
input-deflection capacity of the receiver unit, equal resistance arms of 300,000 
ohms, and an excitation of 10 volts at 5000 cycles per second has a displacement- 
voltage amplitude sensitivity of approximately 2 volts amplitude per centimeter. 

35.54. The circuit diagram of Fig. 35-5h illustrates a method for improving 
the^aisitivity of a relative motion receiver of the electrostatic type. The receiver 
unit output terminals are connected so that the internal capacity acts as the con¬ 
denser in a resonant circuit with low damping. This means that the resonant fre¬ 
quency of this tuned circuit changes as the input displacement varies. The tuned 
circuit is excited with a frequency very close to the region of resonantfrequencies 
determined by the input displacements. Under these conditions, the output voltage 
taken from the resonant circuit by a detector circuit varies with frequency along 
a curve similar to that illustrated by the voltage amplitude ratio plot of Fig. 35-5h. 
By proper selection of the range of operation, the displacement - voltage ampli¬ 
tude sensitivity may be maintained at a high and substantially constant value. 
With a receiver having a variable-condenser element like that of Figs. 35-5f and 
35-5g, and reasonable circuit constants, it is possible to achieve a displacement- 
voltage amplitude sensitivity of 10 volts amplitude per centimeter. 

ELECTROMAGNETIC GENERATOR RELATIVE VELOCITY RECEIVERS 

35.55. Electromagnetic generators are often ^plied in signal generating 
systems for relative motion receivers. Many different designs have been devel¬ 
oped, but all have the common feature of depending on variations of magnetic flux 
linkages with a coil or a system of coils. The essential feature of such arrange¬ 
ments is that the source of the magnetic field (either a permanent magnet or an 
electromagnet) must have its motion controlled by either the receiving element or 
the base while the coil winding is carried by the other member of this pair. Under 
the law of electromagnetic induction, the open-circuit voltage at the terminals of 
the coil or coU system is proportional to the rate of change of magnetic flux link¬ 
ages. This rate of change varies with the velocity of the receiving element with 
respect to the base. The net result of operation of the electromagnetic system 
described is that the terminal voltage has the properties of the output signal from 
a relative velocity receiver. 

35.56. Figure 35-5i shows a linear velocity receiver in which a single coil 
winding from which the output is taken is wound on a hoUow, cylindrical coil form 
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fixed to the base. The receiving element is a composite structure with a cylindri¬ 
cal permanent magnet fitted with internal low-friction bushings that is free to slide 
on a straight support rod mounted on the base. The center line of this rod is con¬ 
centric with the center line of the coil form and is parallel to the input axis of the 
receiver. The receiving element is completed by a cylinder of magnetically soft 
material with end pieces. One of these end pieces is a press fit to the magnet. 
The otherr end piece has a circular hole with an internal diameter sufficient to 
permit free passage of the coil as the receiving element moves with respect to 
the base. Any velocity of the receiving element with respect to the base along the 
input axis causes the turns of the coil to be swept through the radial magnetic flux 
in the air gaps between the coil end of the magnet and the end piece with the cylin¬ 
drical hole. The induced voltage in the coil that results from this cutting of flux 
lines is the output signal of the linear velocity receiver. 

35.57. Electromagnetic signal generating systems of the type shown in 
Fig. 35-5i have been designed in various sizes. For example, a unit occupying 
a volume of 2 cubic inches might weigh 4 ounces and have a velocity-voltage 
sensitivity of 0.03 volt per centimeter-per-second. 

35.58. Figure 35-5j illustrates the features of a modified form of the linear 
velocity receiver of Fig. 35-5i. In this receiver, in which the slide-rod support 
of the receiving element is eliminated, two coils wound in opposite directions 
are carried on a rod of magnetically soft material fixed to the base, and the re¬ 
ceiving element includes a hollow-cylinder permanent magnet and two end discs 
of magnetically soft material with cylindrical holes. With this arrangement, two 
annular air gaps are formed between the end discs and the coil windings. In 
actual units, the receiving element is either supported and constrained to move 
along the input axis by means of a flexure system or attached to the moving mem¬ 
ber so that it remains in proper alignment, with the radial-air-gap clearances 
maintained constant. For comparable sizes, a unit with the double-air-gap, 
double-coil configuration of Fig. 35-5j has a velocity-voltage sensitivity approxi¬ 
mately one and a half times the sensitivity of a single-coil unit of the type shown 
in Fig. 35-5i. 

35.59. Figure 35-5k Illustrates the features of an electromagnetic generator 
angularveloctty receiver. The cylindrical support rod and the base are made from 
the same piece of nonmagnetic material, with the center line of the rod along the 
input axis for the unit. This rod carries a soft-iron armature consisting of a 
coil space enclosed on both sides by soft-iron end plates. The total thickness of 
the armature is divided into three equal parts, two for the end plates and one for 
the coU itself. The armature is fitted tightly into a slot cut through the support 
rod, with .the axis of the coil intersecting the input axis at right angles, and the 
pUne of symmetry for the flat surfaces of the armature sides passing through the 
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input axis. The exposed end surfaces of the armature side pieces are shaped as 
cylindrical segments, with the input axis as the common center. Leads from acoil 
wound on insulating material cemented in the space between the armature side plates 
are carried through a hole in the support rod to terminals mounted on the base. 

35.60. The receiving element for the unit of Fig. 35-5k is made up of a 
tightly fitting retaining ring that holds two horseshoe magnets with their ends 
forced into contact with two pole pieces of magnetically soft material. The inner 
surfaces of these pole pieces are cylindrical segments with their common center 
coincident with the input axis of the unit. The diameter and circumferential extent 
of the inner surfaces of the pole pieces match the outer surfaces of the armature 
to form four radial air gaps, with the outer surfaces of the armature side plates 
completely covered when the receiving element is in its zero-input-deflection 
position. In practice, the receiving element is either carried by bearings or 
flexures mounted on the support rod or is kept in proper alignment and position 
with respect to the rod by attachment to the member from which the input is taken. 
The working angular input range of the receiver is between the two extreme posi¬ 
tions in which the inner face of one side plate is in radial alignment with the outer 
edges of the pole pieces. When the receiving element is in its zero-input-deflection 
position, each side of the armature carries half of the total flux that passes across 
the four air gaps. Whenthe receiving element rotates with respect to the base so 
that it moves away from this position, magnetic flux shifts from the air gaps of 
one side plate to the air gaps of the other side plate. In making this shift, the 
flux cuts across the turns of the coU wound on the magnetic section of the arma¬ 
ture that holds the two side plates together. The voltage induced by this action 
is proportional to the rate of change of the flux, which in turn is determined by 
the angular velocity of the receiving element with respect to the base. 

35.61. An example of an electromagnetic generator relative angular velocity 
receiver occupying 6 cubic inches, weighing 10 ounces, and operating over an 
inputrange of ±10 degrees has an angular velocity-voltage sensitivity of 1.04 milli¬ 
volts per degree-per-second. 

VARIABLE.AIR.GAP LINEAR VELOCITY RECEIVER 

35.62. Signal generating systems for linear motion receivers may be based 
on any principle available for changing the reluctances associated with magnetic 
circuits so that motion of the receiving element causes flux lines to cut the turns 
of a coil system as they shift from one magnetic path to another path. This mode 
of operation is generally similar to that applied in the rotational motion receiver 
of Fig. 35-5k. The essential features of a signal generating system using changes 
in axial air gap length to produce signals is shown in Fig. 35-51. A permanent 
magnet with the shape of an annular cylinder is closed at one end by the flange of 
a center pole piece of magnetically soft material. The other end of the permanent 
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magnet is in contact with the outer ring pole piece, an annular ring of magnetically 
soft material that serves as the outer surface for the outer air gap of an armature 
of magnetically soft material. The flange and the annular ring are clamped to the 
ends of the permanent magnet by an enclosing case of nonmagnetic material and 
a threaded end plug that carries the output terminals. A flange on the case acts 
as the base. The armature, to which the receiving element is directly attached, 
is a thin circular plate that fits inside the outer ring pole piece with a small- 
clearance constant-length air gap. The center pole piece air gap, which is the 
working air gap, is formed between the central area of the armature and the end 
of the center pole piece. This gap has a length equal to a small fraction of the 
pole diameter when the receiving element is in its zero-input-deflection position. 
The pole piece is located by its flange and clamped by the case so that its center 
line is identical with the center line of the cylindrical permanent magnet and is 
parallel to the input axis of the unit. The coll in which the output voltage is gener¬ 
ated is wound on an insulating form that is firmly cemented to the center pole piece. 

35.63. In the receiver arrangement of Fig. 35-51, a positive input deflection 
of the receiving element causes the armature to approach the center pole piece 
so that the center air gap is shortened and the reluctance of the path through the 
pole decreases and the flux in this part of the circuit Increases. The voltage 
induced in the coil as this flux change occurs is the open-circuit output voltage 
of the unit. The output voltage is proportional to the rate of change of flux linkages 
and consequenUy depends on the velocity of the receiving element. When the input 
velocity Is in the negative direction, the gap length Increases, the flux linkages 
decrease, and the induced voltage is in the direction opposite to that produced by 
a positive input velocity. Except for changes in magnetic flux fringing that ac¬ 
company changes in the ratio of gap length to gap diameter, the output voltage 
from a unit with the features shown in Fig. 35-51 is proportional to the rate of 
change of the inputdisplacement. These fringing effects are of secondary impor¬ 
tance as long as input deflections remain small in comparison with the center 
pole diameter. 

35. 64. In practical receivers, the outer air gap is often eiiminated by using 
a diaphragm as the armature. When a diaphragm is used, the air gap surface 
opposite the center pole face is not a piane, but is a surface of revolution deter¬ 
mined by the thickness and elastic properbes of the metal used for the disc 
For smaU air gap - pole diameter raUos and small displacement - air gap ratios 
differences of the diaphragm surface from a perfect plane do not seriously affect’ 
the performance of the unit as a linear velocity receiver. 


adsiH . ““y be applied in many ways in 

action to that illustrated in Fig. 35-51. For example, two variable gaps may 

be designed to vary differenUafly to Improve linearity and to increase output 
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35.66. In practice, a variable-air-gap-len^h velocity receiver of the type 
shown in Fig. 35-51 may have a volume of 1 cubic inch, weigh 4i9ances, and 
operate with substantially constant sensitivity over an input displacement variation 
in the region of ±0.001 inch. The open-circuit velocity-voltage sensitivity of a 
unit of this type is in the range of 15 millivolts per centimeter-per-second. 

MAGNETO$TRICTIVE LINEAR VELOCITY RECEIVER 

35.67. Magnetostrictive effects that accompany strains in certain metals 
may be used to transform mechanical displacements into variations of magnetic 
reluctance. This makes it possible to design signal generating systems for rela¬ 
tive motion receivers with variable-reluctance air gaps replaced by continuous 
paths of metal. Figure 35-5m illustrates a linear velocity receiver that includes 
an outer cylindrical permanent magnet with a soft-iron disc acting as the base on 
one end and a similar soft-iron disc with a central hole closing the other end. A 
cylindrical rod of magnetostrictive material is tightly pressed into the base and 
passes through the discon the other end with a very small annular air gap that does 
not change its reluctance with input displacements. A spiral sprii^ is fixed to the 
magnetostrictive rod. The free end of the spring serves as the receiving element. 
When this elementis subjected to linear displacements, the other end of the spring 
applies corresponding force variations to the rod of magnetostrictive material. 

35.68. The consequent strain effects in the magnetostrictive rod are ac¬ 
companied by reluctance variations in the magnetic circuit that encloses the 
turns of the coil, and cause changes in the flux linkages. The resulting induced 
voltage is the open-circuit output voltagefrom the coil. Within the operating range 
of a given receiver, this signal is proportional to the input velocity. 

35.69. A typical magnetostrictive linear velocity receiver has a volume of 
1.5 cubic inches, a weight of 4 ounces, and operates over an input region of 
±0.00025 centimeter. The open-circuit velocity-voltage sensitivity is approxi¬ 
mately 0.002 volt per centimeter-pfiFtsecond. 

35.70. The magnetostrictive receiver structure of Fig. 35-t6m may be 
adapted for use as a linear displacement receiver by substituUng a soft-iron 
cylinder for the permanent magnet and using the coil as one arm of an alternating- 
current bridge. Compensating acUons for temperature and nonlineariUes may 
be introduced by properly arranging two air-gap-and-coil combinations to form 

differential transformer units. 

E-MACHET DIFFERENTIAL TRANSFORMER LINEAR DISPLACEMENT RECEIVER 

35.71. The variable-length-air-gap principle is applied in differenUal 
transformer units that are commonly called " E-magnet plckoffs. " Figure 35-5n 
illustrates the features of a linear displacement receiver of this type. A sUtor 


630 



of low-hysteresis magnetic material acts as the base of the receiver and has 
three open-end cores in an E configuration. Each of the two outer legs, which 
are longer than the middle leg, carries a secondary winding. The middle leg 
carries the primary winding. A rectangular bar-shaped armature of low-hysteresis 
material is located with its flat end surfaces adjacent to the inner surfaces of the 
outer legs of the stator. The length of the armature is chosen so that working 
air gaps somewhat greater than the desired maximum input disolacement for the 
unit exist between the ends of the armature and the stator pole faces when the 
armature is in its zero-input-displacement position. The armature is constrained 
to move parallel to its length and, at the same time, to have a small constant- 
length primary flux transfer air gap opposite the end of the middle pole of the 
stator. A projection from the armature acts as the receiving member for dis¬ 
placements along the input axis, which is parallel to the longitudinal center line 
of the armature. 

35.72. The electrical circuit diagram of Fig. 35-5n shows the connections 
of the E-magnet linear displacement receiver. The primary is connected to a 
source of alternating current of substantially constant frequency and magnitude. 
The two secondaries are connected in series opposition, with the output signal 
taken from the terminals of the combined secondaries. This signal has its null* 
level when the armature is positioned with the working air gaps effectively equal 
in reluctance so that the same amount of alternating-current excitation flux from 
the primary is coupled into each one of the identical coil secondaries. When the 
receiving element is moved away from the zero-input-displacement position, one 
working air gap increases in reluctance while the other working gap decreases in 
reluctance, so that the flux coupled with one secondary increases while the flux 
coupled with the other secondary decreases. In this situation, the output voltage 
changes from the null condition to a greater amplitude at the excitation frequency. 
Depending on the directions of the windings and the connections used, the output 
voltage is either in phase or 180 degrees out of phase with respect to the phase of 
the excitation current in the primary. Over the range of linear operation, the 
amplitude of the excitation-frequency component of the output signal increases as 
the input displacement is made greater in the same direction, while the phase 
with respect to the excitation remains unchanged. Input displacements in the 
opposite direction from the zero position cause a similar increase in output signal 
amplitude, but with a phase shift of 180 degrees with respect to the excitaUon. 

35.73. One practical E-magnet linear displacement receiver unit has a 
volume of 2 cubic inches, a weight of 6 ounces, and operates over an input dis- 
Plac^nt range of tO.Ol centimeter. With an excitation current of 50 amperes 


• When used io conoectioa with elccuscal bridge cifcuics, the term refers to the 

the output sj^ftal is adjusted as closely as possible to its zero le?eL 


coodicion in which 


631 



at a frequency of 60 cycles per second, this unit has a displacement - voltage 
amplitude sensitivity of 50 millivolts per 0.001 inch. 

E-MAGNET DIFFERENTIAL TRANSFORMER ANGULAR DISPLACEMENT RECEIVER 

35.74. The E-magnet receiver may be used to receive angular displace¬ 
ments by arranging for the iiqmt to rotate the armature so that one working air 
gap increases in length and the other working air gap decreases in length, while 
the primary air gap remains effectively unchanged. The essential features of an 
angular displacement receiver of this type are shown in Fig. 35-5o. Except for 
shortening the two secondary pole pieces and pivoting the armature about its mid¬ 
point, the features of the angular displacement receiver are similar to the cor¬ 
responding features of the linear displacement receiver of Fig. 35-5n. 

35.75. A typical E-magnet angular displacement receiver has a volume of 
2 cubic inches, a weight of 6 ounces, and operates over a range of input angles of 
±0.1 radian. With an excitation current of 50 milliamperes at a frequency of 
60 cycles per second, this unit has an open-circuit angle-voltage sensitivity of 
300 millivolts per milllradian. 


MICROSYN ANGULAR DISPLACEMENT RECEIVER* 


35.76. The Microsyn angular displacement receiver is based on the sym¬ 
metrical four-pole stator structure shown in Fig. 35-5p. Each of the two wide 
pole faces of the symmetrical rotor has a circumferential spread equal to one 
quarter of the circle corresponding to the inner faces of the stator poles. The 
shaft that carries the rotor is the receiving element. In practice, this shaft 
locates the rotor (by means not shown in Fig. 35-5p) so that equal-length radial 
air gaps exist between the rotor and stator pole faces. With the receiving element 
in the zero-angular-input-deflection position, the rotor pole faces cover the adja¬ 
cent halves of poles 4 and 1 and also 2 and 3. 


35.77. Figure 35-5p shows that each stator pole carries two windings. One 
winding of each pair is used as a primary that receives an alternating-current 
excitation current. The other winding of each pair is used as a secondary to supply 
an output voltage component determined by the flux coupled with the turns of its 
winding. In operation, the four primaries are connected in series, and the sec¬ 
ondaries are connected in series, as shown in the electrical circuit diagram of 
Fig. 35-5p. This circuit diagram and the associated wiring schematic diagram 
indicate the relative effects of the primary coils in forcing flux into the rotor 


• Tliis section has been prepared by Dr. Robert K. Mueller, Associate Professor of Aeronautical Engineer¬ 
ing and General Staff Consultant for cbe Insmuneotatioo Laboratory of the Uassachoserts Institute of Technology. 
Dr. Mueller has credit for the original concept of the Microsyn and is responsible for many adranccd deTcIop- 
tnents and refinements of tbe Microsyn principles. 
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when the same current is flowing in all coils. These diagrams also show the 
aiding or opposing senses of the voltages induced in the individual secondary coils 
when the primary coil system is excited with alternating current. 

35.78. In the Microsyn angular displacement receiver, poles 1 and 2 com¬ 
bine to direct exciting flux into the armature through the action of those windings 
around them that form part of the exciting circuit. This flux is removed by the 
corresponding windings on poles 3 and 4, which act in a similar joint manner. The 
differential-coupling effect is applied to the windings in the output circuit, which 
are adjacent to the exciting windings, as follows. From pole 1 to pole 2, the 
output windings change their coupling aspect with respect to the excitation windings 
so that for the centered position of the rotor (zero-angular-displacement position) 
the net coupling is zero. The same applies to poles 3 and 4 for the centered 
position of the rotor. When an angular displacement input is applied to the re¬ 
ceiving element, the flux linkage becomes predominant in poles 1 and 3 or in 
poles 2 and 4, depending upon the sign of the angular displacement, and an output 
voltage is produced. Because of the opposite polarity of the output windings with 
respect to the excitation windings, one pole pair to the other, respectively, the 
output voltage changes in phase by 180 degrees when the rotor passes through its 
zero-displacement position. 

35.79. In practice, Microsyn angular displacement receivers are found 
in a variety of sizes, with the outer diameter only rarely exceeding 2 inches, 
however. For certain applications where space requirements are critical, 
Microsyn units are designed to have an outer diameterof about 0.75inch. A typ¬ 
ical Microsyn angular displacement receiver that has an outer diameter of ap¬ 
proximately 1.5 inches occupies about 1 cubic inch and weighs about 2 ounces. 
With an excitation current of 50 milliamperes at a frequency of 400 cycles per 
second, the angular displacement - voltage amplitude sensitivity for this Micro¬ 
syn unit is in the region of 12 millivolts per milliradian over an input angle range 
of ±10 degrees. 


CONCENTRIC-COIL INDUCTAHCE-BRIDC6 DISPLACEMENT RECEIVER 

35.80. Inductance variations produced by the changing configuration of a 
system of magnetic circuits may be applied in relative displacement receivers 
Figure 35-5q illustrates the essential features of a concentric-coil inductance- 
bridge displacement receiver. A nonmagnetic support rod fixed to the base 
^ong the input axis carries a hollow cylindrical armature between two nonmagnetic 
bushings. The receiving element structure is a composite structure that includes 
as outer cylinder of low-hysteresis material. A disc, machined as an integral 
part halfway between the ends of the cylinder, has a center hole that is slightly 
larger than the outer diameter of the armature. The ends of the cylinder are 
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closed by discs of low-hysteresis material with holes of the same diameter as 
the hole in the disc at the middle of the cylinder. The radial air gaps between 
these holes and the bushings on the support rod are maintained by means not shown 
in Fig. 35-5q. These means may include bearings, flexures, or attachment of 
the receiving element to the moving memberfrom which the input motion is taken. 

35.81. The two cylindrical spaces inside the receiving element cylinder 
between the middle disc and the end discs contain two coils wound on forms of 
insulating material. These coils are connected as adjacent arms of an inductance 
bridge, as shown by the electrical circuit diagram of Fig. 35-5q. The other two 
bridge arms contain equal fixed-value inductances. Potentiometers are connected 
at each one of the bridge junctions that are external to the receiver unit. For 
operation, the bridge is supplied with an alternating-current excitation voltage. 
When the receiving element is in its zero-input-displacement position, the bridge 
is brought into inductive and resistive phase and magnitude balance by adjustments 
of the potentiometers. This balance is complete when the output signal is reduced 
to its minimum level as an alternating-current voltage amplitude. 

35.82. When the input displacement changes from zero, the corresponding 
movement of the receiving element causes the length of the armature in one coil 
to decrease, while the armature length in the other coil increases. Because of 
the reduced reluctance in the magnetic circuit, the inductance of the coil with the 
greater length of armature increases, while the inductance of the other coil de¬ 
creases. These changes of inductance unbalance the bridge, so that the amplitude 
of the alternating-current voltage output from the bridge increases above the null 
level. A typical situation is illustrated by Fig. 35-5q, in which a constant- 
amplitude excitation frequency is modulated by the bridge when it receives a 
sinusoidal input displacement. The corresponding output voltage is a sequence of 
variable-amplitude sinusoids of the excitationfrequency, with a sinusoidal envelope 
corresponding to the input motion. If the input displacement is symmetrical about 
zero, and both sides of this envelope are considered, the output signal is a double 
sinusoid filled in with cycles of excitation frequency. So far as the envelope is 
concerned, the envelope of these excitation cycles is the same for either direction 
of the input displacement from the zero position of the input. However, when the 
phase of individual excitation cycles in the output is considered with respect to the 
corresponding cycles of the excitation supply, it appears that this phase angle is 
zero when the input displacement is positive (that is, has the direction from zero 
that is assigned the positive sense) and is 180 degrees when the input displace¬ 
ment is negative.* This change of relative phase in the output signal occurs 

• This choice of pha« angles for positive and negative inputs is obviously arbitrary. The essential 
thing is the 180 -dcgree shift of phase in the output voltage with respect to the excitation supp y w cn t c 
input displacement passes through the zero position. 
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sharply at the zero-input displacement, which corresponds to the balanced bridge 
condition and makes it possible to apply phase-sensitive detectors* in reducing 
output signals to continuous curves that represent input displacements. 

35.83. A typical inductance-bridge linear displacement receiver occupies 
a volume of 2 cubic inches and weighs 3 ounces. With an excitation of 10 volts 
at 3000 cycles per second, it has an input displacement - output signal sensitivity 
of 1.6 volts per centimeter. 

CONCENTRIC-COIL DIFFERENTIAL COUPLING TRANSFORMER DISPLACEMENT RECEIVER 

35.84. Inductance-bridge circuits are subject to difficulties in adjustment 
because it is necessary to establish balance for the arm resistances and at the 
same time to balance the arm inductances for the zero-displacement condition of 
the receiving element. The necessity for resistance balance is eliminated when 
the inductance bridge is replaced by a differential coupling transformer with a 
single primary and two secondaries. The operating principles of differential 
transformer arrangements have already been outlined in the discussion of Fig. 35- 5n. 

35.85. Figure 35-5r illustrates the essential features of a concentric-coil 
differential coupling transformer linear displacement receiver. A coil-form 
structure mounted on a base carries three coaxial coils located in adjacent posi¬ 
tions along the inputaxis of the receiver. The middle coil is used as the primary, 
with its connections brought out to the excitation terminals. Connections to the 
output terminals are brought out from the other two coils, which act as the opposed 
secondaries. In operation, the alternating-current excitation is supplied to the 
primary, and the secondaries are used to generate the output signal, as shown 
by the circuit diagram in Fig. 35-5r. 

35.86. The receiving element for the differential transformer is a rod of 
nonmagnetic metal with an armature of low-hysteresis material that extends 
halfway into the secondary coils for the null-output-signal condition. In an actual 
unit, the receiving element alignment is maintained either by flexure supports 
from the base or by attachment to the moving member. 

35.87. A typical concentric-coil differential coupling transformer displace¬ 
ment receiver occupies about 1 cubic inch and weighs 1 ounce. With an excitation 
of 6 volts at a frequency of 60 cycles per second, the displacement - voltage 
amplitude sensitivity is in the region of 2 volts amplitude per centimeter over an 
input displacement range of ±0. 25 centimeter. 

PIEZOELECTRIC DISPLACEMENT RECEIVER 

35.88. Electrical potential difference is generated between the surfaces of 
a crystal with piezoelectric properties when it is stressed in the proper way. 
Figure 35-5s illustrates a method for applying piezoelectric crystals for the 
generatio n of output signals for relative displacement receivers. A wafer of 

• See Greenwood, Holdam and Macrae (G3) for a discussion of phase-sensitive detectors. 
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piezoelectric material that has two parallel surfaces covered with thin metal 
electrodes is mounted between two insulating discs. These discs are in contact 
with metal plates. The various parts are arranged so that one of these plates acts 
as the receiving element for relative motion, while the other plate is attached to 
the base. 

35.89. When the receiving element of Fig. 35-5s is given a displacement 
with respect to the base, the resulting strain set up in the crystal produces a 
potential difference between the electrodes. This potential difference is received 
by the electrodes on the surfaces of the crystal and is transferred to terminals 
by proper connections. Although the potential difference may be of considerable 
magnitude, the amount of current available is small. This means that very 
effective insulation must be used in piezoelectric displacement receivers, and 
that any indicating or recording device to be used with receivers of this type must 
have high'impedance input circuits. Aside from this special requirement, indi¬ 
cating systems of all kinds may be used with piezoelectric receivers. 

35.90. When relative motion is directly used to generate compressive strains 
in crystals, the allowable motion is small and the inputforce must be large. This 
means that piezoelectric crystals effectively act as force receivers. For appli¬ 
cations that require large input displacements, an elastic element or a mechanical 
linkage may be added to the basic arrangement of Fig. 35-5s to convert motion 
into force. One arrangement for making this conversion is illustrated by the 
magnetostrictive receiver shown in Fig. 35-5m. 

35.91. One example of the piezoelectric displacement receiver of the type 
shown in Fig. 35-5s occupies about 0.25 cubic inch, weighs 1 ounce, and operates 
over an input displacement range of ±0.0001 inch. This unit has an internal 
impedance of 1000 megohms and has an open-circuit displacement-voltage sensi¬ 
tivity of about 5000 voits per inch. 

35.92. Figure 35-5t illustrates a form of the piezoelectric linear displace¬ 
ment receiver in which bending strain in a rectangular crysUl plate assembly sup¬ 
ported at three corners is substituted for the compressive strain used in the ar¬ 
rangement of Fig. 35-5S. The application of bending strain makes it possible to 
use relatively large plates that allow larger input deflections of the unsupported 
corner for smaller forces than those realized when compressive strain is applied. 
In addition to the satisfactory input characteristics, receivers using bendingstrain 
may be designed to use larger crystals thancrystalsavailable for the compression 

type of unit and consequently produce more available output. 

35.93. A typical piezoelectric displacement receiver with the features of 
Fig. 35-5t occupies 0.5 cubic inch, weighs 2 ounces, and accepts a relative 
displacement up to ± 0.002 inch. The open-circuit displacement-voltage sensiti¬ 
vity is about 250 volts per inch. 
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FACTORS DETERMINING SELECTION OF RELATIVE MOTION RECEIVERS 

35.94. The diagrams of Fig. 35-5 are intended to illustrate the principles 
commonly used in relative motion receivers rather than to cover exhaustively the 
details of all the units that actually may be used. The success of any particular 
design depends largely upon the quality of the engineering applied and the amount 
of effort expended in its development. Because of a considerable background of 
experience with equipment of some particular design, it may often be better prac¬ 
tice to use available devices of that design rather than to originate special apparatus 
for a given purpose. The choice of the receiver type to be used in a particular 
situation must depend on the judgment of the responsible engineers rather than on 
the exclusive use of any single set of physical principles. 

35.95. The selection of a relative motion receiver for any given application 
often depends on factors that do not provide sufficient basis for making a clear- 
cut decision that some particular design is superior to all others. The more usual 
situation is for a consideration of the factors to provide a number of possible 
technical compromises that may give nonideal performance within acceptable 
tolerance limits. These compromises generally do not depend upon the charac¬ 
teristics of a relative motion receiver alone but rather on the over-all perform¬ 
ance of the motion-measuring system that includes the receiver and the particular 
indicating systems with which it is used. It is not feasible to do more than to 
suggest a list of factors to be studied in selecting the relative motion receiver to 
be used for meeting the requirements of a specific problem. Such a list follows: 

1) Type of Input . It is obvious that a relative motion receiver accepting the 
desired input must be used. For example, if the input is linear displace¬ 
ment, an angular displacement receiver is not acceptable. 

2) Input Range . The receiver must operate over the range of input variations 

to be handled. 

3) Maximum Uncertainty in the Low-Input-Magnitude Range . With the smallest 
input magnitude to be reliably indicated or recorded specified, it is neces¬ 
sary for the relative motion receiver to be inherently capable of giving 
reliable output changes for the minimum input change. For example, a 
receiver based on a wire-wound potentiometer unit must use a wire size 
small enough to give output "jumps" between adjacent turns that are less 
than the smallest input displacements to be measured. When these jumps 
are too great, the relationship between the output signal and input changes 
in the small-magnitude region wUl not be accurate, but will have an un¬ 
certainty with an intolerably large maximum magnitude. 

4) Maximum Uncertainty in the High-Input-Magnitude Range . This property 
of a relative motion receiver is like the concept of (3) except that the 
maximum uncertainty associated with high input magnitudes is considered. 
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When the maximum uncertainty magnitude is identical for large and small 

input levels, the percentage effect on the output signal is less for high 

levels and may therefore be acceptable for high inputs but not for low 
inputs. 

Average or Root Mean Square Uncertainty over the Input Range. For 
many relative motion receiver applications, the simple but pessimistic 
maximum uncertainty may be replaced by a statistical measure. This 
measure may be selected as the average, the root mean square, or any 
other concept to fit the requirements of particular situations. 

6) Dynamic Characteristics . To be satisfactory for a given application, a 
relative motion receiver must have tolerably low dynamic errors. For 
example, an alternating-current bridge or differential transformer arrange¬ 
ment must be capable of using excitation frequencies well above any input 
frequency components to be handled. 

7) AdaptabUlty for Operation with AvaUable Indicating and Recording 
Equipment . When relative motion receivers are to be used by a facility 
in which indicating and recording units are already available, it is an 
economy to select designs that may be used with the existing equipment. 
For example, when coupling units and oscillographs are designed to handle 
carrier wave signals from signal generating systems of the low-impedance 
inductancebridge or differential transformer type, it would be unnecessarily 
expensive to use a high-impedance electrostatic capacity relative motion re¬ 
ceiver when units of the low-impedance type would be equally satisfactory. 

8) Availability . When no unacceptable penalty in reduced performance must 
be paid, it is always better to use designs that may be built from com¬ 
mercially available parts and ordinary materials rather than to design 
special units requiring rare materials for proper operation. 

9) Size and Shape of Space Occupied. In order to provide a solution for any 
given problem, the relative motion receiver selected must fit into the 
space limitations determined by the components with which it is to be 
associated. 

10) Weight . Relative motion receiver weight must be compatible with the 
requirements of the system in which it is to be incorporated. 

11) Useful Life and Reliability. Reliability over a reasonably long useful life 
is a primary requirement of any satisfactory relative motion receiver. 

12) Maintenance . The characteristics of (11) should be achievable without an 
excessively great maintenance effort. 

13) Cost . When two or more relative motion receiver types have similar 
characteristics on the basis of the previously listed factors, units of lowest 
cost would normally be selected. 
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14) Propriet ary Rights . When a choice of relative motion receivers giving 
acceptable performance is possible, the use of one particular type may 
be dictated by proprietary rights heldby some organization. Thus a com¬ 
pany holding patent rights to piezoelectric devices would naturally use 
crystals rather than inductance bridges in the signal generating systems 
of their products. 

35.96. The foregoing list of factors is primarily concerned with relative 
motion receivers as individual units, rather than with the over-all systems in 
which the receivers are used. In practice, it is always necessary to base final 
choices of relative motion receiver types on over-all system performance rather 
than unit characteristics. This performance is partly determined by the receiver 
and partly depends on the indicaUng or recording systems to which the receiver is 
connected. A list of the over-all system performance-determiningfactors follows; 

1) S ensitivity to Mechanical Interference (Shock and Vibration) . The environ¬ 
ment under which motion receivers must operate often includes mechanical 
interference made up of varying degrees of shock and vibration. Ideal 
equipment would be completely insensitive to these effects, so that indi¬ 
cations or records would not contain any corresponding components. In 
practice, it is very difficult to achieve this result, and considerable atten¬ 
tion maybe required to produce even marginally satisfactory performance. 
For example, a pressure-indicating system may be sensitive to shock and 
vibration because the pressure-receiving element and the associated rela¬ 
tive displacement receiver of which it is a part may both respond to some 
extent, and, in addition, the amplifiers required for the indicating system 
may be microphonic for airborne noise. Any judgment on the type of 
relative motion receiver to be chosen in this case must depend on the 
possibility of a satisfactorily low sensitivity to mechanical interference 
for the complete pressure-measuring system. 

2) Sen sitivity to Temperature Interference . Temperature may be a difficult 
environmental input to handle from the standpoint of interference with 
scale readings. Any satisfactory equipment must be able to give con¬ 
tinued operation under the specified environmental temperatures. In 
addition to this condition, the effects of temperature variations in changing 
sensitivity or producing indication components directly due to temperature 
as an input must not exceed specified tolerance limits. 

3) Sensitivity to Electrical Interference . Relative motion receivers are 
often required to operate in the presence of varying electromagnetic 
fields, power supply units with extraneous voltage variations, grounds with 
erratic current flows, and other sources of electrical interference. To be 
satisfactory, a relative motion receiver must be suitable for operation 
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with indicating systems of a type that gives sufficiently low sensitivity 
of the over-all system to electrical interference. In general, this sensi¬ 
tivity is lower for systems based on relative motion receivers that have 
low internal impedance. Receivers with high internal impedance are not 
excluded from use in any given situation, but usually must have more 
careful shielding and electrical circuit design than is requiredfor applica¬ 
tions of low-impedance units. Impedance is only one of many factors that 
may be important from the standpoint of sensitivity to electrical inter¬ 
ference in any given case. The choice of a receiver type to meet the 
specifications for a particular situation must depend on a study of charac¬ 
teristics for a number of units combined with various indicating systems. 
Sensitivity to Other Environmental Interference . To be acceptable for a 
specified purpose, a relative motion receiver must have satisfactorily low 
sensitivity to interference from all the environmental quantities not already 
listed. For example, a receiver that is required to operate under large 
changes in pressure must not be affected beyond specified tolerance limits. 

5) Services Required for Operation . Relative motion receivers that require 
a minimum of services are preferable to receivers that must be supplied 
a greater number of auxiliary supplies and devices. For example, re¬ 
ceivers that are capable of operating oscillographic recording systems 
directly are preferred to receivers that require amplifiers in the system. 
For the same reason, units with magnetic fields provided by permanent 
magnets are superior to units with electromagnetic excitation that must 
be supplied by an external direct-current supply. Similarly, systems 
capable of operating with a single source of standard alternating-current 
power have obvious advantages over systems that may require both 
alternating- and direct-current power. 

6) Ease of Operation . Relative motion receivers that fit into systems with 
simple operating procedures are to be preferred to units and systems 
requiring more complicated procedures. For example, a system re¬ 
quiring no special adjustment or balancing procedures is more practical 
than any system that must be continually checked and rebalanced. 

7) Size and Weight . Size and weight of the complete system may be con¬ 
trolling factors in the choice of the relative motion receiver type and its 
associated indicating system. For example, equipment to be used for 
flight measurements in small aircraft must be compact enough and light 
enough to fit into limited space and keep within a small weight allowance. 

8) Reliability. Other factors being equal in the performance of a group of 
possible relative motion receivers, the type that provides the highest 
degree of reliability in operation is beyond question to be preferred over 
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other types. It is important to note that reliability often depends on care 
and refinement in design and construction rather than on the physical 
principles involved. 

9) Maintenance Characteristics. Maintenance is a factor closely associated 
with reliability. As a general rule, equipment requiring the least main¬ 
tenance for satisfactory reliability is selected in any given situation. 

10) Cost . When acceptable compromises have been worked out among the 
factors mentioned above, final decisions on choices of relative motion 
receiver types will be based on the relative cost of competing equipments. 
In some cases, small differences may be accepted for special reasons, 
but these reasons must become more powerful as the cost margin Increases. 

35.97. The list of factors that assist in forming decisions on relative motion 
receiver types will usually be modified by the circumstances associated with the 
engineering problems to be solved in any particular situation. Almost always, 
certain factors will be dictated by nontechnical facts beyond the control of the 
instrument engineer. For example, some company policy may limit the funds 
available for capital equipment so severly that unsatisfactory makeshift relative 
motion receivers must be applied as better than nothing until a change occurs in 
the financial situation. 

VIBRATORY MOTION RECEIVERS AND INDICATORS 

35.98. As already indicated in paragraph 35.27, the distinction between the 
relative motion receiver and the vibration receiver as operating units is not im¬ 
portant when suitable external nonvibrating references are available. In order 
for the motion receiver output to serve as a vibration signal, it is necessary only 
to connect the receiving element of the motion receiver to the moving member, 
and the base of the motion receiver to the nonvibraling reference. * This signal 
may represent displacement, velocity, or acceleration, or any other function of 
the relative motion, depending on the characteristics of the receiver used. Since, 
as noted in paragraph 35. 28, relative motion indicators are units in which an in¬ 
dicating system is associated with a relative motion receiver to give a readable 
index postion as the essential output, the distinction between a relative motion 
indicator and the corresponding vibration indicator as operating units is likewise 
unimportant when suitable external nonvibrating references are available. 

35. 99. The self-contained vibration receiver or indicator is formed by add¬ 
ing a relative motion receiver or indicator to a seismographic system.** The 


. • From Che stiwdpoint of practice, it is immaterial whether the base of the motion receiver 
ihc nonvibrating reference member or to the moving nember. 

•• The seismographic system is defined in the discussion of paragraph 35.10, 


is connected to 
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receiving element and the base of the receiver or indicator are attached to the 
seismic element and the case of the seismographic system so that the movement 
of the seismic element with respect to the case is the input for the receiver or 
indicator. The output of the relative motion receiver or indicator is the output 
signal or the indication for the vibration receiver or indicator. The functional 
relationships involved are represented in Fig. 35-6. Vibratory motion is the 
input to the seismographic system;* the relative motion between the seismic 
element and the case of the system is the corresponding output. This motion is 
the input for the relative motion receiver or indicator, which produces a signal or 
an indication that corresponds to the vibratory motion input. 

TYPICAL VIBRATORY MOTION RECEIVERS AND INDICATORS 

35.100. It is common practice to use the name vibration pickup when refer¬ 
ring to either vibration indicators or vibration receivers. Vibration receivers, 
which are distinguished from vibration indicators by the fact that they produce 
output signals instead of directly observable indications, are also known as vibra¬ 
te transducers . Figures 35-7a through 35-7m illustrate the essential features 
of several typical vibration receivers and indicators. ** 

SELF-CONTAINED VIBRATORY MOTION INDICATORS 

35.101. Figure 35-7a shows a hand-held linear vibration indicator in which 
the seismic mass (the case of the unit) is isolated from the input vibration by the 
body of the operator.*** The receiving element is a plate maintained in contact 
with the vibrating member by means of a relatively weak spring. The indicating 
system is a dial gage indicator with features similar to those shown in Fig. 35-5a. 
In practice, the hand-supported seismic mass is part of a seismographic system 
with an undamped natural frequency so low”^ that dial gage pickup units effectively 
operate in the vibrometer range to indicate displacements of the vibrating member 
with respect to inertial space. For a limited range of situations, these indica¬ 
tions give information on input amplitudes, but in general are not useful so far as 
response delays or phase angles are concerned. 


• This input may be treated as displacement, velocity or acceleration, or any other function of the vibra- 
eery moeioo ioput, depeodiaj oo che cbaracceristics chosen for the eibracioo receiver. 

•• In this series of illustrations, the input axis is usually taken to be horizontal so that the effect of 
gravity on the operation of the vibration receivers need ooi be taken into account. In general, both gravitational 
forces and linear acceleration forces act on the seismic element, but, since gravity is constant, consideration 
of the effect of gravitational forces is not pertinent to the present discussion of vibration receivers. 

••• Because of the inertia of the seismic mass, the operator's ana is incapable of responding to the input 

• 

vibration. 

t See footoote for paragraph 35.13 and also Derivation Summary 35*1 for a discussion of the factors that 
determine the undamped natural frequency. 
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Fig. 35*6. Functional diogrom showing the sel(*contained vibration receiver or indicator formed by 
combining a seismogrophic system and o relotive motion receiver or indicotor. 


35.102. A typical dial gage vibrometer has a volume of 20 cubic inches, a 
weight of 4 pounds, and operates over an input amplitude range of ± 1/32 inch at 
frequencies from 1 to approximately 10 cycles per second. 

35.103. Figure 35-7b illustrates the essential features of a self-contained 
optical accelerometer. This device consists of a seismographic system used in 
conjunction with an optical indicating system similar to that shown in Fig. 35-5b. 
The seismic element is a cylinder attached to the case by means of flexures that 
effectively restrict motion to linear displacement parallel to the input axis and 
serve as the elastic coupling of the seismographic system. Damping is provided 
by anannularfilm of viscous fluid between the inside of the seismic element cylin¬ 
der and the outside of a cylindrical inner core fixed with respect to the base. Addi¬ 
tional flexures are used to supply the seismic element motion with respect to the 
base as the input to the optical indicating system. Indications corresponding to the 
vibratory input acceleration are given by the position of the light-spot index on a 

transparent scale attached to the case, when the instrument is used at a frequency 
below its natural frequency. 

35.104. A typical optical accelerometer (without recording system) has a 

volume of about 4 cubic inches, weighs about 0. 5 pound, and operates over an ac 

celeration range of 0.01 fo 2 gravities, and a frequency range from 0 to about 
100 cycles per second. 
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SELF-CONTAINED VIBRATORY MOTION RECEIVERS WITH ELECTRICAL OUTPUTS 

35.105. Vibratory motion receivers with electrical outputs may be based on 
combinations of seismographic systems and electrical signal generating relative 
motion receivers of various types, including those illustrated in Fig. 35-5. 

35.106. Figure 35-7c shows thefeaturesof a linear vibration recelverbased 
on the combination of a seismographic system and an unbonded resistance wire rel¬ 
ative motion receiver. The seismic element is a rectangular block attached to the 
case structure by means of a flexure hinge that allows relative-motion rotation about 
an axis at right angles to the input axis of the receiver. Four unbonded resistance 
wire windings provide an elastic restraint that establishes a position of equilibrium 
of the seismic element with respect to the case. The elastic action is provided by 
drawing each winding tight over a pair of pins. As shown in Fig. 35-7c, one pin 
of each pair is fixed with respect to the case, and the other pin is attached to the 
seismic element in such a position that rotation of the seismic element with respect 
to the case changes the condition of strain in the wires of the winding. The wind¬ 
ings are arranged in two matching pairs. The two windings of each pair exert op- 
posingtorquecomponents on the seismic element. In the elastic equilibrium posi¬ 
tion of the seismic element, these components are equal and opposite when the ten¬ 
sion in the wires of all their windings corresponds to about half of the greatest strain 
to be expected under operating conditions. When the seismic element is rotated 
away from the position of elastic equilibrium in the windings, strain is increased 
In one pair of windings and decreased in the other pair of windings. The corre¬ 
sponding changes intension introduce a net restoring torque. In addition to this strain 
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effect, the electrical resistances of the windin^js undergo corresponding changes. 
This means that the unbonded resistance windings may be connected to form the 
Wheatstone bridge of a motion receiver similar to that described in Fig. 35-5c. 
When proper excitation is applied, this bridge provides the output signal for the 
unbonded resistance wire linear vibration receiver. 

35.107. When a unit with the features shown in Fig. 35-7c is given a vibratory 
motion along the input axis, the center of gravity of the seismic element is sub¬ 
jected to an inertia reaction force. Because the flexure hinge is at some distance 
from the center of gravity, the inertia reaction force causes a torque to act on the 
seismic element. If the acceleration is constant, equilibrium is reached when this 
input torque is balanced by the elastic torque set up by the wire windings as the 
seismic element is rotated about the flexure hinge. Damping for dynamic condi¬ 
tions is provided by filling the clearance volume within the case with a viscous 
fluid. 

35.108. Wire windings like those used in the unbonded resistance wire linear 
vibration receiver of Fig. 35-7c are onlylinearfor small deflections. This means 
that seismic element displacements must be restricted by mechanical stops to 
such small magnitudes that vibrometers based on the features illustrated in the 
diagram would not be generally useful. On the other hand, when the seismographic 
system is designed to have a high undamped natural frequency with a low damping 
ratio, the unbonded resistance wire vibration receiver is particularly suitable for 
acceleration measurements. 

35.109. A typical unbonded resistance wire accelerometer occupies a volume 
of I cubic inch, weighs 2 ounces, has an undamped natural frequency of 100 cycles 
per second, and is limited to an acceleration magnitude of ± 10 gravities. This 
unit has a sensitivity of 1.2 millivolts per gravity when an excitation of 6 volts 
is used. 

35.110. Figure 35-7d shows the essential features of a vibration receiver 
based on the combination of a seismographic system and an inductance bridge. 
The seismic element is a cylinderoflow-hysteresismagnetic material supported 
from the case by a spring system consisting of two thin flat springs and two rel¬ 
atively thick tension bars. The thin springs have holes at their midpoints and 
are clamped between washers located on the support rod by spacers. These 
springs are parallel to each other and at right angles to the input axis of the 
unit. The separation of the thin springs Is just equal to the distance between the 
ends of two tension bars that are attached to the seismic element, with their long 
dimensions parallel to the input axis. Pads machined at the midpoints of the ten¬ 
sion bars are clamped to mating depressions in the outer surface of the seismic 
element. The bars are thinned out except at the pads so that both ends are free 
to bend toward the center line of the seismic element. The distances between the 
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attachment holes in the outer ends of the thin springs are somewhat less than the 
distances between the corresponding holes in the ends of the tension bars when 
these bars are mounted on the seismic element and are free from bending stress. 
This means that when the seismographic system is assembled with the thin springs 
clamped to the tension bars, the bars will be bent inward enough to maintain 
tension in the thin springs. 

35. 111. The arrangement of spring components shown in Fig. 35-7d main¬ 
tains annular air gaps between the outside diameter of the sleeve spacers on the 
support rod and the inside diameters of discs that form parts of the seismic ele¬ 
ment. In addition, when any force deflects the seismic element from its zero- 
force equilibrium position with respect to the case, tension and bending in the thin 
flat springs and bending in the tension bars combine to cause an elastic restoring 
force to act on the seismic element. The practical magnitudes of the elastic coef¬ 
ficient and the seismic element mass combine to give relatively high undamped 
natural frequencies for systems made up of tension bars and thin end springs. 
Damping is provided by filling the clearance within the case with a viscous fluid. 
The combinations of damping and undamped natural frequency possible with the 
features in Fig. 35-7d largely restrict units of this type to operation in the ac¬ 
celerometer range. 

35.112. The relative motion receiver used with the seismographic system 
of Fig. 35-7d is based on the inductance-bridge principle illustrated in Fig. 35-5q. 
Two coils wound on forms of insulating material are placed on either side of a low- 
hysteresis disc midway between the ends of the seismic element cylinder. The 
ends of the cylinder are closed by similar discs. All three discs have center 
holes that provide annular air gaps between the discs and sleeve spacers on the 
support rod. The armature is a hollow cylindrical sleeve of low-hysteresis mag¬ 
netic material and has a length equal to the distance between the midpoints of each 
coil form. This armature is located by means of nonmagnetic sleeve spacers so 
that it projects halfway into each coil form when the elastic support system is in 
its position of elastic equilibrium when no external force is acting. The external 
bridge connections, which are identical with those shown in Fig. 35-5q, are ad¬ 
justed so that the output signal has its null level when the seismic element is in 
this position. 

35.113. When the inductance bridge associated with the unit of Fig. 35-7d Is 
excited with an alternating-current excitation voltage and an acceleration is ap¬ 
plied along the input axis, the seismic element moves away from its position of 
elastic equilibrium under the combined inertia reaction force, elastic restoring 
force, and damping force produced by the fluid In the clearance volume. The 
bridge output voltage corresponding to this displacement is the signal output from 
the inductance-bridge linear acceleration receiver. 
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35.114. One example of the acceleration receiver of Fig. 35-7d occupies a 
volume of 3 cubic inches, weighs 7 ounces, has an operating range up to 10 gravi¬ 
ties, and has a sensitivity of 0. I volt amplitude per gravity with an excitation of 
10 volts at 400 cycles per second. 

35.115. Figure 35-7e shows the essential features of a seismographic sys¬ 
tem combined with a single-coil electromagnetic generator relative motion receiver 
to form a linear vibration receiver. The seismic element is a composite metal 
structure fitted with low-friction bushings that are aligned with the center line of 
the structure. These bushings slide over the support rod so that the seismic 
element is constrained to move parallel to the input axis of the unit. At one end, 
the support rod is clamped to the case, and at the other end it is located by an 
alignment disc that fitsclosely within the cylindrical bore of the case. The elastic 
element of the seismographic system is provided by four tension springs that couple 
the seismic element to the case. As shown in Fig. 35-7e. one spring is connected 
between the spring attachment bridge and the case. A matching spring connected 
between the bridge and the alignment disc exerts a tension that is equal and op¬ 
posite to the tension of the first spring when the seismic element is in the position 
of elastic equilibrium. The remainingtwo springs are connected in corresponding 
positions on the side of the seismic element that is not visible in the figure. Damp¬ 
ing is provided for the seismographic system by viscous fluid that fills the clear¬ 
ance volume inside the case. 

35.116. The electromagnetic signal generating system for the vibration re¬ 
ceiver of Fig. 35-7e is similar to the linear velocity receiver of Fig. 35-5i. A 
hollow permanent magnet carries the seismic element support bushings and is 
press-fitted into the yoke of cold rolled steel that forms the outer part of the 
seismic element. The free end of the magnet slides within the coil form of non¬ 
magnetic material with a small air-gapseparation. The end of the seismic ele¬ 
ment yoke overlaps the coil form and provides the outer cylindrical surface for 
theannularair gap outside the coil. With this arrangement, motion of the seismic 
element with respect to the case causes the air-gap flux to cut the wires of the 
coil. This movement of flux lines across the coil generates a voltage that is 
proportional to the linear velocity of the gap along the coll. The corresponding 
voltage gives an output signal that depends on the linear velocity input to the case. 

35.117. Seismographic systems with the features shown in Fig. 35-7e usually 

have relatively low undamped natural frequencies and for this reason are partic¬ 
ularly well adapted for operation in the vibrometer range. The electromagnetic 
signal generating system in effect differentiates the relative displacement output 
of the seismographic system to produce an output signal that in the operating range 
is proportional to the input as a vibratory velocity. ^ 

35.118. A typical single-coil electromagnetic generator vibration receiver 
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occupies a volume of 6 cubic inches, weighs 16 ounces, has an undamped natural 
frequency of iO cycles per second, and adampingratio of 0.7 at 70 degrees Fahr¬ 
enheit. with adecreaseof 15 percent for each 10-degree increase in temperature. 
This unit has an open-circuit input velocity - output voltage sensitivity of 0.03 volt 
per centimeter-per-second in the range of operating frequencies. This range is 
limited at the low-frequency end by the undamped natural frequency of the seis- 
mographic system* and by Coulomb friction effects due to imperfect lubrication 
of the seismic element bushings with respect to the support rod. The unit will 
operate properly within a range of input displacements of ±0.5 centimeter. 

35.119. Figure 35-7f shows the essential features of a vibration receiver that 
is generally similar to the unit of Fig. 35-7e except that the slide-rod support is 
replaced by an elastic coupling support and the single-coil electromagnetic gen¬ 
erator is replaced by a double-coil electromagnetic generator. 

35.120. The seismic element consists of a hollow cylindrical permanent 
magnet with its ends closed by discs of magnetically soft material. These discs 
act as pole pieces to provide the outer surfaces for annular air gaps outside of 
coils wound on the support rod. The elastic coupling support consists of two 
identical assemblies of split spring washers, placed at opposite ends of the seismic 
element. Each assembly has one end of one split washer attached to the support 
rod by means of a fitting. The other end of this washer is riveted to one end of 
the motion-linearizing link. A second split washer of each assembly has one end 
attached to the seismic element, while the other end is riveted to the end of the 
motion-linearizing link that is attached to the other washer of the pair. The action 
of the complete elastic coupling support system is to limit seismic element motion 
to the direction of the input axis and at the same time to maintain the air-gap 
clearances with respect to the coil surfaces. The support system also acts as 
the elastic element between the case and the seismic element. Damping for the 
seismic element is provided by filling the clearance volume within the case with 
a viscous fluid. 

35.121. The action of the double-coil electromagnetic signal generating sys¬ 
tem of Fig. 35-7f is identical with that of the linear velocity receiver illustrated 
in Fig. 35-5]. The two coils are wound on thin insulating material cemented in 
shallow grooves on the magnetic support rod. These grooves are located so that 
they are each centralized under one of the air gaps when the seismic element is 
in its position of elastic equilibrium and extend along the support a distance that 
is somewhat greater than the maximum relative displacement of the seismic ele¬ 
ment. 

35.122. A typical double-coil electromagnetic generator vibration receiver 
with elastic coupling support for the seismic element occupies 5 cubic inches and 

• The mathematical background for this sutement is developed in Derivation Summary 35-3. 
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weighs 13 ounces. With the mass of the damping fluid included in the effective 
mass of the seismic element, the seismographic system has an undamped natural 
frequency of 9 cycles per second and, at a temperature of 70 degrees Fahrenheit, 
has a damping ratio of 0.64. This unit has an open-circuit input velocity - voltage 
sensitivity of 45 millivolts per centimeter-per-second. The range of input dis¬ 
placements for which the unit will operate properly is ±0.5 centimeter. 

35.123. The vibration receiver of Fig. 35-7f has the samegeneralcharacter- 
istics as the unit of Fig. 35-7e except that the use of an elastic support coupling 
instead of the sliding contact support removes Coulomb friction as a limiting 
factor in performance at low frequencies. 

35.124. Figure 35-7g shows the essential features of a linear vibration re¬ 
ceiver with a jewel-pivot support for the seismic element and a moving-coil elec¬ 
tromagnetic generator. The seismic element is a coil wound on an aluminum form 
attached to a support arm. The support arm is carried by a pivot shaft that rotates 
freely in two jewel bearings fLxed in the case. Two hair springs acting between 
the case and the pivot shaft provide elastic restraint for the seismic element, with 
the position of equilibrium halfway between the base and the end plate. The input 
axis of the unit is the direction, fixed with respect to the case, that is at right 
angles to the pivot shaft and the seismic element support arm when this arm is in 
the position of elastic equilibrium. When the unit is given a linear acceleration 
along the input axis, the resulting inertia reaction forces cause the seismic ele¬ 
ment to move against the elastic restraint. Damping is provided by electromagnetic 
reactions explained in the next paragraph. 

35.125. The electromagnetic signal generating system of the unit shown in 
Fig. 35-7g includes three curved pole pieces of magnetically soft material that are 
mounted between the base and theendplate. Theradiusof curvature is made equal 
to the radius of the seismic element support arm. The middle pole piece is placed 
so that it is enclosed by the seismic element coil form with sufficient clearance 
to permit free motion of the coil. The two side pole pieces are located parallel 
to the middle pole piece with sufficient spacing to provide working air gaps for the 
two sides of the coil form that lie between the pole pieces. The middle pole piece 
is in good magnetic-circuit contact with the end plate and is magnetically isolated 
from the base by means of a spacer of nonmagnetic material. The side pole pieces 
are in good magnetic-circuit contact with the base and are separated from the end 
plate by nonmagnetic spacers. Two permanent magnets of large cross section are 
mounted with good magnetic-circuit contact between the base and the end plate. 
Flux from these magnets passes through the pole pieces and across the working 
air gaps. When the seismic element moves with respect to the case, lines of air- 
gap flux are cut by the turns of the coil. The volUge generated in the coil by this 
action is transferred from the output leads of the coil, which are fixed to the support 
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arm, to the output cable by means of the two hair springs. This voltage is the 
output signal of the vibration receiver. Eddy currents induced in the aluminum 
coil form react with the air-gap flux to provide electromagnetic damping for the 
seismographic system. 

35.126. Seismographic systems with the features illustrated in Fig. 35-7g 
are best adapted for low undamped natural frequencies and consequently usually 
operate in the vibrometer range. With the electromagnetic signal generating 
system shown, the output voltage is proportional to the linear velocity input over 
the operating range of the unit. 

35.127. A typical linear vibration receiver of the type shown in Fig. 35~7g 
occupies a volume of 6 cubic inches, weighs 10 ounces, has an undamped natural fre¬ 
quency of 5 cycles per second and a damping ratio of 0.65, and operates over a 
range of ±0.5 centimeter input displacement. This unit has an open-circuit ve¬ 
locity input - voltage output sensitivity of 35 millivolts per centimeter-per-second. 

35.128. Figure 35-7h shows the essential features of an electromagnetic- 
generator torsional vibration receiver with Coulomb friction damping. The seis¬ 
mic element is a cylindrical structure mounted on the support shaft by means of 
a double-row ball bearing. The support shaft is rigidly attached to the mounting 
flange, which is provided with a cylindrical hole and a clamping screw, designed 
to be used for attaching the vibration receiver unit tightly on the vibrating mem¬ 
ber whose motion is to be studied. A pair of opposed tension springs placed on 
opposite sides of the support shaft provide the elastic coupling for the seismo¬ 
graphic system. Each spring is connected between a pin fixed to the seismic ele¬ 
ment and another pin fixed to the mounting flange in such a way that the opposing 
tension forces establish a position of elastic equilbrium for the seismic element. 
Coulomb friction damping for the system is introduced by a plug of bakelite con¬ 
strained toslide in atight-fittinghole in the seismic element and rub on the mount¬ 
ing flange at some distance from the axis under the pressure of a spiral spring 
acting parallel to the support shaft. 

35.129. The input axis for the torsional vibration receiver is parallel to the 
support shaft. Any forced oscillation of the mounting flange transmitted from the 
vibrating member tends to produce a corresponding rotation of the seismic ele¬ 
ment due to the elastic torque and the friction of the bakelite plug. The inertia 
reaction torque acting on the seismic element tends to prevent changes in angular 
velocity of the seismic element. With reasonable values of elastic coupling and 
bakelite plug friction within the operating range of the unit, this inertia reaction 
effect predominates for vibration components of the input motion. This means 
that the seismic element will rotate at the average speed of the mounting flange 
without following any vibratory component of input rotation, so that the unit of 
Fig. 35-7h performs within the vibrometer range so far as the seismographic 
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system operation is concerned. For operation of this type to exist, the input ac¬ 
celeration must be high enough to break the seismic element away from the Cou- 
lombfrictionofthebakeliteplug. Also, the input vibration must lie in the frequency 
range well above the undamped natural frequency of the seismographic system. * 

35.130. The signal generating system used in the vibration receiver of 
Fig. 35-7h is Identical with the reluctance-change type of angular velocity receiver 
shown in Fig. 35-5k. An armature of magnetically soft material is set into the sup¬ 
port shaft. This armature consists of two side plates and a coil form machined 
from a single piece of stock. The ends of the side plates are cylindrical arcs co¬ 
axial with the axis of the support shaft. These arcs are the inner surfaces of annular 
air gaps between the armature and two magnetically soft pole pieces mounted in the 
seismic element. Magnetic flux is forced across the air gaps by a pair of horse¬ 
shoe magnets clamped in the seismic element with their ends in close contact with 
the pole pieces. With this arrangement, relativeangulardisplacements of the seis¬ 
mic element from the flange cause the effective air-gap area to shift from one side 
of the armature to the other. The corresponding movement of flux cuts across the 
turns of the coil wound on the middle portion of the armature and generates a voltage 
proportional to the rate of change of relative angular displacement. This voltage 
isconnectedto the output leads through slip rings mounted in a nonrotating housing. 

35.131. Except forspecialeffectsduetoCoulombfriction. *• the performance 
characteristics of the torsional vibration receiver illustrated in Fig. 35-7hare 
generally similar to the characteristics of the linear vibration receivers of 
Figs. 35-7e, 35-7f, and 35-7g. 

35.132. A particular torsional vibration receiver unit with the features shown 
in Fig. 35-7hoccuples 16 cubic inches, weighs 4 pounds, 3 ounces, hasan undamped 
natural frequency of 5 cycles per second, operates over an angular displacement 
input range of ± 10 degrees, and breaks away from the Coulomb friction plug at an 
input amplitude of approximately 0.5 degree and a frequency of 15 cycles per sec¬ 
ond. The open-circuit angular velocity - voltage sensitivity of the unit is 1.04 mil¬ 
livolt per degree-per-second. 

35.133. Figure 35-7i illustrates the essential features of a vibration receiver 
in which the seismographic system is a simple flat diaphragm, and the signal 
generating system is a variable air gap, permanent magnet, and coil arrangement 
similar to the variable-reluctance relative velocity receiver of Fig. 35-5 1. The 
effective mass of the diaphragm acts as the seismic element, and the material of 
the diaphragm supplies the functions of the elastic element and the damper. As 
a general rule, seismographic systems of this type have very high undamped 

* The mathemdtical background for this sratement is developed in Oerivatioo Summary 
•• A theoretical discussion of the effects of Coulomb friction on seismographic system operation is given 
in Derivation Summary 
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natural frequencies and very low damping ratios for very small relative dis¬ 
placements. For these reasons, vibration receiver units with diaphragm-type 
seismic elements are usually adapted for operation in the accelerometer range. 
The variable-air-gap electromagnetic generator produces a signal that depends 
on the velocity of seismic element motion with respect to the case, so that the 
output signal from a vibration receiver of the type shown in Fig. 35-7i is propor- . 
tional to the rate of change of acceleration. 

35.134. A typical unit of the flat-diaphragm seismic element, variable-air- 
gap electromagnetic generator type occupies 1.5 cubic inches, weighs 2 ounces, and 
has an undamped natural frequency of 40,000 cycles per second with a damping 
ratio of about 0.005. The unit operates over a range of acceleration inputs from 
100 to 20,000 gravities. The open-circuit acceleration rate - voltage sensitivity 
is 5 X 10"^® volt per gravity-per-second. 

35. 135. Figure 35-7j shows a vibration receiver utilizing the magnetostric¬ 
tion effect. The operation of this unit is similar to that of the magnetostrictive 
relative motion receiver of Fig. 35-5m except that the permanent magnet is used 
both as the source of the magnetic flux and as the magnetostriction-sensitive element. 

35.136. A typical vibration receiver using the magnetostrictive principle has 
about the same dimensions and operating range as the variable-air-gap unit just 
described. The undamped natural frequency is approximately 50,000 cycles per 
second with a damping ratio of about 0.005. The open-circuit sensitivity is 100 
millivolts per gravity-per-second. 

35.137. Figure 35-7k illustrates the essential features of a vibration re¬ 
ceiver with a flexure spring suspension for the seismic element, eddy-current 
damping, and an inductance-bridge relative motion receiving system based on the 
principle described in Fig. 35-5q. As shown in Fig. 35-7k, the seismic element 
is an aluminum plate with cutouts as required for operation. The seismic element 
is attached to the base by means of four flexure support springs that allow relative 
motion along the input axis, but prevent displacements in other directions. The 
flexure springs also act as the elastic coupling for the seismographic system. 
Damping is provided by the two sections of the aluminum plate that move across the 
flux lines in the air gaps between two permanent magnets and a U-shaped pole piece 
of magnetically soft material. Seismographic systems of this type are easily de¬ 
signed to have high undamped natural frequencies, and are therefore suited for 
operation in the accelerometer range. 

35.138. The inductance-bridge-element parts of the vibration receiver of 
Fig. 35-7k include a laminated stator structure, four colls, two air gaps, and 
two plates of magnetically soft material and two plates of copper. The coils are 
connected in pairs, with each pair forming one arm of an inductance bridge sim¬ 
ilar to that described in Fig. 35-5q. The coils of each pair are mounted on the 
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stator poles that are opposite each other across one of the working air gaps. 
Rectangular pieces of magnetically soft material mounted in the seismic element 
slots act as armatures to vary the inductance of the two coil pairs by changing 
the areas of high-permeability material in the working air gaps. One side of each 
armature is located so that one half of each working air gap is covered when the 
seismic element is in its position of elastic equilibrium. One armature extends 
from the gap center line toward the base, while the other armature extends away 
from the base. This means that a relative displacement of the seismic element 
increases the inductance of one pair of coils, and decreases the inductance of the 
other pair of coils. A copper-plate tab. similar in shape and size to the arma¬ 
ture, covers the half of the air gap not occupied by the armature. Eddy currents 
in the copper tabs tend to reduce the air-gap flux and so have the opposite effect 
to that of the armatures in changing the inductance of the coil pairs. This action 
accentuates the inductance-unbalancing action of relative displacements of the 
seismic element. 

35.139. A vibration receiver of the type illustrated in Fig. 35-7k occupies 
12 cubic inches, weighs 16 ounces, and has an undamped natural frequency of 
60 cycles per second with a damping ratio of 0.64 and a range of acceleration in¬ 
put of 15 gravities. With proper auxiliary bridge components and an excitation 
of 10 volts at 1000 cycles per second, this unit has an acceleration-voltage sensi¬ 
tivity of 16.6 millivolts per gravity in the accelerometer operation region. 

35.140. Figure 35-71 illustrates the essential features of a piezoelectric 
crystal linear vibration receiver. In units of this type, the crystal acts as the 
seismographic system and also as the signal generating system. The crystal is 
clamped to the case at three clamping points in such a way that one corner is un¬ 
supported. The input axis is normal to the plane of the undistorted crystal, so 
that the effective mass of the unsupported corner acts as the seismic element, 
with the crystal material itself serving as the elastic coupling and also providing 
relatively small amounts of damping. The undamped natural frequency of piezo¬ 
electric crysUls as seismographic systems is relatively high, so that vibration 
receivers in which they are applied usually operate in the accelerometer range. 
The action of the crystal in generating output signals from deflections of the un¬ 
supported corner is identical with that described in Fig. 35-5t for the bending- 
strain piezoelectric crystal relative motion receiver. 

35.141. A typical piezoelectric crystal vibration receiver occupies a volume 

of 8 cubic inches with a weight of 7 ounces and has an undamped natural frequency 

of approximately 2000 cycles per second with a damping ratio of about 0.005. The 
Open-circuit sensitivity is 0. 5 volt per gravity. 

35.142. Figure 35-7m shows the features of a linear vibration receiver based 
on the electronic tube relative moUon receiver of Fig. 35-5e. The vibration receiver 
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is identical with the motion receiver except that a seismic mass of proper size is 
rigidly fixed to the motion receiving element. The elastic restraint and damping 
functions are provided by the end diaphragm and movinggrid rod of the tube struc¬ 
ture. The undamped natural frequency of the seismographic system of an elec¬ 
tronic tube linear vibration receiver is usually designed to be relatively high, so 
that these vibration receivers generally operate as accelerometers. 

35.143. Atypical electronic tube accelerometer occupies 3 cubic inches, 
weighs 2 ounces, and has an undamped natural frequency of 200 cycles per second 
with a damping ratio of 0.65. With an excitation of 270 volts, the sensitivity is 
3 volts per gravity. 

SELECTION OF VIBRATION RECEIVERS 

35.144. Selection of vibration receivers to be used in any particular situa¬ 
tion must be based on the judgment of experienced engineers who balance a list 
of factors, including those already discussed, that are deemed important in 
choosing design features for relative motion receivers. In addition to these 
factors, which enter because a relative motion receiver is an integral subsystem 
of any vibration receiver, the characteristics of the seismographic system must 
be considered. In practice, it is usually possible to design the relative motion 
receiver so that its operation is substantially ideal for the purposes of the unit in 
which it is used. This means that the performance of any given vibration receiver 
is effectively determined by the characteristics of the seismographic system with 
which it is associated. 

35.145. For any particular application, it is obvious that the vibration re¬ 
ceiver chosen must operate from the input it is desired to measure and that it 
must be capable of handling the proper magnitudes over the required range of 
frequencies with errors less than specified tolerance limits. Because many re¬ 
ceivers are sensitive to vibratory motion not only along the input axis but also to 
motion along the direction at right angles to this axis, it is often important to be 
sure that coupling effects of this kind do not exceed acceptable limits. For ex¬ 
ample, the relative displacement in a receiver with a flexure-suspended seismic 
element is actually a rotation and the unit will therefore be increasingly sensitive 
to motion along a direction parallel to the elastic-equilibrium position of the arm 
as the relative deflection angle becomes larger. 

35.146. Vibration receiverperformanceasit is determined by seismographic- 

system operation depends on well-established theory. This theory is worked out 
and reduced to engineeringterms in the series of derivation summaries that follow 

this section. 

GENERALIZED THEORY OF THE SINCLE-DECREE-OF-FREEDOM SEISMOGRAPHIC SYSTEM 

35.147. All vibration receivers designed as self-contained units include 
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elements with the properties of mass, elasticity and daniping. combined to provide 
the seismographic-system functions illustrated in Fig. 35-3. For example, each 
of the typical vibration receivers represented in Fig. 35-7 contains some form 
of the single-degree-of-freedom seismographic system. From the standpoint of 
theory, it is possible to reduce such systems to a basic arrangement whose es¬ 
sential behavior may be described by a common performance equation. A pic¬ 
torial diagram illustrating the essential features of the generalized single-degree- 
of-freedom vibration receiver and showing definitions for the forcing displacement, 
the relative displacement, and the seismic element displacement is given in sec¬ 
tion a of Derivation Summary 35-1. The corresponding functional diagram ap¬ 
pears in section b of Derivation Summary 35-1. Section c of the summary lists 
the performance characteristics for each operating component of the seismo¬ 
graphic system and develops the corresponding performance equation. 

35.148. From the figure of section a of Derivation Summary 35-1, the dis¬ 
placement with respect to the inertial reference of the seismic element along the 
vibration receiver input axis* is equal to the sum. along the input axis, of the case 
displacement with respect to the inertial reference and the relativedisplacement 
of the seismic element with respect to the case. In terms of the abbreviated 
notation of section a. this means that the r^la^i^ displacement, x . is equal to 
the seismic element displacement , minus the forcing displ acement, x, {the 
displacement of the case with respect to the inertial reference). 

35.149. The force along the input axis that is applied to the seismic element 
by the elastic element is equal to the product of the relative displacement and the 
relative displacement - force sensitivity of the elastic element. The magnitude 
of this sensitivity is identical with the elastic coefficient of the elastic element. 
The minus sign in Eq. (3) of Derivation Summary 35-1 shows that the elastic 
element force always acts to reduce the relative displacement. 

35.150. The force along the input axis that is applied to the seismic element 
by the viscous damping element is equal to the product of the relative velocity 
and the relative velocity - force sensitivity of the viscous damping element. The 
magnitude of this sensitivity is identical with the viscous damping coefficient of 
the viscous damping element. The negative sign in the viscous damping force 
equation of Derivation Summary 35-1 corresponds to the physical fact that the 
viscous damping element always acts to reduce the relative velocity. 

35.151. The force along the input axis that is applied to the seismic element 
by the Coulomb damping element stems from the presence of Coulomb friction in 
Ihe seismographic system. Coulomb friction is due to rubbing between solid parts. 


tion m which the seismic element is free to move with respect to the case. 
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Equation (7) holds true whether there is relative motion present or not since | adjusts itself 

as required to just balance the resultant of the other applied forces whenever there is no relative motion. 
For the situation where relative motion exists, the Coulomb friction force magnitude, | |, in Eq, (7) 

can be replaced by the maximum Coulomb friction force magnitude J |, Combining Eq. (1) with 

Eq. (7), substituting | for |F(^,|t, rearranging terms, dividing by and writing for - 1 

gives 


Except for the Coulomb frictioo term, E<j. (8) has the form of the (2:0,1,2) differential equation, which 
is a speciaJ case of the (2,1,0;0,1,2) equation considered in Chapter 19 (see Definition Summary I 9 .I 
and Derivation Summary 19-12). The Coulomb friction term is a typical rate-detennined step term of the 
type discussed in Chapter 26. 
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The effect of this physical action may be represented by a force of constant mag¬ 
nitude that always acts to oppose the relative motion and consequently reverses 
its sign each time the relative velocitychangesdirection. When this Coulomb fric¬ 
tion force is sufficient to "lock" two surfaces together, so that the relative velocity 
is zero, the friction force magnitude adjusts itself to just balance the resultant of 
other applied forces. In the seismographic system, when the combination of elastic 
element force and inertia reaction force acting on the seismic element exceeds the 
maximum possible Coulomb friction force, "breakaway" occurs and the seismic 
element starts to move with respect to the vibration receiver case. When the re¬ 
sultant of all the other forces remains enough greater in magnitude than the maxl- 
mumCoulomb friction force, the form of the relative displacement is substantially 
sinusoidal under steady-state conditions with a sinusoidal forcing motion input. 
The relationships that determine this response are derived later in this chapter. 
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35.152. The selsmographic system performance equation represents a sum¬ 
mation of the forces acting on the seismic element along the input axes. The 
inertia reaction force along the input axis is equal to the product of the seismic 
element effective mass and the seismic element acceleration with respect to in¬ 
ertial space. This term includes a minus sign to show that the reaction force 
acts in the direction opposite to that of the acceleration. Because inertia reaction 
effects are always associated with any material body, blocks representing inertia 
reaction effects are omitted from functional diagrams. When mass is present, 
it is understood without explicit statement that inertia reaction terms must be 
included in writing performance equations. 

35.153. Equation (7) of Derivation Summary 35-1 is the basic form of the 
selsmographic system performance equation. This equation is a summation of 
the following terms, which represent the forces applied to the seismic element; 

1) The inertia reaction force term. 

2} The viscous damping force term. 

3} The elastic element force term. 

4) The Coulomb friction force term. 

35.154. When the geometrical relationship between seismic element dis¬ 
placement and case displacement is used to replace the seismic element accelera¬ 
tion term of Eq. (7) by a relative acceleration term and a forcing acceleration 
term, and the Coulomb friction magnitude is replaced by the maximum Coulomb 
friction magnitude, with the restriction that the new equation applies only when 
relative motion is present, the result is Eq. (8) of Derivation Summary 35-1. 
In this equation, each term is divided by the mass of the seismic element, and 
the Coulomb friction term is multiplied and divided by the elastic element coef¬ 
ficient. Reference to Table 19-1 of Chapter 19 shows that the coefficient of the 
first derivative term may be written as twice the product of the damping ratio 
and the undamped angular natural frequency. Similarly, the coefficient of the 
zero-order term is the square of the undamped angular natural frequency. The 
ratio of the maximum Coulomb friction force (that is, the constant force that 
occurs when relative motion exists) to the elastic coefficient is defined as the 
maximum Coulomb friction displacement . The coefficient of this Coulomb fric¬ 
tion displacement is the square of the undamped angular natural frequency. 

35.155. With the transformations noted in the preceding paragraph, the 
selsmographic system performance equation has the form given by Eq. (9) of 
Derivation Summary 35-1. Except for the Coulomb friction term, the seismo- 
graphic system performance equation has the (2;0,1,2) differential equation form 
which is a special case of the (2.1.0;0.1,2) equation considered in Chapter 19 ’ 
The Coulomb friction term, with its constant magnitude and its relative-velocity- 
determined sign, has mathematical properties that are identical with those of the 
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nonlinear, rate-determined step term that is considered in Chapter 26. Equa¬ 
tion (15) of Derivation Summary 35-1 is the working variable form of theseismo- 

graphic system performance equation. This form is one of those studied in detaU 
in Chapter 26. 

GENERALIZED PERFORMANCE FUNCTION FOR THE SINGLE-DEGREE-OF-FREEDOM 
SEISMOGRAPHIC SYSTEM WITH VISCOUS DAMPING ONLY 

35.156. The seismographicsystemperformanceequation with viscous damp¬ 
ing but noCoulombdamping has the (2;0,1,2) differential equation form. The re¬ 
lating function for this equation is developed in Derivation Summaries 19-9 and 
19-12 of Chapter 19. In order to review the mathematical procedures involved, 
a simplified development of the (2;0,1.2) relating function is given in Derivation 
Summary 35-2. The results of this development are expressed in working vari¬ 
able symbols and the corresponding generalized, self-defining symbols,* with 
corresponding symbols written out in words. 


PERFORMANCE CHARACTERISTICS OF THE SEISMOGRAPHIC SYSTEM AS AN OPERATING 
COMPONENT FOR RECEIVING VIBRATION 


35.157. Sectiona of Derivation Summary 35-3 gives a line schematic diagram 
representing the seismographic system with viscous damping but no Coulomb 
damping. The functional diagram for the seismographic system, with forcing 
displacement as the input and the displacement of the seismic element with respect 
to the case (relative displacement) as the output, is shown in section b of Deriva¬ 
tion Summary 35-3. When the seismographic system is considered as an operat¬ 
ing component with this combination of input and output quantities, it falls into 
the class of vibratory displacement receivers . In practice, devices of this class 
are also called vibrometers. 


35.158. The region of operation within which a given device gives a relative 
displacement output that is an acceptably close representation of the forcing dis¬ 
placement input is the vibratory displacement receiving range, or the vibrometer 
range , for the given device. This range depends upon the tolerance limits speci¬ 
fied as determining acceptable operation and upon the basic performance charac¬ 
teristics of the seismographic system itself. These characteristics may be de¬ 
scribed by a pattern of nondimensional equations and curve families that provide 


* Generalized selMefiniog symbols describe the behavior of any physical coofiguracioo chat may be as¬ 
sociated with the differentia! equation from which the performance function represented by the symbols is 
derived. The middle row of each section of Definition Summary 13*6 of Chapter 13 is made up of generalized 


self-defining symbol fonns; for example. 

In Derivation Summary 35-2, « Xj, and (id) t-fss) » seismographic system identification. 

The names given in Derivation Summary 35*2 apply directly when the indicated substitutions are made in the 
subscript symbols. 



DAR}(RAR}R] 
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immediately available quantitative information on seismographic system per¬ 
formance in any specific situation. The mathematical steps required to generate 
the performance-describing equations and curves for the seismographic system 
are largely available in Chapter 19. It is the purpose of the following discussion 
toassociate the generalized results of Chapter 19 with the specific characteristics 
of the seismographic system as an operating component for receiving vibratory 
motion. In order to achieve this objective, some derivations and curves not avail¬ 
able in Chapter 19 are worked out and fitted into the pattern in which all symbols 
and definitions are adapted for application to the analysis of the seismographic 
system as a component of a self-contained vibration receiver or indicator. 

^5.159. Section b of Derivation Summary 35-3 gives two forms for the 
seismographic system performance equation. Equation (1) is written with the 
forcing function as the forcing acceleration. In Eq. (5). the forcing displacement 
appears as the forcing function. 

35.160. Section c ofDerivation SummaryJ5-3 summarizes the performance 
function forms for the seismographic system, expressed in operating-component 
self-defining notation.* In this notation, the sensitivity, the reference sensitivity, 
the dimensionless sensitivity ratio, and the dynamic responseangle for the seismo¬ 
graphic system, with forcing displacement as the input and relative displacement 
as the output, are respectively identical with the dynamic amplitude ratio, the 


bdf-d.f.n.n8 sjrmboU adapc.d for dir.ci us. co d.scrib. op.ra.in* component perfomance axe given in 
the upper to* of each section of Definition Summary I >6. In operating component notation 

a) Sens.t.v.ty corresponds to the dynamic amplitude ratio of the generalized notation: i.e.. 

b) Dynamic response ang^ is identical .ith the dynamte response angle of the generalized notation: i.e., 

c) Reference sensitivity corresponds to the reference amplitude ratio of the generalized notation; i.e.. 

d) Se„s,tivity-reference sensitivity ratio corresponds to the dynamic amplitude ratio-reference ampli- 

tud€ ratio ratio of the ^generalized notation; i.e., ^ 

The sensitivity-reference sensitivity ratio is also called the dimensionless sensitivity ratio anH rt,. t 
«.p ,.,i„ - -«.i0 ,.,io is .iso coiiod ihe dirsoosiooloss .™pli,„do ...’io; i.o. 

[(DAR)(RAR)RJ,. , . '(()«,) 

tom the relationships given in Definition Summary 1J-6, 

^^^^locl[q, ,;q I - S( ,t 


- s 
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From Derivauoo Summary the pcrformaace equation for the seismogropbic system with combioed 
Tiscous damp iag and Coulomb damp! Dg maybe writteo io die form 




<)(, 


<)(..) ^ + <){..) U(cf), 


where the first term oo the right*haod side of Eq* (1) is multiplied and diyided by io order to 

match the standard form of Eq« (36) of Definition Summary 19*1 in Chapter 19* 

When no Coulomb friction is present^ Eq« (1) becomes 


Xy + 2([)R)(„,w,^,(^g}ij + =—- 






When no yiscous damping is present» Eq* (1) becomes 

^ I ^ 

W UlA M _ A ttAlA 






(n)(«*) 


Equation (2) has the (2;0,l92) equation form, which is a special case of the (2,I,0;0,1,2) equation form 
discussed in Deriyation Summaries 19-1 and 19-9* The steady-state sinusoidal relating function for the 
(2;0,1,2) differential equation form is deyeloped io Deriyation Summary 19-12* 

Steady-state sinusoidal relating functions for the (2,1,0;0,1,2) form,including a rate-determined step 
term which is a mathematical term representing the effect of Coulomb frictiooi arc developed io Derivacioo 
Summaries 26-3t of Chapter 26* An approximate but generally useful form of the steady-state 

sinusoidal relating function for the (2;0,1,2) form with the rate-determined step term is given in section d 
of Derivation Summary 2^5* 

In order to illustrate the general oamre of the mathematical procedure involved, a derivation of the 
(2;0,1,2) sinusoidal relating function for the case of viscous damping only is given in section b# 

o) Seismogrophyc sysfwt poffermopce aquations 

In working variable terms, the seismographlc system performance equation for the case of viscous 
damping only is 


V + 2Co„v + wjv 


J- j2 (alii 
2 ^ “ 


where 


V « e relative displacement 
g H B forcing displacement 
^ « DR • damping ratio 

B undamped angular natural frequency 

Wbeo tbe forcing function, U, is sinusoidal, it oay be expressed io die imaginary exponential form de¬ 
scribed io Definition Summary 12-3 and Figs. 12*1 through 12-4 of Chapter 12; i.e., 

u . (5) 

where 

B forcing function ampUcude 
B 2wn^ • angular forcing frequency 
r>^ « forcing frequency 

Differentiating Eq. (5) with respect to time shows that 

u • » jwjU 

D«i»olion Summary 35-2. The (2;0,1,2) relating lanctian and the parlormanae fanrtion far the 
single-degree-of-freedom seismogrophic system that has viscous domping only* ( og^ o 
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ij - btfv 

Substirucing the cipressipn of Eq. (7) io Eq* (4) shows chsc 

V + 2Ca.„v + 0,2V w 

The sceady^scate solucioo of Eq» (8) may be writeeo in the iorm 

V • l}U 


where 


1 • '?(2;0,l,2) • ^^f^J(2;0,i,2) “ ( 2 ; 0 , 1 , 2 ) reUcing functjoo 


is to be detennined. 
From Eq, (9)» 


V ■ jjii m rf u 

• • •• >9 ^ 

V « >jo - 1} ii>ru 


SubstituUDg the expressioos of Eqs, (9)» (10) aod (11) io Eq. (8) gites 

Equatioa (12) will be cnie aod Eq. (9) will be the solution of Eq. (4) wheo 

,—_ 

«2 - 4|2 ^ 

Dividiog the ouAerator aod deoomioator of Eq. (15) by gives the form 


where 




^ ^ • FR ■ frequency ratio 

n n 11 


( 10 ) 

( 11 ) 


( 12 ) 


(13) 


(U) 


(15) 


EquccioQ (14) mt)’ be chftoged co a form suitable for the graphical represeatattoo described io Fig. 12«1 
by multiplicaiioo of the ouaerator aod the decoaioacor by the complex coojugate of the deoomioator. The 
result of this traoxformatioo is 


I “ 


a -/ 32)2 + ( 2<^)2 " ’ ( 1 -^ 2 ) 2 ^ ( 2 < fl ) 


(16) 


The vector diagram correspoodiog to Eq. (16) is 


•g (Re) 7 


rwol port of 7 


0 » ton 


iTTfiTJ 


Reals 


(/oi)7 - 


F-/3^2.(2C^)‘ 

■ liDogln9y pcet of 7 


V(1-^*)2+(2C^)2 

» Bogniludo of 7 


Dorivotion Summary 35-2. The (2;0,1,2) relating (unction and the performonce function for the 
single-degrees>f-freedom seismographic system ihot hos viscous damping only. (Page 2 of 4 ) 
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Ffoffi the fiftite, 


where 




'’(2;0.1.2) = 


V(l-/3^)2 ^ {2C^)2 

- (2;0,1,2) dynamic amplitude ratio 

'?^(2;0.1,2) = taD-‘MC^l 

» (2;0,1»2) d>'nainic response angle 
Taking » the reference dynamic amplitude ratio, equal to unity gives 

’ 112 : 0 , 1,21 = Prf‘( 2 : 0 ,l, 2 )* 


( 17 ) 


(18) 


(19) 


where 


#’(2:0,1.2) 
#‘{2;0,1.2) * p; 


(l-p2)2 ^ (2</3)2 


( 20 ) 


( 21 ) 


« (2;0,1,2) dimensionless amplitude ratio 

h) Sinusoidal rtlafing fvnefion fot the f2;0,I,2) c/iWerentio/ equofion fom hr the cose of viscous donipin9 


only 

Id the self^deflning symbols developed in O^apter 13, with special application to the seisoographic sys* 
tern as an derating componeoc, and with as the input quantity and as the output quantity, 

1 2) * I 2) -aj * displacement input-relative displacement 

output performance function of the seismographic 
system 


- (RAR),[(DAR)(RAR)R],„,„^,,_,.®"*’'"’'-‘‘''’ 

where, from Eqs. (17) through (21), 

(FR)' 


( 22 ) 


» forcing displacement input —relative displacement^ 
output dynamic amplitude ratio of the seisoographic 
system 

P, " (RAR)(..<.,:.,) • > 

s forcing displacement input-relative displacement 

output reference amplitude ratio of the seismographic 
system 


(FR) 

. [(DAR)(RAR)R], 


(25) 


e (orcing dispUcemeot input - relnUTe displtcemrat 
output dyonmic iin»Htude ratio-reference amplitude 
ratio ratio of the seismographic system 

• Th, phose ar^le I. ISO® out of pf-». -Ith *1- ^(2:0,1.21 

Derlvotlon Su=Kary l»-12 tn ttet .unW It -o. o«u«d that ^-, 2 . 2 ) > 0, -her^ f« Ih. a*, of th. -I-- 

taoOf o phlc ty%tem ^(2*2) ^ 

Derivotion Summary 35-1 The (2;0.1,2) relating function and the performonce funrtion for ite 
single-degree-of-freedom seismogrophic system thot has viscous domp.ng only. (Poge 3 of 4 ) 
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-1 


- 2(DR)(FR) 
i-(FR)* 


{ 26 ) 


» foccifig dispUccococ input * relaUTc displacement 
output dynamic response angle of (he seismographic 
system 

c) Seismographic system per/orriiance /unction for the case of viscous domping on/y 


Derivation Summery 35-2. The (2;0,1,2) reloting function and the performance function for the 
single-degree-of-freedom seismographic system thot has viscous damping only. (Page 4 of 4) 


reference amplitude ratio, the dynamic amplitude ratio - reference amplitude 
ratio ratio, and the dynamic response angle developed in generalized notation in 
Derivation Summary 35-2. These performance-describing concepts are identical 
with the corresponding concepts associated with the relating function for the 
(2;0,1,2) differential equation. The specific relationships, with frequency ratio 
and damping ratio as independent variables, are given in Eqs. (6) through (11) of 
Derivation Summary 35-3. The physical interpretation of these equations in 
termsof the vibration-receiving performance of the seismographic system with vis¬ 
cous damping only is summarized in the curve families of Figs. 35-8through35-ll. 

35.161. Figure 35-8 is a linear-scale curve family with frequency ratio as 
the abscissa, with dimensionless sensitivity ratio as the ordinate, and with each 
individual curve drawn for a particular value of the damping ratio. Every curve 
of the family starts from zero at zero frequency ratio. This characteristic cor¬ 
responds to the physical fact that the inertia reaction force produced by very low 
forcing frequencies Is too small to produce any appreciable relative displacement 
of the seismic element against the restoring force of the spring. All the curves 
are asymptotic to unity at very high frequency ratios. This result is due to the 
inertia reaction force effectively preventing motion of the seismic element with 
respect to inertial space during the short half-cycle periods between reversals 
of the elastic and damping forces acting on the seismic element. In other words, 
the forcing periods are so short that inertia "holds the seismic element stlU,"so 
that the reUtive motion amplitude is effectively equal to the forcing amplitude 
for the high frequency-ratio range. Because of this fact, the high frequency-ratio 

range is called the displacement-receiving range or the vibrometer range of the 
seismographic system. 

35.162. In the low frequency-ratio range, the forcing acceleration of the 
case is so low that the elastic element causes the seismic element to follow the 
case very closely. The small relative displacement of the spring is proportional 
to the acceleration of the case, which, for sinusoidal motion, has an amplitude 
equal to the square of the forcing frequency multiplied by the forcing displacement 
amplitude. This means that in the low frequency-ratio region, where the spring 
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Wheo forciog displacetaent is considered as the bpuc and telacive displacement is taken as the output, 
the functional diagram for the seismographic system is 


‘VIBRATORY DISPLACEMENT OP' 
THE CASE WITH RESPECT TO 
THE INERTIAL REFERENCE J 
Vibratory Input Displacement 
or 

Forcing Displacement ^ 


r DISPLACEMENT OF THE ‘ 
SEISMIC ELEMENT WITH 

L RESPECT TO THE CASE . 
Relative Displacement 

Seismographic System 
(ss) 


r OPERATIW IN THE VIBRATCRY I 

X, 


DISPLACEMENT-RECEIVING RANGE 

r 1 

[’Hl-(co)]] 

[ (VIBROMETER RANGE) J 



When Coulomb friction effects are negligible, the single*degfee^f*freedoro seismographic system pe^ 
fonnance equation has the form of Eq» (2) of Derivation Summary 35*2^ i«e», 

x^+ 2 (DR)w„x,+ (1) 

la Eq. {!), the subscripts (ss) that appear in Eq. (2) of Derivation Summary 35*2 are omitted because, 
for present purposes, no misundersianding of the operating component associated with the symbols is 


possible* * 

Vhen the forcing displacement is sinusoidal, that is, when 



jw.t 

(2) 

then 

• 

(3) 


X, - |W,Xf 


ii, o i^w^x, 

(4) 


De,i*olion Summory 35-3. Line schemelic diegrom, funclionol diogrem, performance eguotion, 
perlermence fenctien end performonce deviolion equations for the seismogroph.c system that 
viscous domping only and operates in the displocement-receiving range. (Koge I of ^ 
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Substituting the relationship of Eq* (4) in Eq. (1) shows char 

X, + 2(DR)w„i^ + W^x, - (FR)^w2x, (5) 

b) Funefjono/ rfiogfom ond poffofmonce oquofioo (of the seiswogfophic system operofing in 

</isp/ocnmen f*receiving range 

Equation (1) has the (2;0,1,2) differential equation form, for which the forcing displacement input- 
relative displacement output performance funaion is developed in section c of Derivation Summary 35*2. 

When the seismographic system is considered as a measuring system component with forcing displace^ 
ment as the input and relative displacement as the output, the performance equation foay be expressed in 
terms of reference sensitivity, sensitivity •reference sensitivity ratio, and dynamic response angle, as 
these quantities arc defined in Chapter 13, listed in Definition Summary 13^ and reviewed in Defioitioo 
Summary 26^8, Reference to these summaries and to sections b and c of Derivation Summary 35*2 shows 


i-(FR)S j2(DR)(FR) 


and 

foci c ^ Wv 


where 




(FR)^ 

[i-(FR)^j% L2(DR)(FR)J 


ft • * ^(a«)(x,,x^l(r*l) " * 

''(2;0,1,21 ■ [(DAR)(RAR}R],..„,^,^, o [S(RS)R],„,(,^,,^, . '(SR)(„h-,;x, 


(FR)^ 

ll-(FR)']% [2{DR){FR)] 


( 10 ) 


^ 1 - (FR) 


( 11 ) 


and where 

[PFJ( •a)lx *x 1 * forcing displacement • relative displacement performance function of the 
^ seismographic system 

^(■8)[i 'X ) ^ forcing displacement •relative displacement sensitivity of rhe seismographic 
^ system 

^(ax)[x *x )(r«t) " forcing displacement •relative displacement reference sensitivity of the 
^ seismographic system 

a forcing displacement •relative displacement dimensionless sensitivity ratio 
^ of the seismographic system 

(DRA)(^^I (2 I s forcing displacement • relative displacement dynamic response angle of 
^ the seismographic system 

cj Forcing displocemenf •refolive disp/ocemenf per^ormonee function for fhe seismogroph/c system 

From the standpoint of vibratory displacement receiving performance, ideal operation exists when the 
seismic element has no vibratory displacement with respect to inertial space. Under this condition, 

- Ki = l*lMca)]l - l»(l (12) 

Derivation Sgininary 35*3. Line schematic diagram, functional diagram, performonce equation 
performance function and performance deviation equations for the seismographic system that hos 
viscous domping only ond operates in the displacement-receiving range. (Page 2 of 4) 



S71 



Reference to the pictorial diagram of section a shows that, with the seismic element standing still with 
respect to inenlal space so far as vibratory motion is concerned, a positive Xj displacement will produce 
a negative displacement. This reversal in sign between Xj and x, occurs because of the conventions 
used for convenience in setting up the performance equation. 

The required sign reversal for ideal operation corresponds to an ideal dynamic response angle of n. 
From the stani^oint of ideal operation only, the sign of this angle may be either positive or negative. Be¬ 
cause the dynamic response angle of the seismographic system approaches the ideal value through nega- 
ti?c values, the ideal dynamic response angle is taken as - n. 

The focatioi vector diagram (drawn under the conveoiioas described in Definition Summary 15-2) when 
forcing displacemeoc —relative displacement relationships are considered is 

Ideal relotlTe displacement output 
^(coM6«)](ideal) * *(r)(ideal) 


Relative 

displacement 

Output 


FofClnq tref^uency 


Dynamic respox\se angle deviation 


Ideal dynamic response angle 




s - IT 


Reals 


Pcrcing displacement input 

JW|t 

*[Meo)) = *f • 


Dynamic response angle 


Define 




= + ir u-t) 

s dynamic response angle deviation of the seismographic 
system in the displacement-receiving range 

In order chat the seismographic system may give ideal operation in the displacement-receiving range, 
the dimensionless sensitivity ratio must be unity; that is, since, from £q« (12), 

» X/t\^ (15) 


(13) 


(14) 


*(r)(ldeaUa “ *(f)o 


and, from Eq* (9), 


then 


^(ss)[aj;x^l(ref) “ ^ 

cf) Conififions for idtcl optrofion in tht rfispfocemenf-feceiving ronge 


(16) 


(17) 


Derivotion Summary 35-3. Line schematic diagram, functionol diagram, performance equation, 
performance function end performonce deviotion equations for the seismogrophic system thot hos 
viscous damping only and operates in the displocement-receiving ronge. (Poge 3 of 4) 
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Define 

(PR)t.- 




^ ^ ^ ^(•0][i|;i^](l<iejll 


^iaa>li|;i^){ren 


( 18 ) 


sensitivity performance ratio of the seistnoj^rapbic system operating in the 
displacemenf«receiving range 


From Eq, (10)» 

By defir^ition 


(FR) 


V [i-(FR)']“ L2{DR){FR)J' 


(19) 


( 20 ) 


and 


a sensitivity performance ratio deviation of the seismographic system operating 
in the displacemenfreceiviog range 


asU>|;Xf )(ref) 

From Eqs. (1 i)» (13) and (14)» 

-’(DR)(FR) 


leoU 


(D)(DRA)(„„,^.^^, = ton 


l-(FR) 


+ tr 


( 21 ) 

( 22 ) 


• ) P«rformanc9 ^eviofion equofioos (or fhe svismogrophic system optrating in the rfltp/ocemenf- 


receivin9 range 


Derivation Summary 35*3. Line schematic diagram, functional diogram, performance equation, 
performance function ond performance deviation equations for the seismogrophic system that has 
viscous damping only and operotes in the displacement>receiving range. (Page 4 of 4) 


displacements are proportional to inertia reaction effects, the curve of dimen¬ 
sionless sensitivity ratio increases as the square of the frequency ratio. The 
range within which any given dimensionless sensitivity ratio curve is acceptably 
close to the parabolic shape is called the accelerometer range for the given curve. 

35.163. Within a range of comparatively great viscous damping, the relative 
displacement of the seismic element is substantially proportional to the vibratory 
velocity, which, for sinusoidal motion, has an amplitude equal to the product of 
the forcing frequency and the forcing displacement amplitude. This means that a 
curve for a given high damping ratio will decrease from parabolic for low fre¬ 
quency ratios through linear for intermediate frequency ratios to zero slope for 
high frequency ratios. By making the damping ratio sufficiently great, the inter¬ 
mediate-frequency region of linear dimensionless sensitivity ratio variation may 
be extended to useful proportions. This Intermediate-frequency region Is called 
the velocimeter range . 

35.164. The accelerometer range, the velocimeter range, and the vibrome- 
ter range are indicated on the curve famUy of Fig. 35-8. Because the limits of 
each range depend upon the damping ratios used and the tolerance limits specified, 
the boundaries between the three regions are not sharp lines, but rather are in¬ 
definite regions that depend on the speclalcircumstances of any particular situation. 


673 



I I 

l/MTN 
>> >> 


O ii M c E 

o ^ £ 0 6 g 

S-I 

's5:si§g 

02 ^ " V « « 

2jj oa-r’S 

B u P ^ 
g H «8 b O Q 

O w 


«- c 


^ e 
c o 

i ? 

8 1 

O C 

■^-g 

0 

-D 3 

O 0 

S ^ 

? > 

• -e 
•* •* 

I j 


^ u Tw 
ctf - i' 

jjU. 0 — * 

g^.s *• u« 

o • N U 
0 0;5 ^ 

ii ^ S. ^ ® 

0-^ I 
g 0. 4 S ^ 

<^.2 a. X 


_ww wtf l_ 

sliaiisisiaKiiii 

S!BS!!S^1S 

_^■i.Ml 

:si:a::s:L 


{^x’Jxnes) 


{>IS), oriBj XjiAnisu3s ssajaoTSuauira 


674 




























Accelerometer range 



E 

o 

0 

0 

U 

o 

a> 

o 

£ 

0 

a> 

0 

a; 


o 

J! 

a* 

c 

o 

o 

0 

c 

o 

a 

0 

4^ 

U 

£ 

o 

c 

>H 

e 

C ^ 

D 

I ^ 


LU 


0 

w 

>> 

U 

c 

a 


£ 5 

£ oi 
4) c 

-2 I 

^ o 


0 

4) 


o 


0 

D 

O 

u 

0 


-r > 


U. 


s 

& 

c 


c 

4 > 

E 

4 > 

KJ 

O 

a 

0 


O) 

c 

u 

o 

4i 


O 

0 

o. 

o 

u 

0 

w 

Q 

4 > 

C 


o< 

» 

ro 

# 

o> 




(V>ia) d[9ue dsuodsdj DtmeuXQ 


675 








Dimensionless sensitivity ratio "(SR) 


Deciles 
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General Reference: 

Table 19*1 for relationships 
among parameters 
Special References: 

Deriestion Summary 35*2 
Derivation Summary 35*3 
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Fig. 35-10. Logorithmic-scnle plots of the forcing displacement input-relative displocement output dimensionless sensitivity 

ratio for the seismogrophic system with viscous dumping only. 
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ig. 35-11. Logarithmic-scale abscissa - linear-scale ordiriote plots of the forcing displocement input - relative displocement output dynomi 

response angle for the seismogrophic system with viscous damping only. 





















35.165. Figure 35-9 gives the corresponding linear-scale family of dynamic 
response angle curves plotted against frequency ratio for a range of damping 
ratios. This curve family shows that: 

a) The accelerometer range is characterized by dynamic response 
angles in the vicinity of zero. 

b) The velocimeter range is characterized by dynamic response 
angles in the vicinity of -90 degrees. 

c) The vibrometer range is characterized by dynamic response 
angles in the vicinity of -180 degrees. 

35.166. Figure 35-10 gives a logarithmic-scale curve family of dimension¬ 
less sensitivity ratio plotted against frequency ratio for various damping ratios. 
With the logarithmic coordinates, the accelerometer range corresponds to a 
straight line with a slope of +2. The velocimeter range corresponds to a straight 
line with a slope of +1, and the vibrometer range corresponds to a straight line 
with a slope of zero. The curve family of Fig. 35-10 Ulustrates the effect of 
changing damping ratio on the three types of vibration-receiving performance of 
the seismographic system. From the standpoint of accelerometer range, it ap¬ 
pears that the best performance is achieved with a damping ratio of about 0.7. 
This same damping ratio value gives the greatest vibrometer range, which ex¬ 
tends from a frequency ratio of approximately 2 to infinity. The velocimeter 
range does not becomeappreciable until thedamping ratio is made 2, and increases 
as this ratio is made greater and greater. The logarithmic scales chosen for 
Fig. 35-10 make it possible to cover a frequency ratio range of 10,000 on a page 
of the same size as that used for a range of 4.0 in Fig. 35-8. The wider range 
of the logarithmic-scale plot is especially adapted for showing all aspects of the 
vibration-receiving performance of the seismographic system. 

35.167. Figure 35-11 gives a curve family with dynamic response angle as 
a linear ordinate and frequency ratio as a logarithmic abscissa. A range of one 
million in frequency ratio makes it possible to show the zero-angle-region of the 
accelerometer range, the -90-degree-angle region of the velocimeter range, and 
the -180-degree-angle regionof the vibrometer range more clearly than is possible 
by means of the linear-scale family of Fig. 35-9. 

SEISMOGRAPHIC SYSTEM PERFORMANCE IN THE DISPLACEMENT-RECEIVING 
(VIBROMETER) RANGE 

35.168. The curve families of Figs. 35-8 and 35-10 show that the forcing 
displacment input - relative displacement output dimensionless sensitivity ratio 
for the seismographic system is asymptotic to unity as the frequency ratio ap¬ 
proaches infinity in the vibrometer range. This means that the relative motion 
amplitude is equal to the forcingmotionamplitude when the seismographic system 
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is acting as an ideal vibratory displacement receiver. It does not follow that the 
relative displacement is identical with the forcing displacement. As a matter of 
fact, the curve families of Figs. 35-9 and 35-11 show that the dynamic response 
angle associated with seismographic system operation approaches -180 degrees 
as the frequency ratio approaches large values. In terms of physical behavior, 
this angle is equivalent to the reversal in sign of the relative displacement as com¬ 
pared with the forcing displacement that results from the choice of conventions for 
the displacements associated with the seismographic system. Reference to the 
figure of section a of Derivation Summary 35-3 shows that the conventions used 
cause a positive forcing displacement to produce a negative relative displacement 
when the seismic element is stationary with respect to inertial space. This simple 
physical fact is described mathematically by the -180-degree dynamic response 
angle that is the ideal value in the vibrometer range. 

35.169. The rotating vector diagram of section d of Derivation Summary 35-3 
illustrates dynamic response angles for ideal and nonideal seismographic system 
operation in the vibrometer range. The forcingdisplacement vector is shown when 
it is instantaneously coincident with the axis of reals. When ideal operation exists, 
the corresponding instantaneous position of the relative displacement vector is 
180 degrees behind (that is, away in the negative direction) from the forcing dis¬ 
placement vector. This means that the ideal relative displacement vector is in 
line with the forcingdisplacement vectorand has its arrowhead pointed away from 
the forcing displacement vector. 

35.170. The curve families of Figs. 35-9 and 35-11 show that, for nonideal 
operation in the vibrometer range, the dynamic response angle is negative and 
has a magnitude somewhat less than 180 degrees. A typical relative displacement 
vector corresponding to this condition is shown in the figure of section d of Deriva¬ 
tion Summary 35-3. 

35.171. By definition, the dynamic response angle deviation of the seismo¬ 
graph system m h. vibrometer range is equal to the dynamic response angle 
given by Eq. (11) of Derivation Summary 35-3 minus (-ir) radians.* This 
deviation is illustrated in the figure of section d of Derivation Summary 35-3. 
Because the magnitude of the actual dynamic response angle is always less than 
IT. the subtraction of (-ir) gives a positive sign to the dynamic response angle 
deviation. This means that in the vibrometer range the dynamic response angle 
deviation is always positive, as shown in the rotating vector dUgram of Deriva¬ 
tion Summary 35-3. 

35.172. In the vibrometer range, the ideal value of the dimensionless sen- 
sltivity r atio is unity. With the reference sensitivity chosen as unity, this means 

• Note (hat (he defioitioo of deviation applied here is consistent with che conventions established in 
Chapter 9 for the comparisoo of physical quaacities^ 
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that theidealforcingdisplacement input - relative displacement output sensitivity 
is unity. 

35.173. Equation (18) of Derivation Summary 35-3 defines the performance 
ratio of the seismographic system operating in the vibrometer range as the ratio 
of the forcing displacement input - relative displacement output sensitivity to the 
ideal value of this same sensitivity. * In the present situation, the ideal sensitivity 
value is identical with the reference sensitivity. When the sensitivity is written 
as the product of the reference sensitivity and the dimensionless sensitivity ratio, 
the performance ratio reduces to identity with the dimensionless sensitivity ratio. 
The corresponding expression for the performance ratio is given in Eq. (19) of 
Derivation Summary 35-3. Because of the form of this equation, the curve families 
of Figs. 35-8 and 35-10 are direct representations of the vibratory displacement- 
receiving performance ratio of the seismographic system. 

35.174. The scales used in Figs. 35-8 and 35-10 do not permit direct read¬ 
ings with the accuracies required for many engineering purposes. This situation 
may be remedied by using curve families of the performance ratio deviation de¬ 
fined by Eq. (20) of Derivation Summary 35-3. This expression is a special case 
of the generalized definition of performance ratio deviation under which the devia¬ 
tion of any given performance ratio is equal to the performance ratio minus the 
ideal value of theperformance ratio. ♦* Because the reference value of the sensi¬ 
tivity used in forming the performance ratio is taken as the ideal sensitivity, the 
ideal performance ratio is unity. This means that the performance ratio devia¬ 
tion is equal to the performance ratio minus unity. 

35.175. Curve families of the performance ratio deviation are plotted in 
Fig. 35-12 for damping ratio values ranging from 0.1 to 10. In the upper curve 
family of this figure, frequency ratios from 1 to 200 are plotted on a logarithmic 
abscissa scale, with performance ratio deviations from -0.14 to +0.14 plotted on 
a linear ordinate scale. The lower curve family of Fig. 35-12 is similar to the 
upper curve family, with the ordinate scale expanded to cover a range of -0.014 
to +0.014. 

35.176. The deviation curves of Fig. 35-12, in effect, give the fractional 
inaccuracy in relative displacement magnitude associated with the operation of a 
seismographic system in the vibrometer range as a function of frequency ratio. 
For example, a seismographic system with a damping,ratio of 0.7 would have a 
sensitivity inaccuracy of -0.01 (that is, 1 percent) at a frequency ratio of 2.4 
(that is, at a forcing frequency equal to 2.4 times the undamped natural frequency 
of the system). In other words, with a relative displacement magnitude tolerance 

• The defiaUion of perforreance ratio applied here is a special case of the geoeraliaed cooveocioos cs* 
tablishcd in Chapter 5» 

•• The background conventions for the perforaiance ratio deviation are discussed In Chapter 5* 
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Performance ratio deviation (DXPR) 



Frequency ratio fr = —= 


Geaerai reference; Table I9.I 

SpecUl references: Derivation Summaries 35-2 and 35.3 

Fig. 35-12. Forcing displacement input-relative displocement output sensitivity performance ratio deviotion for the 

seismogrophic system with viscous damping only. 
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limit of minus 1 percent, the lower frequency-ratio limit of the operating band 
width would be 2.4. 

35.177. The performance ratio deviation curve families of Fig. 35-12 make 
U possible to estimate to small fractions o£ 1 percent, and without the use of 
large-area plots, the relative displacement magnitude inaccuracies of the seismo- 
graphic system that has viscous damping only and operates in the vibratory dis¬ 
placement-receiving range. This technique is useful for engineering purposes 
and is applied many times in this book. 

35.178. The curve family of Fig. 35-13, which is plotted from Eq. (22) of 
Derivation Summary 35-3, gives the dynamic response angle deviation plotted on 
a linear ordinate scale as a function of frequency ratio plotted on a logarithmic 
abscissa scale, for damping ratio values ranging from 0.1 to 100. In practice, 
this curve family is applied in determining the frequency ratios associated with 
dynamic response angle inaccuracy tolerance limits in the same way that the 
curves of Fig. 35-12 are used to determine the frequency ratio limits for various 
sensitivity tolerance limits. 

VIBRATORY FREQUENCY-RECEIVING CHARACTERISTICS OF THE LIGHTLY DAMPED 
SEISMOGRAPHIC SYSTEM 

35.179. A lightly damped seismographic system gives a strong relative 
displacement response for forcing frequencies near the undamped natural fre¬ 
quency of the system. This means that combinations of spring-and-mass systems 
of this type, like that illustrated in Fig. 35-4e, with each system tuned to one of 
a closely spaced sequency of natural frequencies, may be used to indicate the 
frequency of an unknown forcing vibration. From the standpoint of performance, 
the important characteristic of the individual spring-and-mass systems is the 
height and sharpness of the resonance peak near the undamped natural frequency. 
When this peak is very sharp for each individual system, forcing frequencies may 
be determined with good accuracy, but many units would be required for substan¬ 
tially continuous coverage over a reasonably wide frequency range. 

35.180. The seismographic system performance function developed in Deri¬ 
vation Summary 35-2 provides a means for determining the characteristics of the 
lightly damped seismographic system. For the purposes of frequency indication 
by devices of this type, the relative displacement amplitude provides the desired 
information on the forcing input, while the dynamic response angle is unimportant. 
With the reference sensitivity taken as unity, the low damping ratio dimension¬ 
less sensitivity ratio curves in the region of unity frequency ratio in the plots of 
Figs. 35-8 and 35-10 illustrate the behavior of the relative displacement ampli¬ 
tude in the region that is of interest for frequency indication purposes. However, 
the curve families of these figures are compressed into areas that are too small 
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to provide quantitative information on the performance of the lightly damped 
seismographic system. This difficulty is eliminated by using the plots of 
Figs. 35-14, 35-15, 35-16, and 35-17. 

35.181. The linear-scale curve of Fig. 35-14 gives the frequency ratio at 
which the maximum value of the dimensionless frequency ratio occurs as a func¬ 
tion of the damping ratio. This plot shows that for damping ratios less than 0.1 
the maximum dimensionless sensitivity ratio occurs at a frequency ratio very 
nearly equal to unity. The highest damping ratio for which a maximum occurs is 
0.707. The frequency ratio at which this maximum is located approaches infinity 
as the damping ratio approaches the value of 0.707. 

35.182. Figure 35-15 gives two linear-scale curves of the maximum value 
of the dimensionless sensitivity ratio as a function of damping ratio. The left- 
hand ordinate scale (for the full-line curve) runs from 0 to 6, while the right-hand 
ordinate scale (for the dashed-line curve) runs from 0 to 15. These curves show 
that sensitivity ratio peak heights are relatively unaffected by damping ratio varia¬ 
tions until the damping ratio is made less than 0.2. The peak heights rise rapidly 
for lower damping ratios and, in particular, undergoa very steep change for damp¬ 
ing ratios less than about 0.05. Figure 35-16 gives a logarithmic-scaleplotof 
maximum dinensionless sensitivity ratio as a function of damping ratio. In this 
plot, the curve is substantially a straight line, with a slight curvature near a 
damping ratio value of 0.707. The logarithmic scales make it possible for the 
single curve to cover a damping ratio range from 0.0001 to 1.0 and a maximum 
dimensionless sensitivity ratio range from 1.0 to 5000. 

35.183. The linear-scale curve family of Fig. 35-17 gives the ratio of the 
dimensionless sensitivity ratio to the maximum value of this sensitivity ratio as 
a function of the deviation of the frequency ratio from the frequency ratio at which 
the maximum sensitivity ratio occurs. Individual curves are plotted for damping 
ratio values from 0.10 to 0.002. The frequency ratio deviation range is from 
-0.20 to +0.20. 

35.184. For anygiven seismographic system subjected to a constant forcing 
amplitude, the proper damping ratio curve from the family of Fig. 35-17 has a 
shape similar to the shape of the variation of the relative displacement amplitude 
as the frequency ratio is changed slightly with respect to the frequency ratio at 
which the maximum amplitude of the relative displacement occurs. Once it is 
specified that a certain fractional change in relative displacement amplitude is 
required for the positive identification of the desired minimum change in forcing 
frequency, the necessary damping ratio may be estimated from the curve family 
of Fig. 35-17. For example, if it is assumed that a fractional frequency change 
of 0.002 from the frequency giving peak amplitude must be indicated by at least 
a 20-percent reduction in output amplitude, the lowest curve in the family of 
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Fig. 35*l4. Frequency rotio for moximum forcing displocemenf input-relotive displocement output dimensionless sensitivity 

ratio os o function of damping rotio for the seismogrophic system with viscous domping only. 



Fia. 35.15. 


Moximum forcing displacement input-relofive displacement output dimensionless sensitivity rotio os o function 
of domping rotio for the seismogrophic system with viscous domping only. 
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Fig. 35-17 shows that a damping ratio of 0.002 would be required. If practical 
considerations show that it is impossible to realize a damping ratio of this mag¬ 
nitude. the curve family makes it possible to estimate immediately the frequency 
ratio deviation that could be identified by equipment using a damping ratio that is 
feasible for actual equipment. For example, U the lowest feasible damping ratio 
is 0.01 and a 20-percent reduction from peak amplitude is required, the smallest 
identifiable change in frequency ratio would also be approximately 0.01. 

SEISMOGRAPHIC SYSTEM PERFORMANCE IN THE VELOCITY.RECEIVING (VELOCIMETER) 
RANGE 

35.185. Satisfactory operation of the seismographic system when used for 
receiving vibratory velocity requires that the relative displacement output ampli¬ 
tude have an effectively constant ratio to the forcing velocity amplitude and an ef¬ 
fectively negligible response delay. These performance characteristics are 
achieved when: 

1) With the forcing velocity - relative displacement reference sen¬ 
sitive chosen so that ideal performance corresponds to a di¬ 
mensionless sensitivity ratio value of unity, the corresponding 
dimensionless sensitivity ratio value differs from unity (the 
ideal value) by less than specified tolerance limits over the op¬ 
erating frequency ratio range (the operating band width for the 
specified tolerance limits). 

2) The forcing velocity - relative displacement dynamic response 
angle deviates from the ideal value of -v by less than specified 
tolerance limits over the operating band width. 

35.186. The special forms of the seismographic system performance func¬ 
tion for operation in the velocity-receiving range (velocimeter range) are developed 
in Derivation Summary 35-4. Section a of this summary shows a line schematic 
diagram, and section b shows a functional diagram, for the single-degree-of- 
freedom seismographic system when the vibratory forcing velocity is considered 
as the input and the relative displacement is taken as the output. With the forcing 
acceleration of Eq. (1) of Derivation Summary 35-4 replaced by forcing velocity 
on the basis of Eq. (3), the (2;0,1,2) form of the performance equation becomes 
the (1;0,1,2) form of Eq. (5). Equations (6), (7), (8) and (9) are based on the 
(1;0,1,2) relating function developed inDerivationSummaryl9-ll and summarize 
the information for describing the velocity-receiving-range performance character¬ 
istics of the seismographic system with viscous damping only. These character¬ 
istics are described in quantitative terms by the curve families of Figs. 35-18, 
35-19, 35-20 and 35-21. 

35.187. The forcing velocity - relativedisplacementdlmenslonlesssensltivity 
ratio curve family based on Eq. (8) of Derivation Summary 35-4 is plotted in 


688 



c 


i}\cn iorcio/; velocity is consiJere4 js the inp^ut an4 relative JispUcemeoi is taken as the output^ the 
hjnctiooiil diagram (or the setsmographic sysiem is 


VIBHATORY VELOCfTY OT 
THE CASE WITH RESPECT 
.TO THE INERTIAL REfTRENOE 
Vibratory Input Velocity 
or 

Forcing Velocity 




Seismographic System 

(ss) 

OrFT^ATION IN THE VIBRATORY' 
VELOCrry-RECElVlNG RANGE 
CVTLOC'IMETER RANGE) 


OISPLACEMENT OF THE 
SEISMIC ELEMEtn WITH 
.RESPECT TO THE CASE. 
Relative Displacement 


.(co)*l 


hen Coulomb (fiction e((ec<s are negligible, the single*degree*o(*(ree4om seismographic system per* 
(ormonce equation has the (otm o( hq. (2) o( Derivation Summary )3*2; i.c., 

ii, t 2(DR)w,i, + ,1 


Ihen Xj is sinusoidal, chat is, when 


*1 " 


X, . ,w,X, 


X, - |W,(jw,x,) » iy»,x, 


Derivolion Summery 35-4. Line schemolic diogrom, functionol diogrom, performonce equotion, 
performonce function and performonce deviolion equotions for the seismographic system fhol hos 
viscous domping only ond operoles in the velocity-receiving rortge. (Poge 1 of 3) 



Substituting the expression of Eq. (4) in Eq. (1), dividing out in the righfhand-side term, and multi- 
plying and dividing the right-hand-side term by 2{0R)Wjj gives 

^ + 2(DR)w^x, + 2(DR)w^WjXj (5) 

2(UR)w„ 

b) Fvncf ional diagram and peffennoftce equation fct tht seismographie system operating in >he velocity- 

receiving range 

Equation (5) has the (1;0,1,2) differential equation form discussed in Oerivatioo Summary 19-11, Use 
of the relating function form developed in that summary shows that 

. (RF],[PF],.^1- . 1 i=i2{DR)(FR) 


Taking 


gives 


where 


. 2(DR)w„ i-(FR)%i2(DR)(FR) 

iog 

'*(I;0,1.2) - ' — 2(D R)(FR) _ 

■V[l-(FR)'f + [2(C)R)(FR)f 

» tan-r -2(DR)(FR) l _ . 

' ' I 1 - (FR)^ J 2 

re 

[PP]{g 3 )[i -J 1 • forcing velocity-relative displacemeoc performance function of the seJs* 

mographic system 

](ref) * forcing velocity-•relative displacement reference sensitivity of the seis- 
^ mographic system 

) * forcing velocity - relative dispiaceoent dimensionless sensitivity ratio of 
' the seisraographic system 

I >9 forcing velocity —relative displacement dynamic response angle of the 
^ seismographic system 

c) Forcing ve/ocity - fefot/ve ^ispfocemenf per/ormonce funefron for the seismogroph/c system 


The steady-state relationships between forcing velocity and relative displacement may be represented 
by a rotating vector diagram as follows: 


Forcing frvquvncy 


Forcing velocity Input 
i, « JWjXj 


Relotlve dlaplncereent output 
*[(coM*e)l “ S 


Forcing displacement Input 

fw^t 

j *i “ *«)«' 

/ Reels 


_ Ideql dynamic response onglo 

Dynamic response angle 


Ideal roiative displacement output I 
^(caMsel](ideoi) *" ^(rKldeoU 

I V -Dynamic response angle deviation 

Derivotion Summory 35-4. Line schemotic diogram, functional diegrom, performonco equation, 
performonce function and performance deviation equotions for the seismographic systern that has 
viscous damping only and q)erates in the velocity-receiving range. (Poge 2 of ) 


690 


Fof ideal operacion in cKe vclocityreceivmji fonj^e, the lor^in/^ velocity - relative displacement sensj* 
tivity must be constant and the dynamic respoose onicle must be coostont at - o. ^hen these conditions 
ore fullitled» the ratio ol the relative displacement amplitude to the (orcing velocity amplitude is constant 
and the relative displacement is out ol phase %ith the lorcin^ velocity. 

In equation lorm, 








The condition ol b\j. (10) is lullilled «hen 


so tnat, Irom (7), 






2{DR)w, 


By definition, 

.1) - I— -■ — : ---“ 

• sensitivity performance ratio for the seismoeraphic system operatio/^ in 
the velocity^recervin^ roi^ge 


From Eq. (8), 

^PP^ . 2(DR)(FR} 

j! “-pr.- — ■ ■ ■■■■i: 

*■' (2(dr)(fr)]' 

For ideal velocityreceivin]^ operation. 

jKid.ell “ * 

dj CondifioAS foe fdeof opero^on in the ve/oci^^recoiving eongo 


(16) 


By definition. 

(D)(PR),.., 




• sensitivity performance ratio deviation for the seisraoeraphic system 
operating m the velocity^^receivin^ ton/te 


(D)(DRA),.,„^.. , . (DRA),.,„j, - (0RA),„,, 


« dynamic response angle Jeviatioo for the seismograpbic system operating 
in the velocitvreceiving range 


From Eqs. (9) and (II), 


' ' I 1 . (FR1‘ j ^ 


I 1 - (FR)‘ J ‘ 

e) Peffomio nce deviof/on equotio rtt for t ht seismographic SfSttm o ptnting in fhe ve/xify-raceiving ronye 


Derivotion Summary 35-4. Line schematic diagram, functional diagrom, performonce equation, 
performance function and performance deviation equotions for the seismogrophic system that has 
viscous damping only and operates in the velocityreceiving ronge. (Page 3 ol 3) 



691 



Fig. 35-18. Equation (14) of the summary shows that the sensitivity performance 
ratio is identical with the dimensionless sensitivity ratio> so that the curve family 
of Fig. 35-18 also represents the performance ratio for operation of the seismo- 
graphic system in the velocimeter range. In order for the forcing velocity - 
relative displacement sensitivity to be effectively constant at the ideal value, which 
is equal to the reference value given by Eq. (13) of Derivation Summary 35-4, the 
performance ratio must have a value of unity within the tolerance limits specified 
for any particular situation. Since the dimensionless sensitivity ratio is identical 
with the performance ratio, the curve family of Fig. 35-18 shows that velocimeter 
operation exists only for a range of frequency ratios centered on unityand, within 
this range, only for damping ratios considerably greater than unity. For example, 
if a tolerance limit of -0.1 is specified for the performance ratio, acceptable op¬ 
eration is achieved for frequency ratio range lying between approximately 0.4 
and 2.5 when the damping ratio is 2. When the damping ratio is 10 and the same 
performance ratio tolerance limit is specified, the frequency ratio range for sat¬ 
isfactory results is between 0.1 and 10. 

35.188. Figure 35-19 gives the forcing velocity input - relative displace¬ 
ment output dynamic response angle curve family that corresponds to the dimen- 
sionlesssensitivityratiocurvefamilyof Fig. 35-18. The dynamic response angle 
plot of Fig. 35-19 is based on Eq. (9) of Derivation Summary 35-4, This curve 
family shows that, within the velocimeter operating region (in the vicinity of unity 
frequency ratio), the dynamic response angle is near the ideal value of -180 de¬ 
grees, but deviates rapidly from this value as the frequency ratio changes from 
unity when the damping ratio is less than 10. In fact, the damping ratio must be 
considerablygreaterthanlO if the response angle tolerance limits are to be spec¬ 
ified as reasonably small values. 

35.189. The relationship between ideal and actual seismographic system op¬ 
eration in the velocimeter range is represented by the rotating vector diagram of 
section d ofDerivation Summary35-4. This diagram depicts the forcing displace¬ 
ment vector at the instant it is coincident with the axis of reals, and shows that 
(a) the forcing velocity vector is 90 degrees ahead of the forcing displacement 
vector, (b) the ideal relative displacement vector is -180 degrees away from the 
forcingvelocity vector, and (c) the actual response vector differs in angle from the 
ideal response vector by the dynamic response angle deviation. 

35.190. Figure 35-20 is the curve family for the sensitivity performance 
ratio deviation as this quantity is defined by Eq. (17) of Derivation Summary 35-4. 
The logarithmic frequency ratio scale covers two lorus on the abscissa coordinate. 
The linear performance ratio deviation scale has a range of -0.14 to +0.14 for the 
ordinates of the upper plot and a range of -0.014 to +0.014 for the ordinates of 
the lower plot. Within the region covered by these curve families, the frequency 
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ratio limits corresponding to a given sensitivity ratio tolerance may be read di¬ 
rectly from the plots when the damping ratio is specified. For example, the lower 
curve family shows that with a damping ratio of 100 the dimensionless sensitivity 
ratio will exceed a negative tolerance limit of 0.1 percent for any frequency ratio 


that lies outside the range between the values 0.1 and 10. 

35.191. Figure 35-21 gives the curve family for the forcing velocity input - 
relative displacement output dynamic response angle deviation plotted from 
Eq. (19) of Derivation Summary 35-4. The frequency ratio range for any damping 
ratio and tolerance specification may be taken from Fig. 35-21 in the same way 
that the corresponding information is read from the performance ratio deviation 
curves of Fig. 35-20. For example, if a dynamic response angle deviation toler¬ 
ance of ±3 degrees is specified, a damping ratio of 100 will permit a frequency 
ratio range of about 0.1 to 1.0. 

35.192. It appears from the deviation curves of Figs. 35-20 and 35-21 that 
for given tolerance limits the operating frequency ratio range may be extended 
indefinitely by increasing the damping. It is certainly possible to improve per¬ 
formance in this way, but it must be remembered that, in accordance with Eq. (7) 
of Derivation Summary 35-4, the reference sensitivity is inversely proportional to 
the damping ratio. Since the sensitivity of any system is given by the product of 
the reference sensitivity and the corresponding dimensionless sensitivity ratio, 
and the dimensionless sensitivity ratio is acceptably close to unity within the fre¬ 
quency-ratio operating range, the sensitivity of the seismographic system in the 
velocimeter range decreases as the damping ratio increases. For example, the 
price of a tenfold increase in damping ratio to widen the operating range is a re¬ 
duction in sensitivity by a factor of one tenth. 

35.193. Equation (7) of Derivation Summary 35-4 suggests that with any fi¬ 
nite damping ratio the reference sensitivity may be made very great by reducing 
the undamped natural frequency. From the physical side, with a given seismic 
mass, this means reducing the spring coupling between the case and the seismic 
element. A practical limit is reached when the spring is no longer able to keep 
the seismic element properly located with respect to the case under the nonvibra- 
tory motions of the structure to which the case is attached. Under circumstances 
in which this effect is not important, the undamped natural frequency.actually be¬ 
comes zero, and the (1;0,1,2) performance equation of the seismographic system 
reduces to the (0;1,2) performance equation of the viscous shear integrator de¬ 


scribed in Fig. 34-4 and Derivation Su 


mil 


ary 34-19. 


SEISMOGRAPHIC SYSTEM PERFORMANCE IN THE ACCELERATION.RECEIVINC 
(ACCELEROMETER) RANGE 

35.194. When forcing acceleration is considered as the input and relative 
displacement is taken as the output (that is, operation in the accelerometer range 


696 




(V'N)i#s) 


(vyaXa) 


♦ 


uoneiAsp 9|9ue ssuodsdj ^iujedAq 


697 













































is considered), the line schematic diagram of section a ofDerivation Summary 35-5 

and the functional diagram of section b of the same summary describe the situation 

to be considered. The performance equation, written as Eq. (1) of Derivation 

Summary 35-5, is identical with the generalized seismographic system equation 

developed inDerivationSummaries35-l and 35-2. This equation has the (0;0,1,2) 

form when the forcing acceleration multiplied by the square of the imaginary unit 

is considered as the forcing function. The performance function associated with 

Eq. (1) is identical with the (0;0,1,2) relating function developed in Derivation 

2 

Summary 19-10, except for the appearance of j as a multiplying factor. The per¬ 
formance function form is given as Eq. (2). The associated reference sensitivity 
is the reciprocal of the square of the undamped angular natural frequency; the di¬ 
mensionless sensitivity ratio is identical with the (0;0,1,2) dimensionless dynamic 
amplitude ratio; and the dynamic response angle differs from the (0;0,1,2) dynamic 
response angle by the addition of (-ff) to account for the effects of the j factor in 
the forcing function. 

35.195. The upper curve family of Fig. 35-22, which is shown dotted, is made 
up of linear-scale plots of the forcing acceleration - relative displacement dynamic 
response angle for the seismographic system. The lower curve family of 
Fig. 35-22 is a linear-scale representation of the forcing acceleration - relative 
displacement dimensionless sensitivity ratio for the seismographic system. To 
fulfill the ideal accelerometer-range-operation requirement of constant sensitivity 
and constant dynamic response angle, the curve families of Fig. 35-22 show that 
the frequency ratio region is from zero to some high frequency limit that depends 
on the tolerances specified and the damping ratio of the system. The ideal dynamic 
response angle value is -180 degrees, and the ideal dimensionless sensitivity 
ratio value is unity. This means that in the accelerometer range the forcing ac¬ 
celeration - relative displacement sensitivity must have no more than allowable 
tolerance differences from the reference sensitivity, which is equal to the recip¬ 
rocal of the square of the undamped angular natural frequency. 

35.196. When the ideal sensitivity is taken as the reciprocal of the square of 
the undamped angular natural frequency, the forcing acceleration - relative dis¬ 
placement sensitivity performance ratio given by Eq. (13) of Derivation Sum¬ 
mary 35-5 reduces to the dimensionless sensitivity ratio defined by Eq. (4). This 
means that the lower curve family of Fig. 35-22 is a direct representation of the 
performance ratio of the seismographic system operating in the accelerometer 
range. The forcing acceleration - relative displacement sensitivity performance 
ratio deviation defined by Eqs. (13) and (14) of Derivation Summary 35-5 is the 
actual performance ratio minus the ideal performance ratio value of unity. The 
upper curve family of Fig. 35-23 gives the performance ratio devUtion on a linear 
ordinate scale against frequency ratio on a logarithmic abscissa scale. The range 
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forciag deceleration is considered ds (he input and reUrive displaceoeor is (tkeo as (be output, 
(be functional diagram for the seismo/trapbic sysceoi is 
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ACCELERATION-RECEIVING RANGE 
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DISPLACEMENT OF THE 
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RESPECT TO THE CASE 

Relatife Displacement 




Vben Coulomb friction effects are negligible, the siogle*degree*of*freedofD seismograpbic system pe^ 
formance equation has che form of Eq« (2) of Derivation Summary )$*2; i«ei, 


\ ♦ 2{0R)w„i, ♦ W^x, 

*n 

Punefionqj diogrom and per/ormonco o^uoNon for the s^ismognphic syst em operoting in the 

occo/erohon-rocaivirf 9 ronga 



When i^Sj is considered as the independent variable, Eq. (I) has the standard form of the (0;0,1,2) dif* 
ferential equation discussed in Derivation Summary Use of the relating function form developed in 
that summary shovs that 




Taking 




I - (FR) ♦ i2(0R}{FR) 
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{3) 


DerivoHon Summory 35*5. Line schematic diogrom, functionoi diogrom, performance function ond 
performonce deviotion equotions for the seismogrophic system thot hos viscous domping only and 

operates in the occelerotion-receiving ronge. (Page 1 of 3) 
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In Eq. ($), cbe angle - rr is added to ^(o;0 l 2) account for the factor in the forcing funaioo The 

minus sign ts chosen for the angle representing the effea of because In the acceleratioo>receiving range 

it is cooTenleat to describe the physical fact that the sigo of the relatWe displacemeot 1$ oegative when 

the forcing acceleration is positlye by a lagging dynamic response angle with a magnitude of v* 

^^(ss)[x ;z ] ^ forcing acceleration-'relative displacement performaiice function of the 
^ seisoographic system 

^(•8)1* TjCref) * acceleration-relative displacement reference sensitivity of the 

^ seismographic system 

(SR)/ \r , 4 6 forcinv acceleration-relative displacement dimensionless sensitivity 
* ’ ratio of the seismographic system 
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the seismographic system 
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From the standpoint of vibratory acceleratjoo*receiving performance! Ideal operation exists when the 
relative displacement is: 

1) Instantaneously proportional in magnitude to the magnitude of the input acceleration: ucig 

|x^| 6 (constant) |X|I 

2) Exactly out of phase with the input acceleration; i.e«» 

Xj 6 - (coostanc)*X{ 

The rotatbg vector diagram showing the relationships between the forcing acceleration and the relative 
displacement is 
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operotes in the occelerotionfeceiving range. iPage ^ ot 
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operoles in the occelerotion-receiving range. (Page 3 of 3) 


Of the deviation scale is from -0.14 to +0.14, and the frequency ratio scale limits 
are 0.005 and unity. The lower curve family of Fig. 35-23 is an enlargement of 
that portion of the upper curve family that lies within the region of ordinate-scale 
deviations between -0.014 and +0.014. These performance ratio deviation curve 
famUies supply Information of the type already explained in the discussion of vi- 
brometer and velocimeter operation. 
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35.197. Figure 35-24 is the dynamic response angle deviation curve family 
based on Eq. (16) of Derivation Summary 35-5 and the rotating vector diagram of 
section d of the same summary. With the reference angle chosen as -180 degrees, 
the deviation is always negative and is given by an equation identical with the equa¬ 
tion for the (0;0,1,2) dynamic response angle. The curve family shows that for a 
given tolerance specification the high frequency-ratio limit is improved as the 
damping ratio is reduced. Forexample, with a specified tolerance of -5 degrees, 
the high frequency-ratio limit is approximately 0.21 for a damping ratio of 0.2. 
When the damping ratio is 2, the high frequency-ratiolimit is approximately 0.022, 
that is, about one order of magnitude less. 

SUMMARY OF VIBRATION-RECEIVING CHARACTERISTICS OF THE SEtSMOGRAPHIC 
SYSTEM WITH VISCOUS DAMPING ONLY 

35.198. A pattemdescribingthe characteristics of the seismographic system 
as a vibration-receivingcomponentmay be formed from the information developed 
in the preceding sections. A summary of this kind is given by Table 35-1. In 
Table 35-1, column 1 names the various characteristics covered by the table. 
Columns 2, 3 and 4 give specific information on these characteristics for the vi- 
brometer range, the velocimeter range, and the accelerometer range, respectively. 
Row 1 gives the functional diagram corresponding to each operating range. Row 2 
lists the ideal sensitivity for each of the three operating ranges. As noted in the 
table, the reference sensitivity in each instance is taken as identical with the ideal 
sensitivity. Row 3 gives the corresponding ideal dynamic response angles, each 
of which is equal to -180 degrees. As noted, the reference dynamic response 
angles are taken as identical with the ideal dynamic response angles. Row 4 gives 
the defining equations for the sensitivity performance ratios for the three operat¬ 
ing ranges. Row 5 lists the corresponding performance ratio deviations. Row 6 
gives the dynamic response angle deviations. Row 7 lists the conditions on fre¬ 
quency ratio and damping ratio that determine the frequency-ratio operating range 
limits. These conditions can be determined from the performance ratio relation¬ 
ships of row 4 under the assumption that the performance ratio is reasonably close 
to unity within the limits of the operating range concerned. In order to extend the 
usefulness of Table 35-1, references are made to the derivation summaries from 
which the information in the table Is taken and to the figures where the relationships 
given are plotted. 

SEISMOGRAPHIC SYSTEM WITH BOTH VISCOUS DAMPING AND COULOMB DAMPING 

35.199. Coulombfrictionentersasa factor in seismographic system perform¬ 
ance because rubbing between the surfaces of solid parts is unavoidable in certain 
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single-degree-of-freedom vibration receiver designs and because other designs 
rely upon Coulomb friction for all the required damping. For example, several 
of the linear vibration receivers illustrated in Fig. 35-7 use rods or slides to 
restrict the motion of the seismic element to a straight line with respect to the 
case. Even though the sliding surfaces are immersed in oil, the side-loadingdue 
to acceleration and gravity is great enough to introduce a Coulomb friction com¬ 
ponent that appreciably affects the relative motion. The theoretical analysis for 
systems of this kind must account for a combination of viscous friction and Coulomb 
friction. Systems with only Coulomb friction may be treated as a special case of 
the complete theory in which viscous friction effects and Coulomb friction effects 
are bothtaken into account. * The discussion of this section is concerned with this 
general situation and also with the limiting case in which only Coulomb friction is 
important. 

35.200. The diagram ofsectionaof Derivation Summary 35-6 is a line sche¬ 
matic diagram representing a seismographic system in which both viscous damping 
andCoulombdamping are present. Inthisdiagram, the Coulomb-friction-producing 
element is shown as a flat spring rubbing against the supporting member under a 
normalforcetendingto move the rubbing surfaces into closer contact. Due to the 
friction between these surfaces, a force acting to prevent relative motion exists. 
As long as the resultant force tending to cause relative motion is less than or equal 
to the maximum value of the Coulomb friction force, the seismic element is ef¬ 
fectively locked to the support element and there is no relative velocity. When the 
resultant force applied to the seismic element exceeds the maximum value of the 
Coulomb friction force, relative motion starts and continues, with the rubbing 
friction contributing a force that always opposes the relative velocity. It is a 
physical fact that the magnitude of the rubbing friction force when relative velocity 
Is present depends on many factors, including surface finish, surface aiaterials, 
lubrication, and relative velocity. However, when motion exists, the resultant 
effect may be described for manyengineeringpurposes as a force of constant mag¬ 
nitude. This magnitude is termed the maximum Coulomb friction force magnitude . 

35.201. Equation (1) of Derivation Summary 35-6, which is based on the de¬ 
velopment of Derivation Summary 35-1, includes a positive or negative term with 
the square of the undamped angular natural frequency multiplied by the magnitude 
of the maximum Coulomb friction displacement , which is equal to the maximum 
Coulomb friction force magnitude divided by the elastic restraintcoefficient. This 
term has the same mathematical form as the rate-determined step term that 
appears on the right-hand side of Eq. (2) of Derivation Summary 26-1 In Chap¬ 
ter 26. A comparison of the last term on the right-hand side of Eq. (1) of Deri- 
vationSummary 35-6 with the right-handslde of Eq. (2) ofDerlvationSummary 26-1 
shows that 

* See Deo Hano« (D5) and (016). 
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I*{cfl(nl “ ‘^(rs) 
or 

( MAGNITUDE OF MAXIMUM \ / RATE-DETERMINED STEP TERM \ 

\ COULOMB FRICTION DISPLACEMENT.^ = I (o term of constont mognitude) / 

When this equivalence is recognized, all the results developed in Chapter 26 may 
be immediately applied to the problems of single-degree-of-freedom mechanical 
systems that have Coulomb friction and a second-order performance equation. 

35.202. An application of this kind for thesingle-degree-of-freedomseismo- 
graphic system with Coulomb friction is illustrated in Derivation Summary 35-6. 
This summary develops the dimensionless sensitivity ratio and the dynamic re¬ 
sponse angle for the (2;0,1,2) differential equation with an added Coulomb friction 
term. In order to represent the effects of Coulomb friction on a physical system, 
one of the several mathematicalprocedures used in Chapter 26 for developing per¬ 
formance functions from differential equations with rate-determined step terms is 
repeated in Derivation Summary 35-6. This procedure is based on replacing the 
rate-determined step term by a linear damping term that is made to account for 
Coulomb friction effects by the use of an equivalent damping ratio. For the case 
of a physical system, this equivalent damping ratio is chosen so that if its magni¬ 
tude is associated with viscous damping, the energy dissipation obtained is equal 
to the dissipation actually caused by the Coulomb friction when a steady-state 
sinusoidal oscillation exists. InthediscussionsofChapter 26, all the mathematical 
steps are carried out in terms of working variables without reference to any phys¬ 
ical application. On the other hand, the development of Derivation Summary 35-6 
is directly associated with the specific problem of the seismographlc system in 
which both viscous damping and Coulomb damping are present. 

35.203. In order to provide a background of information on the behavior of 
mechanical systems with both viscous damping and Coulomb damping, a series of 
figures from Chapter 26 showing step function transient responses are repeated 
at this point before proceeding with the discussion of steady-state sinusoidal per¬ 
formance functions. 

TRANSIENT RESPONSE OF THE SEISMOCRAPHIC SYSTEM WITH COMBINED VISCOUS 
DAMPING AND COULOMB DAMPING 

35.204. Step function transient response equations for the (2;0,1,2) equation 
with a rate-determined step term are developed in Derivation Summary 26-1. The 
graphical interpretation of these equations is Ulustrated in working variable sym¬ 
bols by the curves of Figs. 26-2 through 26-5. These figures are repeated in 
seismographlc-system terms by Figs. 35-25 through 35-28. 

35.205. Section c of Fig. 35-25 summarizes the relative-motion step function 
response equations for the seismographlc system with combined viscous damping 
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Equation (9) oi Derivation Summary gives the performance equation of the seismographic system 
arich combined viscous damping and Couiomb damping, tt'ith minor modifications^ this equation is 


*, ♦ 2(0R)(.d.)*nS ♦ “-T i^<*i * *;K«o«l 


•here 


” damping ratio due to the viscous damping element acting «ich no Coulomb 
friction present in the seisinographic system 


*(cnml 


ft magnitude of the masimum relative displacement due to Coulomb 
friction in the seismographic system 


The algebraic sign associated »ith the second term on the righchand side of Eq. (J) changes as necessary 
for it to be negative «ben is positive and vice versa. 

Equation (1) conesponds to the generalized (2,1,0;0J«2) differential equation form of Eq. (1) of Deriva* 
tion Summary 26-5 in Chapter 26 when ^d.j) « 0; ^'( 2 . 2 ) « ^ and ^(n.o) ^ these conditions and with 

time as the running variable^ the generalized*workio^variable form given by Eq. (1) of Derivation Sum* 
mtry 26*5 becomes 

V ♦ 2<<a„» ♦ » <^,V(0 .o)‘“b» ♦ W*(rw,,,, (2) 

Denvotion Sommory 35*6. Performonce equolion. performonce functions ond breokoway frequency 
folios for seismogrophic systems with Coulomb damping. {Page 1 of 7) 



709 



A conparisoa of E<js. (1) and (2) shows that 
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damping and Coulomb damping 

When the forcing displacemcoc is sinusoidal and the slope of the steady*state displacement response 
does not become zero except at the points of maximum dJsplacemeot» the effects of the nonlinear Coulomb 
frtaioD term may be approximated by adding an equiTalent Coulomb friction linear damping term 

Xp to the left*hand side of £q. (1) and dropping the actual Coulomb friction term on the right* 
hand side* When this change is made, Eq, (1) becomes 

X, t 2 [(OR),,j^, + (DR)(^f)]w„x, + w^x, = -X (4) 

where 

(DR) (cl) 3 Coulomb friction equiTaleot damping ratio 

The Talue of (DR)(^I) is determined so that the energy dissipation per cycle due to the equiralent 
Coulomb friction linear damping term is equal to the actual energy dissipation per cycle caused by the 
Coulomb friction force, acting against the relatiTe velocity* This method for replacing the actual 

Coulomb friction term by an equivalent viscous damping term corresponds to the procedure described in 
section a of Derivation Summary 2^5 for replacing a race^decermined step term by an equivalent linear 
damping term* 

In general, the energy dissipation due to damping effects associated with a small relative displacement 
is 

^^(dia) * (dissipative force) |dx^| (5) 

The dissipative force due to the action of the viscous damping element Is 

IP I ^ L I (/i\ 




« c 


(vd«) 


where 


^(vda) ” damping force generated by the viscous damping element 

B damping coefficient associated with the viscous damping element 
When the relative displacement is sinusoidal 

S - X(r)oS“Wf» 

and 

dx^ 4 

-p- " *(f)a*«"**<* 
dt 

Therefore, when applied to the action of the viscous damping element, Eq. (5) becomes 


< 10 ) 


The energy dissipiced by viscous duoping duiiog one complete cycle is the integral of 
as W|t varies from zero to 2ff; i*ea, 

Derivation Sutnmory 35-6. Performance equation, performance functions and brookawoy frequency 
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The «ner^> Uissip^areJ by Coulomb friction during one hall ot j complete cycle «ith the seismic element 
in continuous relative motion is <qual to the prcHiuct o^ the maximum Coulomb friction force (that is, the 
constant force magnitude developed »heo relative motion exists) and the distance moved by the seismic 
element against this force. The accompanying diagram sho«s that the relative displacement during one 
half cycle is t«ice the relative displacement amplitude. 


Relative Displacement 
^ Amplitude 


KeUtive Displacement 
During One Half Cycle 


(Ch)(w.f)-. 


(Q>)(w,t) » 2ff 

(Ch)(w,r) o chuigeiow, f 


Using as the distance moved against the constant Coulomb friction force, <he dissipation 

during one half cycle is 

^(di«Kcn(l/2 eycl.) “ “(f)e 

The dissipation per cycle is twice the dissipation during one half cycle; i.e.. 


^(di.llelHeycle) " ^ E(d„)(e(){i/2 e,ele) " ^l^(cJtail *(r)a 


(13) 


The Coulomb friciioo equivalent viscous damping coeflicient conesponding to the vis* 

cous damping element coefficient has a magnitude char would give the same dissipation per cycle 
as the Coulomb friction force acnjally present. From Eqs. (M) and (!}), this means that 

^(yd1(.qui»l(ctl*(Ha'*'l’' " ^ l^(eJtn)^ Nrla (14 

Solving E<|. (14) for the damping coefficient shows that 

- .4 1 

^(vdHequiv )fcf) « * w ^ 

” *(r)o 

Reference to Table 19*1 shows that, for the (^;0,1,2) differential equation, 

2(DR)w„..^ (16) 


DR _L 


“2 2^ 


Equations (8) and (9) of Derivation Summary 35*1 show that, for the seismograpbic system 


’(v^o) 


sod O2 .. m,„ 
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so that, defioiDg as the Coulomb frictioo equiTaleot dampiog ratio, 

(DR), ,, * ^(Td»»qutv»cf) } 

">«.•) 2w„ 

Combinini Eqs. (15) and (19) gives 


(19) 


(DR),,., = 1 i. ' 


*(r)o*£ '"(se) 2W„ 


( 20 ) 


Multiplying and dividing the right-hand side of Eq. (20) by the elastic coefficient of the scismogtaphic 
system clastic element, and noting that w2 = and that |x,^j,„| = /k{„, (see Deiiva- 

tioo Summary 35*1) shows (hat Eq, (20) cao be written in the form 

-T-TS ^ (21) 

Where ' ^{FR) *(r)o 

FR = ^ 


la worlclog Tariable (erms, Eq» (21) Is IdeDtical with Eq« (10) of Derivacioo Summary 2^5, which is 

A _ 4 1 ^"(ra) 

Wra) “ “T ”3 - 


c) The Cou/o<wb friction tqyivoltnf imping rofio 

Wheo Coulomb frictioo effects are represented by the equivaleot viscous dampiog term derived 
cioo c, Eq* (1) may be wri(teo in the fonn 

\ w_L j2w2x, 

for 

JWgt 


10 sec- 


“ *{0q« 
X..j2w2x, 


where 




(23) 


(24) 

(25) 


(26) 


9 resultant damping ratio based on combined viscous damping and Coulomb 
damping 

Subscicucing Eqs. (25) and (26) into Eq. (4) gives 

S + 2(DR)((,„^(^„]W„i, + - w2(FR)\ (27) 

Equation (27) has the (0;0^1,2) form for which the steady-state sinusoidal performance function corres¬ 
ponds to the product of (FR) and the (0;0,1,2) relating function developed in Derivation Summary I^IO. 
This means that ^ 

V[i-(FR)"f» [2 (DR)(|,„*mi(FR)]“ 

• forcing displacement * relative dispIacemeDC dimensionless 
sensitieicy ratio for the seismographic system with combined 
viscous damping and Coulomb damping 

The corresponding dynamic response angle, from Derivation Summary I^lO, is 

fnDA\ _ ...-I f"2(DR)((,|| + (eO]^^*^M (29) 

‘ -.-(FR)^ “J 

d) Forcing displacement-nlativo displacamont perfonnance fvnction for tho soismegrophic system with 


combined viscous rfompt'ng and Coulomb damping 

Derivation Summary 35-6. Performance equotion, performonce functions and breakoway frequency 
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Vlicn fiscoiis djmpinx ^Hcct> dxc small in compAXison with Coulomb Iriccion clicctSi b^s.(28) 

•ind (29) become 


(SR) e 


(FR) 


() 0 ) 


(!)<■ 


v'^[i-(FR)']S [2(DR),,„(FR)]' 


Fxom bq. (21) 




(DR).,„ . ± 


-2(0R),,„(FR) 


1 - (FR) 


*(elln>l 


(51) 


2(FR) 


[r)o 


1 i 
" 2(FR) 


[(MCFO){RDA)Rj 


( 21 ) 

(repeated) 

(32) 


where 


[(MCFD)(RDA)Rj • maximum Coulomb Ixiccion displacementrelative displacement 

^(rla amplitude ratio 

An explicit solution lor the dimensionless sensitivity ratio requires a proper algebraic solution lor 
Hq« (30) with (DR)|^jl elimioated by means oi Eq. (21). Substjruting the expression of Eq. (21) for 
in Eq. (}0), squaring both sides, and rearranging terms gives 


[l-{FR)^]‘ * 


Wo. 




2.1. 




" 2(FR) *(i), 


*(r)a 


- (FR)' 


(53) 


In order to simplify Eq. (35), the second term on the left-hand side has been multiplied and divided by 
03) for the dimensionless sensitivity ratio gives 




^Itlo 

‘(fla 


\ 




(i-{FR)^r 


(54) 


The dimensionless sensitivity ratio expression of Eq. (34) is equivalent to the working variable form 
for the (2;OJ,2) equation with the effects of a rate^detemioed step term, represented by an equiva* 

lent damping ratio, C(rt)* bq. (30) of Derivation Summary 2^3, this working variable form is 




The dynamic response angle for (he same equation is 




- - (ti m 


(35) 


sin 




-i. J. 

fi U. a: 


(36) 


The self-defining symbol form corresponding to Eq. (36) is 




'(ct)m 


1 


" "(iio (FR) 

.) P.rformonce function for ffte ttis mogrop hie sj'Sfem with Coulomb damping only 


! 


(37) 
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Equation (34) shows that for frequency ratios less than the critical ralue required to make the combina* 
non of terms under the radical equal to aero the quantity under the radical is negative, so that the dimen¬ 
sionless seostcWity ratio is imaginary. This means that for sufficiently low frequency ratios the dimen¬ 
sionless sensitivity ratio equation has no physical significance, which corresponds to the physical fact 
chat wheo such frequency ratios exist the maximum Coulomb friction force is great enough to hold the 
seismic element motionless on the si^porting element. 

The frequency ratio for which the quantity under the radical of Eq, (54) is equal to zero determines the 
point at which the dimensionless sensitivity ratio begins to be real and relative motion is on the verge of 
starting because inertia reaction force is reaching a level at which the CoulMnb friction force is no longer 
able to prevent relative motion. This frequency ratio is called the breakaway frequency ratio and is de¬ 
fined by the equation 

= /r Jps (38) 

’ " V X(f)a 


(FR) 


(b)(«dr) 


B equivalent damping ratio breakaway frequency ratio 
0 Breqfcowoy froqoency rofio based on the Coulomb friction oquivo/enf damping rofio 

Then in Eq. (i) the forcing acceleration is so low that the mazimum value of Coulomb friction 

force, is sufficient to prevent relative motion so that \ * 0 and ^ ■ 0 with « 0, the seismographic 
system is inoperative and is said to be in the su^breakaway region, When the seismographic system 
reaches the breakaway point, the relative velocity starts to differ from zero. This occurs when the right- 
hand side of Eq, (1) is just equal to zero, that is, when 


where 


ix,l 


D 




(39) 


■ maximum value of the forcing acceleration 
When Xj is siousoidal, 


and 




2 - 

1*11« • W?*(l)o 


Combining Eqs. (39) and (41) gives 


or 




-2 

n 


W- l*(ef) 


m 


W' 


(FR) 


(b)[<ib) 




SO (hat 

(FR) 


n 


“( 1)0 


(b)(ab) 




l*(cf)[Dl 

*(f)a 


(40) 

(41) 

(42) 

(43) 

(44) 


w acceleration-balance breakaway frequency ratio 

g) Bnokaway frequency rofio bosod on fho occofarof/on reoefion force * Cou/omb friefion force bo/once 

Comparison of Eq, (44) with Eq. (38) shows that (FR)(b)ledr)* breakaway frequency ratio based on 
the Coulomb friction equivalent damping ratio, is not equal to (FR)(b)(ab)» acceleration-balance 
breakaway frequency ratio. The reason for this discrepancy is that the equivalent damping ratio method 
is based on the assumption that there ore no stops in the relative displacement (that is, zero slopes in 
(be response curve) except when the amplitude is a maxifflum. It follows that any breakaway ftequency 
ratios based on equivalent damping ratio expressions will be valid only for motion without stops. The 
following tabulation summarizes the physical situations that correspond to various ranges and limiting 
values of the frequency ratio. 
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S = 0 . X,,,, = X, 

Seismic element moves sinus* 
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S ^ 0 ■ *1 


('^R),b.ub, < (FR) S 

(FR)(biUdt. - (FR) 

Coulomt) friction force bjliuices 
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for frequency ratios less than 
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^ ^ — — 
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rive motion. 

B B acc^leratlcn^teloncB ireokoway trequate y ratio. 

\ (BoMd on boloncv ol Couloo^ (ricllon }orc« oryd inertia reoctlcn loree. 
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andCoulombdampiag,based on zero case displacement with respect to the inertial 
reference. These equations are identical with working variable equations given in 
Derivation Summary 26-1, except for the use of symbols that are either defined in 
Table 19-1 or associated directly with the seismographic system in Derivation 
Summary 35-1. The quantity <r that appears in the equations of Derivation Sum¬ 
mary 26-1 is shown by section b of Derivation Summary 35-6 to be equal to unity. 
Sections aandb of Fig. 35-25 show illustrative step function response curves for 
the seismographic system withCoulombdamping only. These curves and the equa¬ 
tions of section csuggest that theeffectofCoulombfriction is to cause the relative 
motion to be sinusoidal with respect to an axis displaced upward or downward by 
an amount proportional to the maximum Coulomb friction displacement magnitude. 
In the curves of Fig. 35-25, the ordinate is the ratio of relative displacement to 
the maximum value of the relative displacement, which occurs at the initial instant. • 
With this coordinate, each half cycle of the oscillation has one of the dotted lines 
on either side of the abscissa axis as its zero level. These dotted lines are located 
on the ordinate scale at plus and minus the maximum Coulomb friction displacement - 
initial peak maximum magnitude ratio. Whenever the slope of the response curve 

becomes zero within theseCoulomb-frlction-determinedlimlts.no inertia reaction 
force exists, and the elastic restraint force is less than that required to overcome 
the Coulomb friction force, so that the seismic element remains at rest with re- 
spec^ the case. This means that the transient phase of response always ends 

• The auimua is wfetred co u <ht ioitul £«k mtiimua ia the eosuing discussion, since it aIwsvs oc 
curs at the initial peak. * 
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(ss)((vd) + (cd)) k 



Oscillofory transitnf response (or xaro viscoc/s damping 



Fig. 35-25. Illustrative step function tronslent response curves for the seismogrophic system with 
Coulomb domping and no viscous domping; step function tronslent response equotions for t e 
seismogrophic system with combined viscous damping ond Coulomb domping. (Page 1 of 2) 
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Notes: 1. See T'ible l^l tOf ieltAlUOAB an4 nofftcs Ot symbeU. 

?. See Derivation Sum»«y 2^1 foe the development ot these e<j'jations In warklnq variable terms. 

3» AU e<5uatiOf>s vffe hosed on sero cose JUri'JcomeM •tUh fesfoct to lAsrtial reference spoce (l,e., 1 • 0). 

4. In the symbol the first tero of (he euboenpt identifies the represented voiue of the relative 

dlsplocement. os on initlQl value. The second lero of the subscript identifies the irutlol value as 
being associated «lth the first interval, beginnir^g at ( s 0. 

The ratio lx. 


HefJa*' '•|H10)0' ^ mailmum Coulomb friction dlsplocement - initial peck 

maxuii^ magnitude ratio, ond is represented by the selJ-definlng symbol (MCFDKIPMIMR, in which 
MCFD t ® moslmufn Coulo«;b Irlclion displacement 

mcniir.urL 


cj Sfep fwc >io/i Ironsient rospome tqvohons hr ihe seismogroph ic system with combined yiscovs dompino 

Oftd Coufomb dofftping * ’ 


Fig. 35-25. niustrolive slep function transient response curves for the seismogrophic system with 
Coulomb domping ond no viscous damping; step function Ironsient response equotions for the 
seismogrophic system with combined viscous domping ond Coulomb domping. (Poge 2 of 2) 


With the relative displacement ratio somewhere within the limits set by the maxi¬ 
mum Coulomb frictiondlsplacement - initial peak maximum magnitude ratio lines. 

35.206. When no viscous damping Is present, the shifting axis of equilibrium 
for the successive half cycles of transient response corresponds to a reduction of 
twice the maximum Coulomb friction displacement - initial peak maximum magnitude 
ratio during each half-cycle Interval of the oscillation. This means that for each 
complete cycle the peak amplitude ratio is reduced by four times the maximum 
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Coulombfrictiondisplacement - initial peak maximum magnitude ratio. The cor¬ 
responding envelope of the step function transient curve Is made up of two straight 
lines sloping inward toward the abscissa axis as the time - undamped natural 
period ratio increases. The amount of this slope per cycle is four times the 
ordinate equal to the maximum Coulomb friction displacement - initial peak maximum 
magnitude ratio. Section b of Fig. 35-25 shows two cases in which the kinetic 
energy associated with the seismic element when it enters the Coulomb friction 
zone across one limit is not sufficient to carry it outside the other limit. As in¬ 
dicated, the seismic element stops closer to the limit of entry as the maximum 

Coulomb friction displacement - initial peak maximum magnitude ratio is made 
larger. 

35.207. In practice, seismographic systems often operate with both viscous 
damping and Coulomb damping. The range of combinations of these two effects Is 
so great that it is not feasible to show a generalized representation of all the pos¬ 
sible cases in a simple fashion. However, a reasonable coverage of practical 
situations is given by the curves of Figs. 35-26, 35-27 and 35-28. Figure 35-26 
shows the effect of varying the maximum Coulomb friction displacement - initial 
peak maximum magnitude ratio from 0 to 0.4 when no viscous damping is present. 
Values of this ratio less than 0.1 give step function transients similar to those 
that occur in second-order systems with viscous damping sufficient to produce 
damping ratios less than 0.1. Values of this ratio greater than 0.2 are very ef¬ 
fective in stopping the relative motion of step function transients. In general, 
some relative displacement remains after the seismic element is brought to rest. 
That is, the seismic element "sticks off from the position of zero elastic element 
force because of Coulomb friction. 

35.208. Figure 35-27 shows the effect of combining various maximum Cou¬ 
lomb friction displacement - initial peak maximum magnitude ratios from zero to 
0.2 with the viscous damping that corresponds to a damping ratio component of 
0.1. Figure 35-28 gives a similar set of curves for the same range of maximum 
Coulombfrictiondisplacement - Initial peak maximum magnitude ratios combined 
with the viscous damping that produces a damping ratio component of 0.2. The 
common pattern shown by each set of curves is a variation from the exponential 
envelope of viscous damping alone to the steep decay and residual displacement 
characteristic of second-order systems strongly damped by Coulomb friction. 

35.209. Paragraphs 26.12 through 26.18 of Chapter 26 describe procedures 
for determining the viscous damping and the Coulomb damping components present 
in a given system by use of a step function transient from the system. These pro¬ 
cedures and the equations given in Fig. 35-25 make it possible to handle the Cou¬ 
lomb-friction problems that are ordinarUy encountered in applications of seismo¬ 
graphic systems to the measurement of vibration. 
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‘‘ equations. See Derivation Summary 26-1 for the developmenl of these 

'■ Th^ri t te' IS wr<;:rrmp?nr""’ 

3. The horizontal dotted lines on either side of the obsclsso axis reoresent i i. i . . 

placement-Initial peak moxlragm nwgnitude ratio limits. friction dls* 


F'9- 35-26. Illustrotive step function ttonsient response curves for the seismogrophic system with zero viscous domoino and 

venous maximum Coulomb friction displocemenf-iniliol peolc moximum magnitude rotios. ^ 
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Notes: 1. See Fig. 35-25 for the applicable equations. See Derivation Summary 26-1 for the development of these 

2. all plots, the damping ratio component due to the viscous damping element acting with no Coulomb 

friction present in the seismographic system is equal to 0.1. r«,.Jomh friction 

3. The horizontal dotted lines on either side of the abscissa axis represent maximum Coulomb tr 

displacement —initial peak maximum magnitude ratio limits. 


35-27. llbstroti,e step fendios tronsi.nt 

sto viscous damping equol to 0.1 end vortous maximum Coulomb friction disploceme P 


720 





Notes: 1. See Fig. 35-25 for the oppllcable equations. See Derivation Summary 26-1.for the development of these 
^(^uollonse ^ 

2. Fct dl plots, the domplnq rotlo component due to the viscous damping element acting with no Coulomb 
trictlon In the selsn»qrophlc system Is equal to 0,2. 

3. The horizontal dotted lines on either side ol the abscissa axis represent maximum Coulomb friction 
displacement ^Initial peak maximum moqnltude ratio limits. 


response curves for the seismogtophic system with the damping rotio component 
viscoosdomping equal to 0.2ond voriousmaximum Coulomb frictiondisplocement-initiol peokmoximum mognitudo rotios. 
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STEADY.STATE RESPONSE OF THE SEISMOGRAPHIC SYSTEM WITH COMBINED VISCOUS 
damping and COULOMB DAMPING 

35.210. Equations (1) and (2) of Derivation Summary 35-6 describe the per¬ 

formance of the seismographic system in physical terms and in working variable 
terms, respectively. Equation (4) is a rewritten form of Eq. (1) in which the Cou¬ 
lomb friction term is replaced by a first derivative term containing an equivalent 
Coulomb friction damping ratio component. The theory for determining this Cou¬ 
lomb friction damping ratio component is outlined in section c of Derivation Sum¬ 
mary 35-6. This development is based on a steady-state relative displacement of 
sustantially sinusoidal form. An expression for the viscous damping energy 
dissipation per cycle is written as Eq. (11), and the corresponding expression 
for Coulomb friction damping is given as Eq. (13). These two energy dissipation 
expressions, with the viscous damping element coefficient, of Eq. (11) 

replaced by the Coulomb friction equivalent viscous damping coefficient, 
®wdi(*qui»)(cn • ^re equated in Eq. (14), and a solution for the equivalent viscous 
damping coefficient that will give an energy dissipation equal to the actual Cou¬ 
lomb friction dissipation is obtained in Eq. (15). The relationships ofTable 19-1 
are applied in finding the Coulomb friction equivalent damping ratio given by 
Eqs. (19), (20) and (21) of Derivation Summary 35-6. 

35.211. Section d ofDerivationSummary35-6givesthe performance function 
for the seismographic system with combined viscous and Coulomb damping, based 
on the resultantdampingratio. In section e of Derivation Summary 35-6, the per¬ 
formance function is developed for the seismographic system with negligible viscous 
damping, but with Coulomb friction force of appreciable magnitude. The result is 
summarized by Eqs. (34), (35), (36) and (37), which give the dimensionless dynamic 
amplitude ratio and the dynamic response angle in terms of the maximum Coulomb 
friction displacement - relative displacement amplitude ratio and the frequency 
ratio. 

35.212. The dimensionless sensitivity ratio relationship of Eq. (34) has a 
numerator that becomes imaginarywhen the square of 4/ir multipled by the square 
of the maximum Coulomb friction displacement - relative displacement amplitude 
ratio exceeds the fourth power of the frequency ratio. When this condition exists, 
the dimensionless sensitivity ratio is imaginary, and corresponds on the physical 
side to a nonexistent relative motion. When the numerator of the dimensionless 
sensitivity ratio becomes real, relative motion starts to exist. Because this action 
corresponds to the seismic element "breaking away" from the supporting element, 
the frequency ratio at which it occurs is called the breakaway frequency ratio. 
This quantity is determined by Eq. (34) of Derivation Summary 35-6 and is given 
as an explicit expression by Eq. (38). 

35.213. From the standpoint of physical action, the breakaway po^, or 
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breakaway frequency, that corresponds to the breakaway frequency ratio occurs 
when the peak acceleration given to the seismic element by the supporting element 
produces an inertia reaction force just equal to the maximum magnitude of the Cou¬ 
lomb friction force. • The breakaway frequency thus depends on both the forcing 
frequency and the forcing amplitude. The relationship involved is given by Eq. (39) 
of Derivation Summary 35-6, which is taken from Eq. (1) when the relative dis¬ 
placement and its first and second derivatives are all zero. The result of solving 
this equation for the acceleration- balance breakaway frequency ratio is given by 
Eq. (44). Acomparisonof this equation with Eq. (38) shows that the twobreakaway 
frequency ratios differ by a multiplying factor with the magnitude of the square 
root of 4/ir. Information on the mathematical relationships that determine the two 
breakaway frequency ratios is summarized in section h of Derivation Summary 35-6. 
The corresponding breakaway-point equations are plotted on logarithmic coordinates 
in Fig. 35-29. Breakawayfrequencyratiosareplottedas abscissae, and maximum 
Coulomb friction displacement > forcingamplitude ratios are plotted as ordinates. 
Both the acceleration-balance and equlvalent-damping-ratio values give straight 
lines. These two lines have a relative displacement parallel to the axis of ordinates 
equal to the logarithm of 4/ir, measured on the loru scale. Thelinesof Fig. 35-29 
may be used to identify immediately the breakaway frequency ratio for any given 
Coulomb friction effect when the forcing amplitude is known. 

35.214. Figure 35-30 gives a linear scale family of dimensionless sensitivity 
ratio curves plotted from Eq. (34) of Derivation Summary 35-6. This equation 
describes the action of the seismographic system with Coulomb damping but no 
viscous damping. When themaximumCoulombfrictionforce is substantially zero, 
the dimensionless sensitivity ratio curve is identical with the zero maximum Cou¬ 
lomb friction displacement - forcing displacement amplitude ratio curve of 
Fig. 35-30. As the maximum Coulomb friction displacement - forcing displace¬ 
ment amplitude ratio increases, the dimensionless sensitivity ratio is zero until 
thebreakawayfrequencyratio**givenbythe plots of Fig. 35-29 is reached. From 
this point, the dimensionless sensitivity ratio increases, and finally becomes iden¬ 
tical with the zeroCoulombdampingcurve,*** that Is, the curve for which the maxi¬ 
mum Coulomb friction displacement - forcing displacement amplitude ratio is 
equal to zero. The transition interval on the frequency ratio scale is small for 
small values of themaxlmumCoulombfrictiondisplacement -forcing displacement 
amplitude ratio and increases as this ratio changes toward larger values. 

• This is under (be assumpcioD (bx the seismic elemeot is io its tercrtcIstiTe-displscement bositioo 
prior CO broAkiog A«Ay. 

•• The two lines of Fig. 35-29 jisc the equifsleot duipioj ratio breakawajf freijueocy ratio and the ac- 
Mletattoo-balance breakaway frequency ratio. These two breakaway points bare ralues (bar are substantially 
identical as far as practical applications are concerned. 

*** This curve is also ideocical wicb cbe correspoodiog tero viscouj dipping cur?e. 
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cole plots of the forcing displocement input relotive displocemenf output dimensionless sensitivity rotio os o function of frequency 

ratio for the seismogrophic system with Coulomb domping only. 

















35.215. Figure 35-31 is the Unear-scale family of dynamic response angle 
curves that corresponds to the dimensionless sensitivity ratio plots of Fig. 35-30. 
The dynamic response angle curves of Fig. 35-31 are based on Eq. (37) of Deri¬ 
vation Summary 35-6. The essential feature of this family is that the curvesfor 
all values of the maximum Coulomb friction displacement - forcing displacement 
amplitude ratio approach -180 degrees as the frequency ratio becomes larger. 
Near the breakaway points on the frequency ratio scale, the dynamic response 
angle changes sharply from an initial value of -90 degrees. For breakaway points 
at frequency ratios less than unity, the angle first has a steep increase to smaller 
negative values until unity frequency ratio is reached; at this point, the angle sud¬ 
denly decreases to a curve that changes toward the -180-degree asymptote. For 
breakaway points at frequency ratios greater than unity, the dynamic response angle 
starts at -90 degrees and then decreases smoothly toward the asymptotic value. 

SINGLE.DEGREE.OF.FREEDOM VIBRATION ISOLATION 

35.216. Vibration components of considerable magnitude are often present 
in the motion of structural members from which operating equipment must be sus¬ 
pended. When the connection between the supporting member and the operating 
equipment is rigid, the vibration may cause malfunctions or even failures of the 
equipment. For this reason, it is important to develop the theory of vibration 
isolation, which deals with methods for reducing the vibratory motion of an isolated 
member carried by a vibrating support. The elements of the vibration isolation 
problem are shown in the diagram of section a of Derivation Summary 35-7. In 
order to illustrate the essential features in terms that are amenable to a simple 
and effective mathematical treatment, the figure shows a single-degree-of-freedom 
arrangement in which the Isolated member is free to slide on four rods that are 
rigidly attached to the support and act as the supporting members. The isolated 
member Is coupled to the support by means of coil springs that supply the elastic 
element function and a viscous damping element. Coulomb friction is introduced 
by bushings in the isolated member that slide over the supporting members. 

35.217. A comparison of the single-degree-of-freedom vibration isolation 
system of section aofDerivatlonSummary35-7 with the single-degree-of-freedom 
seismographic system of section a of Derivation Summary 35-1 shows that the 
physical elements of the two systems are similar. From the standpoint of theory, 
the performance equation developed in section c of Derivation Summary 35-1 ap¬ 
plies equally to both systems. For practical application of results based on the 
performance equation, the motion of the seismic element with respect to the case 
is of primary interest for seismographic systems, while the motion of the isolated 
member with respect to inertial space* is the important quantity for vibration 

• la vibration isolation, the inertia reacdoo force accompanying acceleration with respect to inertial space 
is the essential factor. This scceleradoa is detetnined by the inertioi-spsce motion of the isolated member. 
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fof tK© soismo^rophic $y$t©m with Coulofnb dompjn 9 only. 
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Viscous 

^ Daapiog Element 
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Supporting Members 

(sm) 


Vibratory Displacemeot of Isolated Member 
vith Respect to loemal Space 

(*lKla)l ■ *(la) “ 

displacement) 


\ ^U(sup)] 

Vibratory Displacement of Support 
with Respect to Inertial Space 
^N(aup)l • ^ displacement) 


o) llhstrotiv^ pictorial diogrcm of tho si*ng/e^e9fao«of«/ree^om vibratory motion isolation problom 


Geomecrical relationships: 

*(U(1id)] * ^Nfsup)] * ^(aupHlm)] * ^(aup)-(lm)] ** *{l-(ltt)] * *(l*(aup)] 

(ee) Elastic element 


(I)i(2) 




where 

..rl B relacive displacement-force sensitiTicy of the elastic elemeot 
8 w elastic coemcient of the elastic element 
(vde) Viscous damping element 

^(Td*) “ " Vd«)ji[(,„pj.{,„,];Fl^(.upHlB»l “ ’^(tdi)^{.up)-{la»l 

where 

^(vdalji^f ) ^ jj;p| * fclatiTe ▼elodty-force sensitivity of the viscous damping element 
faup) (la) ^ • damping coefficient of the viscous damping element 

(cfe) Coulomb friction clement 

F<=n ■ t IF.ol ”> 

B Coulomb fiiction force 

Note: When ia,^ Uio)] ^ ^(cf) ^amXani in magnitude and #^al to the awilttum Coulonh friction l«oe, 

^(cfWn*ewWltt)l “ ^(cf) ^ ^ c^pooiU to the raiullont of oil the other foreee. 

(ims) Isolated member system 

The equacioQ of motioo of the isolated memhet system for the case whco *[(,up).(ia)} 0 cao be written 

from a summation of forces as follows: 

-’"llmlMl-dml] - «(Tdel (*(l-(lm)] " ^H.upll^ " ^ ^ (fi) 


" Kee) *((eupHla)] 


where 

s 


from 


where 


kirn) " isolated member 
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Chdoging sigos on il\ rcros of (o) ^nd rcdiran/^in^ cerms gives 

'"(iml^l-dn-ll * '=(.J«tN:-(lmll * K..' *(l-iln.l| * '‘(«i'Hl-l.apl] * i(,.|,,^p,| T (7) 

n«n «ch term of tq. (7) is Jiv.dcJ by is rfpljccd by x , on-J *(i.,„p,| by x,. onJ chf 

reUtioQships of Table 19-1 are used. bq. (7) becomes the equation ot sinjtle-degfee-of-fteedom vibration 
isolation, which is 

*(ltnl ♦ • :(DR)w,,X, 7 W* 


( 8 ) 


•here 


(ellre 


l^lcOtTjl * I “ Couloflib friction JispIdcerDent fflagoitude in the isolated 

member system 

M Stngl^deg ft t^of^httdctn vib rofion isolotion e^uotion 

1q working variJble terms, the vibration isolation equation is 

V ♦ 2C(0„v ^ U.^v - o'U ♦ 


(9) 


where 

V « X 


(lol 


• c • dr U • X, ; u„., . X, 


ft r. 


I • ''(fa) • ^el>o • 

The symbols C DR. and are defined in Table 19*1. 

Then no Coulomb friction is present, hq. (9) becomes 

V f 2 <;<^^v ♦ w;v * u^ltj ♦ ( 10 ) 

Equation (10) has the (l,0;0,1,2) differential equation form. The sinusoidal relating function for this 
form is developed in Derivation Summaries 19*9 and 19»13. For reference purposes, a simplified develop- 
menr of this relating function is given here. 

Assume 


u - u,« 


lOiit 


so that 

Then Eq. (10) becomes 
Assume 


u - * • (|W|)w 

V ♦ 2c,’a»^v ♦ u»^v ■ <ii*y ♦ 2^nj^fa^^u 


V e 7 U 

•here the relating function 9 is to be determined. From Eq. (U), 

V* 9U«r;fu>jU 
V • « 7(f<a|)‘u a 

Substituting the expressions of Eqs. (14). (15) and (16) in tq. (13) gives 

w;)o • {w* + j2C«pW,)u 

The relating fuoaioo, ij, is determined from Eq. (17) to be 


(ID 

(i:) 

(13) 

(14) 

(15) 

(16) 


(17) 






Dividing mcJ, gf ^jg) ^^2 changes this equation to 


(18) 


lo.O.O.I.JI 


- j ♦ \2i$ 


1 - /3- ♦ 


(19) 
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where 


O 

P *-= * — » freoueoev ratio 

T 'if 

n Q JI 


The denominator of Eq. (19) is identical with the denominator of the relating function developed in 
Derivation Summary 55*2, which is similar to the (0;0,1»2) relating function of Derivation Summary 19“ 10. 
The dynamic amplitude ratio ^dynamic response angle form of the relating function may be taken directly 
from this latter summary as 

'^(0:0,1,2) *- ^f20) 


1-PU]2C^ 


“ '’{0;0.1.2) 


where 


f^(0;0.l,2) * I 

V(1-/5¥+(2C^)2 

The graphical representation for the numerator of Eq. (19) is 


» >/TT(2^ 





J2C/3 


Beola 


so that 


1 + = V I + (23) 

Combining Eqs. (19) through (25) gives 

. I + i2C8 - V 1 + (248)^ j[fon*‘(-2<8Al-8^)) + ton*‘2C8l (24) 


(25).(2fl 


Theo 


Pt " 1 
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»^1.0:0.l,2) 


Vl 4(2^8)^ 

0-8*)*+(2C8)- 
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In seU•de^iRio^ notation, 






!'*(lm' 






forcing dispUcenent • isolated member displacement performance function 
of the single-degree-of’freedom vibratory motion isolation system 


. (DAR) , .c Vl.U(W){FR)r (32) 

\[l-(FR)-r. [2(DR)(FR)r 

- forcing displacement-isolated member displacement 
dynaioic amplitude ratio of the single*degree*of*freedom 
vibratory motion isolation system 




9 forcing displacement-isolated member displacement 
reference amplitude ratio of the single*degree»of* 
freedom vibratory motion isolation system 


^11.0:0.1.:,- 1(DARKRAR)R]„„,, . ^ 

' ‘ V(j^(FRri'* (2 (dr)(fr)] 


where 


l(OAR)(RAR)Rj^y^j^jl^ J e forcing displacement-isolated member displacement 

^ dynamic amplitude ratio - reference amplitude ratio ratio 

of the singl^degre^of^freedoo vibratory motion 
isolation system 

f • forcing displacement-isolated member displacement 
dimensionless dyoamic amplitude ratio of the single* 
j^l^^^^of'frecdom vibratory motion isolation system 




.1 -2(DR)(FR) . ,an*‘2(DR)(FR) 
I-(FR)- 


■ forcing displacement-isolated member displacement 
dynamic response angle of the singlc*degree*o^freedom 
vibratory motion isolation system 

c) Performonew function for the vtbfotoiy motion tso/otion system with viscous dompin^ only 


Derivation Summary SS*?. The {1.0,0,1,2) reloting function and the performonce function for 
the single>degree'of*freedom vibratory motion isolation system with viscous dumping only. 

(Poge 4 of 4) 


isolation problems. The discussion of this section is directed toward developing 
engineering information on the factors that affect the vibratory motion of the isolated 
member with respect to inertial space. When the displacement corresponding to 
this motion is known, vibratory velocity and vibratory acceleration may be found 
by conventional methods. 

35.218. The pattern of procedure used in Derivation Summary 35-1 for de¬ 
veloping the performance equation of the seisraographic system is repeated in 
Eqs. (1) through (6) of Derivation Summary 35-7. Equation (7) of this summary 
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is the form that appears when terms are rearranged to place the displacement of 
the isolated member with respect to inertial space as the dependent variable and 
to show thedisplacementof the support with respect to inertial space as the forcing 
function. Equation (8) is written from Eq. (7) as a {1,0;0,1,2) differential equation 
with an additional Coulomb friction term. Section c of Derivation Summary 35-7 
outlines a simplified development of the (1,0;0,1,2) relating function in working 
variable terms and summarizes the results in Eqs. (30) through (35). From the 
standpoint of physical action, these results apply to the single-degree-of-freedom 
vibratory motion isolation system with viscous damping, but without an appreciable 
amount of Coulomb damping. The vibratory motion Isolation system does not re¬ 
ceive an input and produce an output for instrumental purposes in the same sense 
that the seismographic system acts as an operating component in a measuring sys¬ 
tem. This means that the concept of sensitivity would be out of its propercontext 
if it were used to describe the behavior of the vibratory motion isolation system. 
For this reason, vibratory motion Isolation effects are represented in terms of the 
dynamic amplitude ratio, which may be resolved into the product of a reference 
amplitude ratio and a dynamic amplitude ratio > reference amplitude ratio ratio. 
This latter quantity is identical with the dimensionless dynamic amplitude ratio. 

35.219. Figure 35-32 gives a family of curves that represents the dimen¬ 
sionless dynamic amplitude ratio as a function of frequency ratio for the vibratory 
motion isolation system. The curves of this family are based on Eq. (34) of Deri¬ 
vation Summary 35-7. For all values of the damping ratio, the dimensionless 
dynamic amplitude ratio, which is identical with the ratio of the isolated member 
displacementamplitudeto the forcingdisplacementamplitude of the support, starts 
at unity and remains higher than unity for all frequency ratios less than the square 
root of two. At this frequency ratio point, all curves pass through unity on the 
ordinate scale. For all higher frequency ratios, the dimensionless dynamic am¬ 
plitude ratio is always less than unity, with smaller values associated with lower 
damping ratios for a given frequency ratio. All curves become asymptotic to zero 
as the frequency ratio approaches very high values. 

35.220. The curve family of Fig. 35-33 is based on Eq. (35) of Derivation 
Summary35-7and gives the dynamic response angles corresponding to the dimen¬ 
sionless dynamic amplitude ratios of Fig. 35-32. These curves aU start at zero 
for zero frequency ratio and asymptotically approach -90 degrees for very large 
frequency ratios. With low damping ratios, Intermediate values of the dynamic 
response angle go below -90 degrees and approach a minimum near -180 degrees 
for damping ratios less than 0.1. 

35.221. Figure 35-34 is a plot giving the frequency ratio at which the maxi¬ 
mum dimensionless dynamic amplitude ratio occurs as a function of damping ratio. 
Figure 35-35 is a semilogarithmic-scale curve showing the maximum value of the 
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Fig. 35-33. Linegr-scole plots of the forcing displacement - isolated member displocement dynamic response angle os a function of frequency 

ratio for the single-degree-of-freedom vibratory motion isolotion system with viscous friction only. 














































Fig. 35*34. Frequency rolio for moximum dimensionless dynomic omplilude rotio os o funchon of domping rotio for fhe single* 

j^gf^^o(*freedom vibrotory motion isolotion system. 



^'9. 35-35. Moximum dimensionless dynomic omplitude rotio os o (unction of domping rotio (or the single-degree-of-freedom 

vibratory motion isolotion system. 
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dimensionless dynamic amplitude ratio as a function of damping ratio. Figure 35-36 
is a logarithmic-scale representation of the dimensionless dynamic amplitude ratio 
curve family given in Fig. 35-32. 

35.222. Derivation Summary 35-8 outlines the theoretical background for a 
development of the performance function and the breakaway frequency ratio equa¬ 
tions associated with the single-degree-of-freedomvibratory motion isolation sys¬ 
tem with Coulomb damping only. This development follows the general pattern 
established in Chapter 26 and applied to the seismographic system in Derivation 
Summary 35-6. 

35.223. Figure 35-37 gives logarithmic-scale breakaway plots for the vibra¬ 
tory motion isolation system. Except for necessary changes in symbols, terminol¬ 
ogy, and titles. Fig. 35-37 is identical with Fig. 35-29. The ordinate is the ratio 
of the maximum Coulomb friction displacement to the amplitude of the forcing dis¬ 
placement. The abscissae are the frequency ratios at which breakaway occurs. 
The upper line is based on the limiting equality between the peak acceleration force 
and the maximum Coulomb friction force. The lower line represents a condition 
in which relative motion occurs without beingcontinuous between the two maximum 
relative displacement peaks that normally occur twice in each cycle. For example, 
when the maximum Coulomb friction displacement is equal to 0.1 of the forcing 
displacement amplitude, the breakaway point on the basis of acceleration balance 
occurs at a frequency ratio of about 0.32. The corresponding equivalent damping 
ratio breakaway point is at a frequency ratio of about 0.36. 

35.224. Figure 35-38 is a linear-scale curve family based on the dimension¬ 
less dynamic amplitude expression of Eq. (7) of Derivation Summary 35-8. The 
ordinate of this figure is the dimensionless dynamic amplitude ratio. The abscissa 
is the frequency ratio, and each curve is drawn for an identified value of the maxi¬ 
mum Coulomb friction displacement - forcing displacement amplitude ratio. 

35.225. For frequency ratios less than the equivalent damping ratio break¬ 
away point, the dimensionless dynamic amplitude ratio has a value of unity. From 
the standpoint of the physical situation, this means that the isolated member is 
"stuck" to the supportingmemberand has the same motion with respect to inertial 
space as the support itself. When, for a given system, the frequency ratio in¬ 
creases untU it reaches the breakaway point given by the equivalent dampmg ratio 
breakaway frequency ratio plot of Fig. 35-37, the isolated member starts to move 
with respect to the support. If breakaway occurs for some frequency ratio less 
thanV^ thedimensionlessdynamic amplitude ratio increases and finally reaches 
coincidence with the zerodamping ratiocurve either before or at the unity ordiMte 
level. If the breakaway point occurs at a value of frequency ratio greater o 
■yj2, aU curves of the famUy immediately decrease and finaUy become asymptot c 
to the zero damping ratio curve in the high frequency-ratio range. 
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Fig. 35-36. Logarithmic-scale plot of forcing displacement- isolated member displocemeni dimensionless dynamic 
amplitude ratio os a function of frequency rotio for the single-degree-of-freedom vibrolory motion isolation system. 
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Maximum Coulomb friction displacement — forcing displacement amplitude ratio [(MCFD)(FDA)rJ = <cOm 



Fig. 35-37. 
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Maximum Coulomb friction displccement-forcing displacement amplitude ratio 

rotio for the vibratory motion isolotion system. 
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35-38. Lineor-scole plots of the forcing displacement — isoloted member displocement dimensionless dynomic amplitude rotio os o function of 
freguency rotio for the single-degree-of-freedom vibrotory motion isolotion system with Coulomb domping only. 
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Equation (6) of Derivation Summary 3$*? gives the perfonnaoce equation for the single*degree«of*freedom 
vibratory motion isolation system in the form 

*Um) + + w2x(,„, - W^Xj + 2(DR)w„x, + w2|x,„)^| (1) 

b) Fancfional diagram an d parformanco aquation 

When the forcing motion is sinusoidal and no relative motion stops occur except those that take place 
at the relative motion displacement peaks, the Coulomb friction term may be replaced by an equivalent 
viscous damping term* This equivalent viscous damping term may be based on equal Coulomb fiction and 
equivalent viscous friction energy dissipation per cycle to give the Coulomb friction equivalent damping 
ratio in the form developed in section c of Derivation Summary )5*6 and given by Eq. (21) of that summary. 
This expression Is 

(DR) , J. _L-(2) 

" 2(FR) *(r)a 

ttlien the Coulomb friction term is replaced by an equivalent viscous damping term, Eq. (1) may be 
written in the form 

*(ln.) + 2(DR)[(,„^,ej,)W„X(,„, + w2x„„, = w^x, + 2(DR)[(,„+(^„)W„Xj (3) 


where 


(^)t(vf)+(el)l “ + W(cl) 


Derivation Summary 35-8. Performance equotion, performance function and breokawoy frequency 
ratio for the single-degree-of-freedom vibratory motion isolotion system with Coulomb damping 

only. (Page 1 of 3) 
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ITjc perfonnAnc^ functioft correspond in to E<\, O) mjv be ^ound. Ho^fever, because <he C oulomb friccion 
equivalent damping ratio, (DR) .j,, includes the amplitude ot the relative displacement. js a factor, 

the process of finding the forcing displacement - isolated member displacement d>’namic amplitude ratio is 
difficult and will not be conied through here, This dynamic amplitude ratio is developed in Derivation 
Summary 26*5 for the case corresponding to Coulomb damping only and is given in working variable terms 
by Fq. (32) of chat summary. This expression has the form 




(1 


The corresponding dynamic response angle is 






In selMefining symbols, the expressions of Fqs. (5) and (6) are 






i - (FR) 


Y(FR)Vy/- 1 

(FR)74y/ *J!>2_y . 1 

Per^o^fftoneg ^/nclton for the vibntorf molion isolation system with Coulomb damping only 


®Tien the mMunum Coulomb frictioo force is great enough so that it eicceJs the inertia reaction force 
associated with the pealt magnitude of the support acceleration with respect to inenial space, no relative 
motion of the isolated member will occur, and the ratio of isolated member displacement to forcing dis« 
placement is always unity. Brealcaway occurs when, for a given forcing amplitude, the forcing frequency 
becomes high enough for the acceleration amplitude to produce an inertia reaction force fuse equal to the 
maximum Coulomb frictioo force. 

Breakaway theory is best treated in terms of relative motion between the isolated member and the sup¬ 
porting member. This theory is available in sections c, e, f and g of Derivation Summary 35-6. The gen¬ 
erally useful results ate listed is the table of scaion h of that summary. This table, with the minor 
changes necessary to make it directly applicable to the vibratory motion isolation system, follows. 


Oerivotion Summary 35-8. Performonce equation, performonce function ond breokawoy frequency 
rofio for the single-degree-of-freedom vibrotory motion isolotion system with Coulomb dompmg 

only. (Poge 2 of 3) 
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Motion of isolated member is 
equal to forcing motioo 


(im) 


» X. 


Isolated meciber moves relative to 
vibratory member 


Isolated member moves sinusoi* 
dally relative to inertial space 

*(lol ^ 


= tFR)(b,(ob, < (FR) g (FR),„, ., 


(FR) 


(b)(edr) 


< (FR) 


Coulomb friaion force balances 
acceleration force at all times 
^cquency ratios less than 


(^^^bHob) ^ ^ occelefotiort'^lonce breakaway frequency ratio 

Ifjfl (Based on balance of CouJomb friction force and inertia react 1 «> feree. 
Refer to section q of Derivation Summary 3S-6.1 

(^^\b)(edr) ” ^ -^ ® equivalent domping ratio hreckowoy Irequer^ ratio 

{f)a (Based on Coulomb friction equivalent damplnq ratio. Refer to section f 
of Derivotion Summ^y 3S-6.) 


(b)(ab) 


Acceleration force exceeds Coulomb 
friction force during pan of each 
cycle ^ some frequency ratios less 

(^)(b)(edr)- 


No appreciable stops in relative 
motion. 


yjh 

’ X 


W)ml 


(FR) 


(b)(«if) ~ V — 


d) Sractowoy conditions for tht vibrotory motion is olation system 

Derivation Summory 35-8. Performance equotion, performance function ond breokaway frequency 
ratio for the single*degree*of-freedom vibrotory motion isolotion system with Coulomb domping 

only. (Page 3 of 3) 


35.226. With the reference amplitude ratio equal to unity, the ordinate of 
Fig. 35-38 is proportional to the isolated member displacement amplitude for a 
given forcingdisplacement amplitude. This means that the curve family of Fig. 35-38 
represents the general pattern of frequency ratio and Coulomb damping effects on 
the vibratory motion isolation system. The curve family of Fig. 35-39 is based 
on Eq. (8) of DerivationSummary 35-8 and gives the dynamic response angles cor¬ 
responding to the dimensionless dynamic amplitude ratios of Fig. 35-38. 


VIBRATORY FORCE ISOLATION SYSTEM 

35.227. Vibratory forces are often generated by the normal operation of 
mechanical and electrical devices. These forces act on the frame of the device 
and must ultimately be absorbed by the support that carries the device. When a 
rigid connection is used between the support and the device on which the vibratory 
force acts, the structure associated with the support receives the full effect of 
this force. As a result, shaking motions and noise may be set up that are un¬ 
desirable at best and may actually be intolerable in terms of broken parts and ex¬ 
cessive sound levels. For example, if the motor of an electrical refrigerator unit 
were bolted directly to the frame, this arrangement would probably be unsatisfac¬ 
tory because of the noise generated and the vibration of the floor and walls of any 
room in which the refrigerator might be placed. The vibratory force reaching the 
support may be reduced by replacing rigid mountings by relatively soft elastic 
connections and a sufficient amount of damping to keep transient effects withm 



bfeokoway points on the FR scale 
given by the plots of Fig. 3S*37, 
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tolerable limits. The action of any system that accomplishes this result is vibratory 
force isolation , and thecomponentsthatcontribute essential effects form the^ vibra- 
tory force isolation system. The figure of section a of Derivation Summary 35-9 
illustrates a typical vibratory force isolation system with one degree of freedom. 
A motor with an unbalanced mass on its shaft is mounted on a base that is free to 
slide on a pair of rods that are rigidly attached to the support. In addition to Cou¬ 
lomb friction between the supporting rods and the bushings fixed in the base, a 
spring and aviscousdampercouple the vibrating member (the motor plus the base) 
to the support. 

35.228. The theory of vibratory force isolation has been broi^t to a high 
degree of effectiveness by many engineers. In particular, J. P. Den Hartog in his 
book on mechanical vibrations* provides an exceptionally clear development of the 
physical principles involved and deserves credit for giving a strong impetusto 
the development of vibration control as a branch of engineering. A proper treat¬ 
ment of this subject must include material that is not properly part of this chapter, 
in which consideration is limited to arrangements that are similar to the seismo- 
graphic system. For example, tuned vibration absorbers with and without damp¬ 
ing are widely used in practice. A typical application of the vibration absorber is 
in piston-type aircraft engines where vibratory torques acting on the crankshaft- 
propeller combination must be prevented from causing mechanical failures. The 
theory and methods described in this section may be extended to cover vibration 
absorber performance or any other problem in vibration control. However, con¬ 
sideration of these applications is beyond the scope of Instrument Engineering. 

35.229. Derivation Summary 35-9 outlines the development of performance 
information on the single-degree-of-freedom vibratory force isolation system. 
The general plan of attack is to set up an equation for the motion of the vibrating 
member under the applied force when the vibratory motion of the support is neg¬ 
ligibly small and to use solutions of this equation for finding the elastic and damp¬ 
ing forces applied to the support. The sum of these forces gives the resultant 
force acting on the support. Under a definition introduced by Den Hartc^, the ratio 
of the amplitude of the force acting on the support to the amplitude of the force 
acting on the vibrating member is called transmissibility . This concept is ef¬ 
fectively identical with the dimensionless dynamic amplitude ratio forforce applied 

to the support with respect to force applied to the vibrating member. 

35.230. Equation (2) of Derivation Summary 35-9 is the generalized per¬ 
formance equation for the single-degree-of-freedom vibratory force isoUtion sys¬ 
tem with bothviscousdampingandCoulombdamping when a steady-state sinusoida 

force is applied to the vibrating member. Equation (3) is derived from Eq. (2) by 
taking the vibratory motion of thesupportas negligibly small.and making the usual 
• Set Den Hartog (D5)* 
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^ Fofc^ Applied to 
t. \ Vibraciog M^ob^f Applied 

CO Support 


Vibrauog 

Member 

(vm) * 
Mcrron 

•L\JS BAsr 


^pportmg 

Members** 

(sm) 



Viscous 

Dampiog 

Element 

(vde) 


Suppon 

(sup) I 


Vibratory Displacemeac 
o^ Vibrating Member 
%ith Respect 
to Inertial Space 


Vibratory Motion 
of Support 
^wich Respect 
to Inertial Space 

*(l-(raO 


w 

Note: In practlca, ^ TKu ^sumption is r.ods in 

the isvslopmer.t ol this sumsacey 


c) Piciofiol rffoorom f//usfrorfn9 rbe Sfng/e*(/eoreo*o/*frve<ibm vfbrofory force iso/ohoo sysfem 


llien the force applied to the ribrating member of the system shown in (be diagram of section a ma^ be 
represented by a $teady*statc sinusoidal function, that is, when 

P P 

s»o)(«pp} * (vmUappla^ 

then the other forces acting on rhe vibrating member are identical with those that are iti^^onant for the 
seismographic system and the vibratory motion isolation system. The performance equations for these sys* 
terns are developed in Derivation Summaries 3)*2 and 33*7. Then the terms representing forces in these 
equations are written down with the force eipressioo of Eq. (1) added, the siogle-degree*of*freedom equa* 
tion of motion for the vibrating member of the vibratory* force isolation system is shown to be 

^(•(iro^l * ^(v4e' * ^lvo)(app^a^ 


T iF 


(ef)ffl 


Iheo attention is restriaed to situations in which the vibratory displacement of the support with respect 
to inertial space is effectively zero and each term of Eq, (2) is divided by the mass of the vibrating 

member, Eq. (2) may be written in the form 


where 


*{l-(vm)]iF, Jieslo * NaUapplq . quasi*static vibratory amplitude of the vibrating member 

iOPPr L am. A «k« mm J .. o a J U.. bL ^ / 


VQ )l{cf^D 


^(t#) displacement produced by the applied force ( 4 ) 

I 

I 

• - mfcximum vjbfitory displsceoent of the Tibrating oembec 
^••1 Coulomb friction 


Oerivofion Summery 35-9. Pictorial diogrom, differential equotion. performance functions and 
transmissibility equotions for the single-degree-of-freedom vibrotory force isolation system. 

(Poge 1 of 4) 
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Uoder the defiDJtioo illustrated in Fig, 6^1 and discussed in Chapters 4 and 6, quasi-static conditions 
exist when inertial and damping forces are negligibly small so that the force associated widi the vibrating 
member displacement is entirely determined by the elastic element. 

^eo Coulomb friction effects are negligibly small^ Eq. (3) reduces to 


where 




*(ee) ^e«) 

s quasi-static displacement of the vibrating member with respect to 
inertial space due to the applied force 

Equation (6) has the (0;04,2) differential equation form for which solutions are developed in Derivation 
Summaries 19-1 through 1^10 and in Derivation Summary 3^2« 

b) Eqvathn hr fht dfsp/ocemenf of the vibroting member in nsponst io o sinusoidal applied force 


In working variable terms* Eq« (6) becomes 

V + 2 < 4 '^v + = (U^u 


Thm 


u - u.< 


the developments of Derivation Summaries 1^10 and 33*2 show that the sinusoidal relating function for 

J^{0:0,i,2) _ 1 n 

’?10;0.1.2) = Pf/'(0;0,l,2»‘ *= ■;-Tj-^ 

1 - P + j24P 

where 

>'(0;0.1,2) = , = 

V (l-/3¥+ (2C/3)2 


( 10 ) 


'^(0;0,l,2) 


-ir-2c^ 


-2C0 


. <i}( Ri T_ 

p 8 ^ s ^ s ^ s frequency rauo 


( 12 ) 


(13) 


n n I j 


lo sclf-definiag symbols, the steadysute tibratery force applied to the support due to variatioos m the 

length of the elastic element is , 

^(tupl(opp)(ee) " ^ (ee)*(l-(vm)l 

From EqSo (6) through (13)» in self'defining terms* 

c _ .L 1 fPPl .F, . (16) 


^(#up)(opp)(e*) = +^(e*)-r^ ^^^^(vJU)lF;Fl(ee)^{vni)(app) 


where 


WIICIC XI^Q ■ i 

Pr “ tf^Vfl>l[F:F](«*) = ^ 

P(0;0,1.2) - t{DAR)(RAR)RJ„,i3„F.F)(..) = '(DAR)(,„.„f.fi,«) - ^ [2(DR)(FR)]' 


...-1 r - 2 (DRKFR) 

0 (O;O.l, 2 ) - tDRA)(Tfi.)(F;F){-el 


(19) 

( 20 ) 


Derivation Sootmory 35-9. Pictorial diogroot, differontiol «|uotion, perforotonce 
tronsotissibility oquotions for tho singlo-d.gro.-oMr.edom vibratory fore, rs.lol.on system. 

(Page 2 of 4) 
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Note th^t because chc support has no vibratory JispUcement o^ the quasi-static Joicc on the support always 
has the same si^n as the iJispUcement oi the vibrating member. 

Reasoning similar to that just outlined shows that the bfce on the support due to the action of the damp¬ 
ing element is , 

(aupICopplivd©! " * ^(vdo) 

' i*! l*^^J(vils)lr:Fl(*ol^Uinl(oppl 

too) 

From the defining relationships of Table 19-1, 

C(vde) ^ 2 (DR) (24) 

K.o. "" 

Therefore, 

^(.gpllvde) " - )*( l-P^J(vtls)(F;Fl(«e)^{»m)(oppl 


( 22 ) 


(23) 


(24) 


Oo *n 


(25) 


The (oidl force ap(>lied to the support by the vibracmg member is the suto of the elastic element force 
component and the viscous damping element force component; i.e«, 

^l»gp)(appl * ^(sgp)(opp)(oe) * ^Uup)(app)(vd«) 

- ll ♦ i2(DR)(FR)] (26) 

Using the form of £q. (10), 

1 ( 0 ; 0 , 1 , 2 » " ^PPJuii.)lF;f |(ee» " / ' ,cot2 ~7/rv»WCot 


1 - (FR)^ + i2(DR)(FR) 


(27) 


From Eqs. (26) and (27), 


where 


^{•gpKopp) " ^(vmKopp) 


(28) 


’)(l,0;0,l.2) “ f^^J(l,OiO,l,2) “ t^^lvllB)lF;F) “ -- (29) 

1 - (FR)% j2(DR)(FR) 

Equation (29) may also be written in the form 

l^^^(»ll.l(r;Fl “ (^^(vIi«|(F;F) (^^^KvII.KFjF)* (''*I»1(F,F) (jqj 

where 

f'(t)(l,0;0,l,21 • (R^J(vfl#)(F:Fl " * _ 

f'n.o:o,i,2t • [(^^l(*^^^ivii»)(F;n “ '(^^^^^.ii.iiF.-n " f ■ ^ —r 

VU-(FR)‘]'*[2(DR)(FR)f 


(30) 


(31) 


^(1.0:0.1.2. " i^^Ku,nF;n - tan-‘[ -^tDRHFR) ] . .an-‘2(DR}(FR) 

I l-(FR) ] 

c) Vibratory /orco isoforion system performonce e^uofion when only vrsco</$ domping is present 


(52) 

(55) 


By definition, 

(VFTF),,,.; 


fpFl i 1 - ^IsupKoppI 


(34) 


* (vmXapp) 

vibratory force transmissibility function for the singte-degree-of-freedom 
vibratory force isolation system 


Derivotion Summary 35-9. Pictoriol diagrom^ difierential equotioni performonce functions and 
tronsmissibility equolions for the single-deqree-of-freedom vibratory force isolation system. 

(Page 3 of 4) 
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ComparisoD of Eqs. (30), (32) and (33) with Eqs. (31). (34) and (35) of Derivation Summary 35-7 shows 
that single-dcgree-of-freedom force cransmissibUity equation is also identical with the performance func- 
tioQ for the smgle*degree*of*freedo(D vibratory noeioo isolacioo system. 

By defioitioa, 

f'!i.0:0.i,2) = = [(DARKRAR)R],^(,_„p.p, = '{DAR),^j,^,(p..j., (35) 

^(voiKappla 

= vibratory force dimensionless dynanic amplitude ratio for the 
single'degtee-of'freedoffl vibratory force isolation system 

= vibratory force transmissibility for the sirTgle-degree-of-freedom 
vibratory force isolation system 

d) Transmissibility /tincf/en and fronswissihi/ify for the vibntofy force isolofton system 


Derivation Summary 35*9. Pictorial diogram, differentia! equation, performance functions and 
tronsmissibility equations for the single*degree*of*freedom vibratory force isolation system. 

(Poge 4 of 4) 


transformations from coefficients to parameters. The relationship obtained is a 
{0;0,1,2) differential equation with the addition of a Coulomb friction term. 

35.231. Section c of Derivation Summary 35-9 shows the development of equa¬ 
tions for the elastic and viscous damping forces applied to the support and gives the 
essential results as Eqs. (28) through (33). These equations show that the vibratory 
force applied to the support is related to the force applied to the vibrating member 
by the performance function of the (1,0;0,1,2) differential equation, which is iden¬ 
tical with the performance function found for the vibratory motion isolation system 
in Derivation Summary 35-7. 

35.232. The curvefamilyof Fig. 35-40 gives the dimensionless dynamic am¬ 
plitude ratio for the force applied to the support as compared to the force applied 
to the vibrating member as a function of frequency ratio for various damping ratios 
when only viscous damping is present in the vibratory force isolation system. This 
amplitude ratio is identical with the vibratory force transmissibility .which is defined 
as the ratio of the force amplitude applied to the support to the force amplitude 
applied to the vibrating member. Except for changes in meaning required by dif¬ 
ferences in the physical quantities involved, the curve family of Fig. 35-40, based 
on Eq. (32) of Derivation Summary 35-9, is identical with the curve family of 
Fig. 35-32, which applies to the vibratory motion isolation system. This identity 
of form means that the discussion of vibratory motion isolation associated with 
Fig. 35-32 applies with equal validity to the vibratory force isolation represented 

by the curves of Fig. 35-40. 

35. 233. The curvefamilyof Fig. 35-41 is plotted from Eq. (33) of Derivation 
Summary 35-9 and represents the dynamic response angles associated with the 

dimensionless dynamic amplitude ratio curves of Fig. 35-40. 

35. 234. Coulomb damping is effective for the vibratory force isoUtion sys¬ 
tem in the same way that friction of this type acts in the vibratory moUon isoUUon 
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ineor-scole plots of the forco<'Opplied*to*vibfating*member»force*oppl ied*to*support dimensionless dynomic omplitude rotio 
for the single*degree*of-freedom vibrotory force isolotion system with viscous damping only. 
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system. The development o( a performance function for the vibratory force isola¬ 
tion system with either combined Coulomb damping and viscous damping or Cou¬ 
lomb damping alone would follow the patterns of Derivation Summaries 35-8 and 
35-9. This development is omitted here, but the general nature of the results is 

easily predicted. When the raaximumforceappliedto the vibrating member is less 
than the maximumCoulombfrictionforce, the force applied to the support is iden¬ 
tical with the force acting on the vibrating member. Breakaway occurs when the 
maximum force on the vibrating member reaches the maximum Coulomb friction 
force. For convenience in theoretical descriptions of the physical situation, both 
of these forces should be divided by the elastic coefficient to permit the computa¬ 
tion of the maximum Coulomb friction displacement - quasi-static applied-force 
displacement amplitude ratio. With this ratio available, the plots of Fig. 35-37 
are immediately available for use in estimating breakaway frequency ratios. For 
frequency ratios appreciably higher than the breakaway point, the displacement of 
the vibrating niember for the case of zero viscous damping would follow the zero- 
damping-ratiodimensionlessdynamic amplitude ratiocurve for the {0;0,1,2) per¬ 
formance function. The force applied to the support would be proportional to the 
displacement of the elastic element from its zero-force position with the addition 
of the maximum Coulomb friction force to always oppose the motion. With small 
amounts of Coulomb friction, the vibratory force transmissibility should be given 
reasonably well by the (0;0,1,2) dimensionless dynamic amplitude ratio plot for 
zero damping. When combinations of viscous damping and Coulomb damping are 
present, special curves should be plotted. 

ILLUSTRATIVE TEST REPORT ON THE EXPERIMENTAL CALIBRATION OF A LINEAR 
VIBRATION RECEIVER 

35.235. If vibration-measuring equipment is to be useful in practical ap¬ 
plications, it must have performance characteristics that are reasonably free from 
variation forgivenoperatingconditions, and these characteristics must be known. 
As a general rule, any device should behave well enough to give consistent results 
within a few percent if it is to warrant classification as a measuring instrument. 
The accuracy to which the performance characteristics must be known depends on 
the purposes for which the results are to be used. 

35.236. The only reliable method for determining the performance of a given 
piece of equipment at any particular time is to carry out an experimental calibra¬ 
tion. In practice, calibration depends on applying input variations to the unit or 
system under calibration, recording the corresponding output changes, and using 
the results as the basis for a quantitative description of performance. When it is 
possible to fit the experimental results into a well-known theoretical pattern, a 
relatively small amount of test work may be used toproducea practically complete 
calibration. For this reason. It is always desirable to reduce calibration data to 


751 



dimensionless terms and plots suitable for comparison with corresponding curves 
based on known differential equations. The equations most likely to be useful for 
this purpose are generally the performance equations for the operating components 
of the unit under calibration. Once differential equation forms have been identified 
that give patterns similar to test results, representations of performance with any 
desired level of precision may be given by use of deviation plots. Final descrip¬ 
tions of performance may be made in words, using any suitable concepts, or by 
means of curves and tabulations of essential numerical data. 

35.237. To illustrate the calibration process as it may beappliedto vibration- 
measuring equipment, the accompanying Test Report No. 35-1 for a linear vibra¬ 
tion receiver is given. In order to demonstrate various approaches to the repre¬ 
sentation of calibration results, this test report includes more plots than would 
ordinarily be used. A number of these plots are duplications in the sense that they 
supply the same information. This duplication is used (in this test report only) to 
show the characteristics of various types of plots. 

35.238. The general objective of processing the data from the experimental 
phases of any calibration test is to produce an effectively complete quantitative 
description of performance in concise terms. This general objective may be 
broken down into four subsidiary objectives or steps: 

1) The identification of a differential equation with a relating func¬ 
tion very similar to the measured performance function of the 
unit under test. 

2) The comparison of the experimentally determined points with 
the relating function of the identified differential equation. 

3) The comparison of the identified relating function with the ideal 
performance characteristics for the unit being calibrated. 

4) The comparison of the experimental points with the ideal per¬ 
formance characteristics. 

The identification of a suitable differential equation depends on a study of the design 
features of the unit being tested and the general nature of the experimental results 
obtained from the unit. The comparisons associated with steps 2, 3 and 4 are 
made in terms of deviation functions and deviations. 

35.239. By definition, these deviation functions are quotients formed by dividing 
values of the experimental results by the corresponding values determined from 
the theoretical performance-describing equation identified In step 1. The devU- 
tions are differences between values of experimental results and the corresponding 
values of the theoreticalperformance-describingequation or of the ideal perform¬ 
ance characteristics. Deviation functions and deviations are useful for suggesting 
whether differences between actual and ideal results are due to uncertainties as¬ 
sociated with the processes of measurement or whether they represent errors 
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[f’P]cs5)U;^Ktheo) '^CRPlcajoj^a) — Sc5s)Q.^;^]0^) i-Cpc)^ + j icpr^cfr*) 

[P^lCemgiC'tjeK^hffo) = '®Cem(3)t'i';e3(ref) 


(SR) 


)( ;c ; e )(.heo)=’ 


CFR)^ 


(FR) 


(DRA) 


( vr ){ 'i, \ e 


Htheo) = (^^^J('2 ;c}/,2)x0;O)~ 


-2CPR)CFR) 

I-CFR)^ 


+ 90* 


Reference frequency = ^’(fef) “ 


cycled' 


«eco 


Reference c , , 

sensitivity ' i * ■ I'-" 


Damping ratio = OR = tP.T 

Reference dynamic _ (DRA)(j,pj) = —90' 
response angle 


“ZTrncref) 

Ft..q.encyroUo = FR = ; Forcing frequency = n, ; Dynomlc response <r.qle = (ORA),, 

r>, . 1 . /C , 1 ; Idenllfled component = (id) 

srmvr;“Mo = . 

*1 1 j. II Theoretical dynamic . '(DAR)... 2;0ty(V) 

= 'SRI, , , ,,,.. 0 ,-^ «l,t„dv ratio ... 

Theotottoo. d^tc ^ . ,DR*),„.„k,„ "'»To!'S r„:!=‘T.r= '"'l -• >1 * ■ ' 

response angle ' Mtheo) fftCl/ \ 

Relotlng function associated with the C.o.yCie) dlfferentlol equotlon = [RFj.^.Qi^x )L - 
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T0L5RANC5 LW/rS.- Test Form B TEST REPORT NO. Shoot .J... of M.. 


Instnjmcnls Utwratory • AeronautiMl Engineering Departmenl • ^^assac^lusetts Institute ol Technology • Camtmdge • Massachusetts 

. hmR )/I^RATlON RECEIVER auBRATm ; ^T£APy--5TATE 5/^U:?OmL //VPlfT 

Tttk of lost. .-... 

■■ chartjf of . Assistin^j with . 


Equipment tested.. 

Receiver (vr) 


CoNbOLiPAitPL inear Vibration 


Type 


Model 


102 


Serial No... 


7510 


Plots ^TOCKARP 


Equipment used for test 

VuNONf Cathode-RA y Oscillograph Ccroi Tyf^e 304H. 5 er. Ho. 1012 
Bauantine Vacuum Tube Voltmeter; Model dco, 5 er. Ho. 6‘590 


, • LlNEAHySLOCtTy X(,„) _ \/c 

Input quantity. .. 7 .. I'.v.'. .Output quantity..!.... 

EoTironmental conditions: Temperature .......(^!?......™. Pressure. 

Other..“.. 


VOLTAGE ec^r) 


•- 0 
> •• 

• p« W 
M ca 

• •• r* 4 . 

iA ^ 

G i» E 

if U 

w c 

» S ^ 
“'Ey 
Jsj i 

0 

« ^0 
c 0 

E G 


0 •t; 
'Z E 
«ir 


u S' J 

’i c t 

6 ^ ? 
E 0" IE 

0 0 . 


® 'e 

*2 .2 


^ -J ^ >> 

y h ‘* y 


C g r 
0 g h 

S 5 = 

E cr £ 
0 2 9i 


s : 


a ^ 

0 ^ 

0 S i 

•• fc- , 

<« >s i 

u ij n 


i. u 

g C 
o i 


00 

^ w 

tf) < 

|T 2 

8-^ £ 


S 3 a: u 0 

irt 'll 


00* 
c .S 
E 

V 1 - 
lA 

C 

0 u 
a 0 

(A il 

V 9 
ta cr 

c 0 

>s — 

a 


u 

c ■> 
fl e 


CPS 


FR=2.4 

I 6 .d 



Frequency ratio = FR = n,/n,j^,, ; Reference frequency = n,,^jj = 7 

Refer to Fig. }5-12 for PR tolerance-limit information. Refer to Fig. 35-13 for DRA tolerance-limit information. 

When used outside o contest that defines the tolerance limit concerned, each ol these concept r»iw, must be completed 
by the addition of the nome ol the quantity In which the tolerance limit exists and the numerical volue and algebraic sign of 
his limit. For example, when the performance ratio tolerance limit Is -O.l. the complete nome for the perf«mance rotlo low 
««l«ncy limit Is minus one-lenth performance ratio tolerance limit low frequency limit and the corresponding symbol is 

"(f)(PR)(- 0 .ni- 

The operotlnq frequency range is also called the band width. In bandwidth terras 

Performance rotio bend width e (BW),p_ , /Opoi 

(PRM1TL)= ) ‘ '{PR)((TL)* ) 

Dynamic response onqle band width s (aW),r,a ,,,,_, . o fOFRl 

(DHAMITL)= ) t MDRA){1TL) = 
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(SR) PLOTS: Test Form F _ TEST REPORT NO. Sheet ± of 'I. 

In ^fumenls Laboralofy ■ Aeronautical Engineering Department -^ s sachuselts Institute of Technoloa • Ca^bfidee • 

T(f/e of test 

In charge of iestAL3j£f£^.f?£. . Assisting with test...2:..i?^^4^X. 

Equipment tested )/lBRATlOhi 
RECENER Or) . . 


.-.Model.. Serial . Calculations....il;..lr£^i^iLir 

. P\oisAA:.Al^S^M£..,., 

Equipment used for test._ (CoNsouoi^iBDTSEEHa'cm 

5^; % . 

. 

Input quantity. <i<iaDUty . 

Environmental conditions: Temperature-. T£....£.. . Pressure...—.. 


Other 


DIMENSIONLESS 
SENSITIVITY RATIO 


log-log scale, 2^-jnch cycle 


DIMENSIONLESS SENSITIVITY RATIO 
DEVIATION FUNCTION 


0 0 0 '(SR)(„p 

-Gj-d-IDF)TSR) 



I - cycle's 

Reference frequency = = 7 ^^^orid 


Damping ratio = DR = 0.7 


Reference sensitivity = S( vr )( 


*• ; e 


](fef) 


= 4.8-4 volts/inch 


auY 


(Fl^ 


Theoretical dimensionless ^ = (DAR)( a;o,i,2 ) xCijO) V[|-(FH)^]* 

dynamic amplitude ratio ' '/^bi is ih« dimen- 

'(DAR),„„„, 1. '(SR),„.„, .h, .hoorctlcol d^n..onless r.Mo l» tto ™il u.te ...1, 1|„„ 

sionless sensitivity ratio determined by experiment# - - — 


































I O RA PLOTS: T.srFor-nK TEST REPORT NO. _ S>,», .£. of 

Instfuiwnts Uboiatory • Aeronairtical ^ngmeeting Departmerl ■ Massjchuselts Inslitule ot Tectinology • Cambfidge ■ Massachusetts 

yiBRAJlON RECEIVE!? CALIBRATION: 5/^5^/^ . 

Tif/eoMesr-— __ jJ STQCKARQ » ■ ■ -.u , , BARLEY 

Date . It' charjje of test. Assistjog with test. 

. CoNSOLiDfCTBP Linear YieRATiON 

Equipmeot tested.. 

ReCE/VER C^f'> . 


Date 


test 


Type 


. , /C^ c • I M 

.Model. berulNo... 


Calculations 

Plots 


j.l. 'SroacARP 
J. i ^TCCKARP 


. . . , 5PERRy-M.I I MlBRmON CAUdRATCR (COHSOLIOATEP) 5 EJ? Ho. CETf 

Equipment used for test....... 

OuuONT Cathode-Ray OsciiLOiSRAPH(cro). ryp^ 3o4H, 3 er. /W. I0f2 

jAUANTm Tube Yoltmeter Cvfvm): Model soo, 3 e^.No. isoo . 

;. T'TimR P^^^ Xcn) _ __ yOLTACE *?ivr; 

Input quantity..••.•■•<.Output quantity.. 

70F 

Eo»ir(»mental conditions: Temperature.-. Pressure.- 


Other.., 


DYNAMIC RESPONSE ANGLE semilog scale, 2'7-inch cycle 


DYNAMIC RESPONSE ANGLE DEVIATION 


*Wt] 


0 0 0 <dra),^^ 

•d-d— (OKDRA) 


^ - 

VI - 

t a 

V H 
•0 :: 

V -1 
—t 

c a 
c - 


< 

q-30 


-60 


Ftccueocy ratio 


_-10 


nj ZOO 


Reference frequency = n(,^j) = 7 «ycles/5Ccond Damping ratio * DR » 0.7 "t iOO 

Reference dynamic response angle * = -90* 
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(SR) PLOTS: Test Form F 


TEST REPORT NO. 


Sheet .J... oi,/S 


InstruiDeiHs Uboralory • Aeronairtical Engin Ktine Department - tediusetts Institute of Tectinolo£y • Cambridge • Massachusam 
Title of test STEAPV- STATE INPUT 

Ozie.Jlyy/fy \a charge of Assistinc with test BAkiBy 

Equipment . 

RecBIVEK. (yr') . . 


Typ'. ModelJ..^3.. . Serial No..Z£{£ . CaJ<nllatioDS.....::;„4^.^§Zf?.£^^^>?.^^^^^ 

. Piots..2.Z;..l.^!?i^^di£r' 

Equipment used for test (ComtWATBpjspQMcm 

'Typ^ . 

. 


/01 


Serial No... 


7S“I0 


bpuc ^lL!f^y^°£!iyJagi..^ .OU.P. 

Envifoomeotal cooditioas: Temperature .. Pressure...TI. 

Other..7".. 


VOLTA6B eCvr> 


DIMENSIONLESS 
SENSITIVITY RATIO 

iOL I M I I I I I l| I 


semilog scale, 2li*mch cycle 


t -f 


-'(DAR),„,,, 

0 0 0 '(SR),.,p, 

“G(-Gl-([>F) '(SR) 


DIMENSIONLESS SENSITIVITY RATIO 
DEVIATION FUNCTION 

' M I M M .. I'll i-lIOP J 


^ 0 
n 

0) ^ 


0 

t 

c £ 

•§ 2 
c < 

G \ 
0 


0-1 i\r ^ 


> 

•;>< :5 
<0 

e 

“ V 

V) 



Frequency ratio 






0.II--1 



■s I 1 _ -i cycles Oainoin/t ratio * DR -0.7 

Reference frequency = = 7 - Zco m 

Reference sensitivity = S( yp )[ x ; 6 ]{ref) ' inCh/second 

Theoretical dimensionless ^ (DAR)(,heo) = 2:0,1.2 ) = yfl-fFR)T+ [^fDRllFRlT 

dynamic amplitude ratio '' i .... 'rsRi 

'heoretlcol dimensionless sensitivity ratio tor ttie unit un er es , ,*ip) 

sloniess sensillvlty ratio determined by experiment*_ 


Is the dlmen- 
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ORA PLOTS; Test Form K 


TEST REPORT NO. 


3f-/ 


Sheet 


7 


of 


13 


indmiwnts La toalofy ' Aeronautical Engineeting Department • Massachusetts Institute of Technology • Caoiixidge • Massachusetts 

Linear Vt&RAriON receiver CALlORAno/V ; ^TBAf^y~'3TATE 5IN^ 

. 

, Cqlvsolipatbv Linear ViB^ATtoAL . 

Equipn^^Q^ tested-. 


Date 


Type 


Model..(f.?..... Serial N0..Z.C!.?. 


Calculaiioos 
Plots 


^■.3I9S£^3.L.. 
J. L. ^tockaWp 


... SpER^'y"^ MtBRATiON CALIBRATOR (CORSOllOATEO) SlR NO.CdJS 

Ecxuprseoc used for test —.^.. .... 

PuMONj CATHOoe-R(^y Oscillograph Ccroi . 

Tau^^ . 

r.'.V llNBAP VELOCny "Kin) ... ^OLTAOE ^fyr) 

Input quantity.-.—-.cnitput quantity-. 

EoTifOflmental cooditions: Temperature . Pressure.-. 


Other 


DYNAMIC RESPONSE ANGLE semilog scale, 2HMnch cycle DYNAMIC RESPONSE ANGLE DEVIATION 





.! \'Z<PR'>CFR.'>-\ 
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(SR) PLOTS: TsstFomla _ TEST REPORT NO. M:.L. Shctt...L. of 

_^lfuirenls Laboiatory • Aeronautical E ngineering Department ■ Massachusetts Inslilule of Techfioloev ■ CambririgP ■ 

Title of test ^JEAPy-STATE SlHUSOlQAL IHPlfT 

Date In charj^e of . Assisting with test 

Equipment 

... Calcula.ions"iiI^i^^. 


Typ=.. Model.fff.. Serial . Plo.s.£.f.'...??£'5fl5£ 

Equipment used for test CCoN^UQATEp) SETS. ^Q. C875' 

. 

Model Sqo, sW. Ijo. 6^90 

Input 2y3Ey^^ .Output quantity. ..".I." 

Environmental conditions: Temperature. T9.....!t... . Pressure...T. 

Other ..Zl. 


DIMENSIONLESS 
SENSITIVITY RATIO 


5 - .2 
? S 


1 

K i 

A 


A 

1 

4 M 

4 


t 

* 


‘'k" s 

w ; — 

2 h , 0 


semilog scale, lli-inch cycle 


DIMENSIONLESS SENSITIVITY RATIO 
DEVIATION FUNCTION 

M ' I I DUO 


0 0 0 TSR),„^ 

d—d- (OF)'(SR) 


Reference frequency = =7 

Damping ratio = DR = 0.7 


volt 


Reference sensitivity = =O.II[nct^„e„</ 

Theoretical dimensionless _ (DAR){,f,gj,) 
dynamic amplitude ratio (PP)i 

= {DAR),2.q)^2 ) "y[|-(FR)T’i2(0RKFRf 


C (Q 

2 > 
V) if 

c "D 

it ^ 

slI 



;> cl *•" 

j w 0 

■Jg 8 • 

H 8 C • 

- W C too 

- « cf 

- ^ oi 

it-mT 


0.95 


0.90 



MW 

fS 


Frequency ratio 


Oj/n 


Li I. ii 


1000 


(DF)(SR), )l i ; .a . « '<SR),„p,/(DAR)„^„, 



















































ORAPLOTS; TesfFormL TEST REPORT NO. oi JA.. 


|(istniiwnls Laboiatory • Aefonautical Engineeung Department ■ ^^assac^lusetts Instilule of Technology • Cambridge • Massachusetts 


» . VI&^AriON f^eceiVERCAL/BRATlO^I; ST£APy'STATE SINUSOIPM INPUT 

Titio of tost . 

I" cha,«. o( . . 

E,uipa.cn, .cs.cd . 

RECE/VEn Cvr) 


Type 


. , lOZ c • 1 VI tSio 

Model. Serial No... 


CalculatioQS 


J.L. STOCKARD 


Plots.. 


J.L. SjOChTARD 


Equipmcn. used (or tcs. ^ VieHl^riOM CALIBUATOU (CONSOLIDATED) SEV.>JaC87S 

PUMONT CATMOPB-RAY 0sCIUO<SEAPM CcfO), Type So^H, Sbr. No. ibii 

'WuANfiNE Vacuum Tu&e hiimreR Tyfv^^^ . 

o..»nfir„ ^'NEAR i/E/OC/r'y'jcon) n ■. VOirAoFebv'r) . 

Input quantity.....V......Output quantity.-.. 

70^ F 

Envitonmental conditions: Temperature. T... . Pressure. 


Other .Z. 


DYNAMIC RESPONSE ANGLE 


semilog scale, I'l-inch cycle 



f ('’TTvm rfTT^nm t rt» t**t*t*^ r TtT»r«pT»^TTT*Tr eTt 1 1 


f - 


-H-t 




t t t t 


♦ * ♦ t r f ♦ 


f V *r-v • * f ♦ ♦fr- - 


DYNAMIC RESPONSE ANGLE DEVIATION 

r»rTr*»TjT7rTt*^r-*'-r • -Tfrp'^TTrmrrr-'TrTMrTr'Tn t m‘ rirTTi 


♦ • * t f 


f t » . . . t 


0 G 0 (dra),^, 

--d-d-(0)(DRA) 


M] 

‘a 



Frequcocy ratio 




iOo 



£-■^- 1 ^ *20 

iOOO 


damping ratio s DR a 0.7 


Reference frequency = = 7 Damping rario = DR = 0.7 

•Reference dynamic response angle = = -180* 

Theoretical dynamic _ - inQA\ f'2(DlO(PRn 

responseanglc 2 ; O, 1,2 ) - ^ L~~ >-CFR)^ J 

! '* thecrellcal dynamic response angle for Ihe unll under lest- fDRAl r .l .■ 

iSliSSlky experiment. *^e dynamic 


response angle 




































PR PLOTS: Test Form £a TEST REPORT NO. Sheet of 

Instruments Latwralory - Aeronautical Engineefing Department ■ ^^assachusetts Ins litule of Technology • Cambridee • Massarhu^^tfc 

Title of test fJBPipy-sjArB smsomt input 

In charge of rest.,^ Assisting .!,h .est.2..l^?;:£EII"III 

Equipment tested 

I^UCEIVER Cvr) . . 


Model. L?.?..... Serial ':io. 


Type. ± .Model. (£7. Serial '^o..JlL9.. . O^AcxA^xxoosAL.^IPS^^^E. . 

.. piots....'i^l.Lir.?^!^;M£ 

Equipment used for test 

77£?7l£7f.tf999‘^y..29S[i^^ 7:Ef M£7 no. loTi . 

. 

Input quantity..Output quantity . 


Environmental conditions: Temperature.. Pressure. 


Other.«, 


PERFORMAHCE RATIO 

^■^F l .. II 

:-*^^*'(SRllldo: 

~ 0 0 G(pr) 
_ :—Gi-Gl-(0)(p 
h 1.0 \ -LJ—I— 


linear scale 


PERFORMANCE RATIO DEVIATION 

O.Of 


'0.9 


L OQ 
> 


■OOfl 


0.7 




CC 0.4 
to 




0-2 


O.T 


cycle 


•seco 


Reference frequency = n(yej) 


Damping ratio = DR 


Reference dimensionless _ 
sensitivity ratio 

Reference sensitivity * S(,gf) = O.ll 


tfi/sec 


■OJS 


Theoretical dimensionless ^ (DARl^j^eo) 
dynamic amplitude ratio 


(DAR),aAi,2 I = 




3.0 



IS 


I ’ ’ 

30 


- 0.10 

so 


Hi 3S 
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PR PLOTS; UstFormCa TEST REPORT NO. Sb^t JL of JJ.. 


Inslniiwnts Latwralofy • Aeronautical Engineeiing Departotent • ^^3s$3chusetts Institute o? Technology • Cambridge • Massachusetts 


T . . LINBAR VIBRATION RECEIVER CALIBUMIOH; STEAR^STATE SINU50I0AI INPUT 

Tlfi« or fOJr -.... 

In chargn of AoMstin* .i.h . 

, ConsoupatepL/neap/ibration 

Equipment tested-. 

RBCBIVeR Cvr) 


Type 


Model 


/02 


Serial So... 


7S'/0 


piots...:r!^...4.fr£!':^d'?^ 


Equipment used for test 

TalTantWe iiAcuuM Tube %itmeter (vivm)TM^^ . 


Inpu. v^Il!!!E;RlAL££!IL..±im}. .Ontp„, 


70^ F 

EoTironmenta! conditions: Temperature..f".. Pressure 


Other -i 


PERFORMANCE RATIO 


seinilog scale, IVinch cycle 


PERFORMANCE RATIO DEVIATION 



(theo) 


= fPR) 

_ V [KFR)^]^-f[£(DR)(PR)] 


T Frequency ratio T FR « n 

































TEST DATA: Test Form N 


TEST REPORT NO. Mr.L 


Sheetof 


Insttumenls Laboratory ■ Aeronautical Engineefing Departmenl ■ Hassadiusetts Ins titute of Tectinology • Cambridge ■ Massachusetts 
Title of smsoiPAL imj 

DueJl3.?Jl±\v, charge of tesr.2A:3l9S£^I£. . Assisting with test....Z.^d^^.^£... 

Equipment . 

I^ECENER (vr) . 

4 ...... top ..... 75-10 .... J.LSTOCRARD . 


Type .....3.Model .....'.rf.. Serial No. . Calculations. 

.. F\oxsAL31?S.M3EE.. 

Equipment used for test 

'^r.^ 5 ( 74 //, %er. Ho. ion 

tueb . 

Environmental conditions: Temperature-. 7.2....E.. . Pressure. 
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TEST DATA: TtstFormO 


TEST REPORT NO. 


Sheet 


Instfuincnis Laboratory • Aeronautical Engineefing Depatlment • Massachusetts Institute ot Technology • C3mbiidgej_Mass3chuselU 
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cr 
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produced by mismatches between the actual performance and the theoretical per¬ 
formance equations. 

35. 240. Test Report No. 35-1 summarizes information on the calibration of 
a linear vibration receiver with the design features described by Fig. 35-7f. This 
unit has a Coulomb-friction-free spring suspension for the seismic element with 
oil damping and an output signal generator of the electromagnetic type. It is 
generally good practice to include a pictorial diagram and other physical informa¬ 
tion in the calibration report of any given unit. This physical description is omit¬ 
ted here because of its accessibility in Fig. 35-7f. 

35.241. From the standpoint of experimental technique, the performance of 
a vibration receiver may be studied by means of vibration calibrators, which are 
designed to apply mechanical input displacements of simple sinusoidal wave shape 
and accuratelyknown. adjustable amplitude and frequency. By the use of several 
different amplitudes and a suitable range of frequencies, withproper observations 
of the corresponding outputs, the performance characteristics of the receiver may 
be measured in quantitative terms. In many cases, it is not feasible to cover the 
desired operating range of frequencies completely. When this situation exists, 
careful observations should be made incritical regions of the frequency spectrum. 
These regions may be critical because they include the complete range of desired 
operation or because they involve crucial behavior of the theoretical performance¬ 
describing functions. When agreement between experimental and theoretical- 
function points is good in crucial regions, the theoretical function may be used 
with confidence to give performance characteristics for a range of input frequencies 
that is much wider than the range covered by experimental data. 

35. 242. Vibration-measuring equipment may be calibrated by means of input 
motions of many types other than steady-state sinusoidal oscillations. For example, 
pulse-function forcing motions may be applied. The problem of finding response 
characteristics of equipment from pulse-function transient response data is dis¬ 
cussed in Chapter 32. The illustrative examples of calibration of vibration- 
measuring equipment by the sinusoidal-input method are given in the typical test 
reports that follow. 

35. 243. Figure 35-42 illustrates the essential features of a mechanical cali¬ 
brator for vibration-receiving units. The basic element of this device is a heavy 
flywheel routing on carefully aligned, preloaded ball bearings. This flywheel is 
driven by a relatively powerful direct-current motor. Approximate speed meas- 

urementsareprovidedbyanelectrical tachometer. Accurate speed measurements 

are made by means of a stroboscopic light flashing with a known frequency and 
three patterns of black and white segments on the flywheel. With this combination, 
a closely spaced sequence of knownforcingfrequencies may be determined by ad¬ 
justing the motor speed to make various combinations of the patterns appear to be 

stationary under the stroboscopic light. 
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35.244. Linear vibration receivers are tested on the calibrator of Fig. 35-42 
by means of a spring-loaded follower riding on an eccentric fixed to the shaft of 
the flywheel. The eccentric that drives the follower is fitted outside a second 
eccentric so that the amplitude of the output displacement may be varied by rotating 
one eccentric with respect to the other. The unit to be calibrated is fixed to the 
follower and receives a sinusoidal motion with a forcing frequency equal to the 
speed of the flywheel. Phase relationships between the forcing motion and the out¬ 
put voltage are determined by a contactor rotating with the flywheel shaft, and an 
intensifying circuit that causes a bright spot to appear on the output trace of the 
cathode-ray oscillograph used for indicating the output voltage. 

35.245. Sheet 1 ofTest ReportNo. 35-1 gives the essential background infor¬ 
mation on the calibration of a linear vibration receiver by the use of steady-state 
sinusoidal inputs applied at a sequence of constant frequencies at a constant ampli¬ 
tude well within the operating limits of the receiver. This sheet identifies the test 
reported; gives the date the test was made and the names of the personnel involved- 
identifies the unit tested, the principal pieces of test equipment used, the input 
quantity and the output quantity; and lists the essential environmental conditions. 
In practice, it is very important to provide forms, preferably on transparent paper 
for easy reproduction, with convenient spaces for the descriptive information 
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just noted. Particular situations will often require items not included on sheet 1, 
but, in any case, sufficient information should be given to permit the test de¬ 
scribed to be repeated if this should become necessary. 

35. 246. The Summary of Results on sheet 1 of Test Report No. 35-1 givesa 
functional diagram, showing the input as linear velocity and the output as voltage. 
The performance function for this input quantity - output quantity combination is 
shown as having the general form of the relating function for the (2;0,1,2) dif¬ 
ferential equation. This function in terms of frequency ratio and damping ratio 
is given with the linear velocity input - voltage output reference sensitivity as a 
scalar multiplying factor. This reference sensitivity is given as 0.11 volt per 
inch-per-second, the damping ratio is listed as 0.7, and the reference frequency 
is shown as 7 cycles per second. The reference dynamic response angle is taken 
as -180 degrees. 

35.247. Test Report No. 35-1 does not outline the reasoning behind the choice 
of the (2:0,1,2) relating function form as the performance function for the linear 
vibration receiver under test. The basic reason for this choice is the design of 
the receiver itself, as illustrated by the diagram of Fig. 35-4g. This diagram 
shows a seisraographic system coupled to an electromagnetic generator. The 
developments of Derivation Summaries 35-2and 35-3 lead to the (2;0,1,2) relating 
function as the form for describing steady-state sinusoidal performance. On the 
basis of the mechanical features used in the receiver, it is reasonable to assume 
that the undamped natural frequency of the seismographic system is so low that 
any operating frequency range must be above this frequency. This means that the 
unit operates in the displacement-receiving range discussed in Derivation Sum¬ 
mary 35-3. Within this range, the seismographic system output is a linear dis¬ 
placement proportional in magnitude to the input displacement. The corresponding 

input to the electromagnetic generator is a motion proportional to the input motion. 

As indicated in the discussion of Figs. 35-5i and 5], the electromagnetic generator 
output isproportional to the linear velocity it receives as its input. The net result 
of the seismographic system action and the electromagnetic generator action is 
that linear velocity may be considered as the receiver input with voltage as the 
corresponding output. When this choice of variables is used, the performance 
function of the receiver is identical in form with the performance function of the 

seismographic system. 

35.248. The discussion of the preceding paragraph outlines the background 
reasoning involved in choosing a performance-function form to describe the char¬ 
acteristics of a particular vibration receiver type. Once a tentative choice of a 
performance function is made, numerical values of the parameters involved and 
final proof of the suitability of the performance function depend on its agreement 
withtest results. The association of the {2;0.1.2) relating function with the velocity 
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input - voltage output performance function for the linear vibration receiver im¬ 
plies that experimental results justify the use of the (2;0.1.2) form for represent¬ 
ing operational characteristics. The details of this justification are given in 
various forms by the plots of sheets •! to 11 of Test Report No. 35-1. 

35.249. For the second functional diagram shown on sheet 2 of Test Report 
No. 35-1, the receiver input is considered to be linear displacement, as islhe 
seismographic system output also. The electromagnetic generator input is con¬ 
sidered to be a lineardisplacementthatproduces voltage as the output. With this 
choice of quantities, the performance function for the receiver is the product of 
the {2;0,1,2) relating function form and the (1;0) relating function form. The net 
result is aperformancefunctionsimilarto the velocity-voltage performance func¬ 
tion multiplied by j times the frequency ratio. The reference frequency of 7 cycles 
per second and the damping ratio of 0.7 remain unchanged. The displacement- 
voltage reference sensitivity is 4.84 volts/inch, and the reference dynamic response 
angle is -90 degrees. 

35.250. Sheet 3 of Test Report No. 35-1 gives low and high frequency limits 
and operating frequency ranges for various performance ratio and dynamic response 
angle tolerance limits. In all cases, the high operating frequency limit is infinity, 
which corresponds to the basic characteristic of the seismographic system work¬ 
ing in the displacement receiving range. The low frequency limits depend on the 
specified tolerance limits. For example, when the performance ratio tolerance 
limit is specified at -0.01. the low frequency-ratio limit is 2.4; with a reference 
frequency of 7 cycles per second, the low frequency limit occurs at about 17 cycles 
per second. This frequency limit becomes lower as the magnitude of the tolerance 
increases. With a tolerance of -0.10. the low frequency limit is 9.5 cycles per 
second and becomes 6.3 cycles per second for a tolerance of -0.30. 

35.251. Dynamic responseangle tolerance effects are much more restrictive 
than performance ratio tolerances. For example, a tolerance limit as great as 
+30 degrees sets the low frequency limit at about 19 cycles per second. 

35.252. Various graphical patterns are available for representing lest results. 
In all cases, the representation is used for one or more of three purposes: 

1) Comparison of experimental points with the plots representing 
a possible theoretical performance function. 

2) Comparison of experimental points with the plots for ideal per¬ 
formance. 

3) Comparison of theoretical performance function plots that satis¬ 
factorily represent the experlmenUl results with the plots for 
ideal performance. 

Comparisons of this type are carried out by means of deviation plots that magnify 
the differences under consideration. 
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35.253. The heavy-dashed-line plot of sheet 4 of Test Report No. 35-1 
presents the combination of the (2;0,1,2) theoretical performance equation form 
with the {1;0) form, which is a straight line with an upward slope of 45 degrees. 
The points represented by large circles are dimensionless sensitivity ratios taken 
from the seventh columns of sheets 12 and 13. The relationships used for com¬ 
puting the sensitivity ratios are given in these sheets. 

35. 254. The theoretical displacement-voltage dimensionless sensitivity ratio 
plot reduces to the 45-degree-sloping electromagnetic generator characteristics 
for high frequency ratios. For frequency ratios less than unity, the combination 
of downward slopes for the (2:0.1,2} function and the (1;0) function gives a very 
steep downward slope. Deviation function points are computed by dividing the actual 
dimensionless sensitivity ratio points by corresponding points on the theoretical 
performance ratio curve. On sheet 4, deviation function points are represented 
by points placed at the middle of a small letter "d." The deviation plot of sheet 4 
shows that, except for a single point that is about 5 percent high, all the experi¬ 
mental data agree with the theoretical performance function within 1 or 2 percent. 

35. 255. Sheet 5 of Test Report No. 35-1 gives the theoretical dynamic re¬ 
sponse angle curve corresponding to the dimensionless sensitivity ratio plot of 
sheet 4. Thedeviationcurveof this sheet shows that the experimentalpoints vary 
erratically from the theoretical curve with a maximum deviation magnitude of 
about 8 degrees. 

35. 256. An over-all survey of the plots of sheets 4 and 5 indicates that the 
deviations are of a type that may be largely attributed to uncertainties in the 
process of making observations and to interference effects due to imperfections 
in the mechanical calibrator. It seems reasonable to conclude, therefore, that 
the combined (2;0,1.2) and (1;0) relating functions, with 7 cycles per second as 
the reference frequency and 0.7 as the damping ratio, provide a satisfactory 
theoretical form for describing the displacement-voltage performance function of 
the linear vibration receiver under calibration. The reference sensitivity for this 
function is 4.84 volts per inch. 

35. 257. Sheets 6 and 7 of Test Report No. 35-1 provide essentially the same 
information as sheets 4 and 5, except that for the plots of sheets 5 and 6 linear 
velocity is chosen as the receiver input and voltage ischosenas the output. The 
dimensionless sensitivity ratio plot of sheet 6 is derived from the plot of sheet 4 
by subtracting out the 45-degree-slope straight line that represents the FR factor 
introduced by the electromagnetic generator when linear displacement is considered 
as its input. The result of UkingFRout of the theoretical displacement-volUge 

sensitivity ratio curve* is to make it similar to the 0.7 damping ratio curve of 

• For <hc purposes of discussion, when no misundcrsianding is possible, the word ■'dimensionless” may 
be omirred from the term "sensitivity ratio" in refening to dimensionless sensitivity ratios. 
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Fig. 35-10, whichdescribesthe sensitivity ratioperformanceof the seismographic 
system operating in the displacement receiver range. From the standpoint of 
vibratory-displacement-receiving operation, the essential feature of the plot on 
sheet 6 is that the dimensionless sensitivity ratio is constant for frequency ratios 
greater than about 2. The deviation-function curve shows good agreement of the 
experimental points with the theoretical curve for frequency ratios between 2 and 
10, The logarithmic scale below the frequency ratio scale is applied in the form 
of an adhesive-backed strip that makes it possible to supplement the frequency 
ratio scale with numbers* giving the forcing frequency directly. This result is 
accomplished by aligning the reference frequency of 7 cycles per second with unity 
on the frequency ratio scale. 

35.258. The heavy-dashed-line curve onsheet 7gives the theoreticaldynamic 
response angleplotcorrespondingto the theoretical dimensionless sensitivity ratio 
curve of sheet 6. Theessentialdifference between the theoretical curve of sheet 7 
and the theoretical dynamic response angle curve of sheet 4 is a shift of -90 degrees 
to compensate for the theoretical removal of the rate-taking action of theelectro- 
magnetic generator by considering that this action is transferred to the input 
quantity. The information provided by sheet 6 on the agreement of experimental 
points with the {2;0,1,2) relating function as the theoretical performance function 
for the vibration receiver is identical with the information given by the figure of 
sheet 5. 

35.259. Sheets I, 4, 5. 6 and 7 all give plots with the logarithmic abscissa 
scale covering a range of 300 to 1 in frequency ratio units, with unity near the 
midpoint of the coordinate field. This range is suitable for examining the agree¬ 
ment of test points with theoretical performance curves, but does not give a broad 
picture of the over-all characteristics of the unit under test and the region within 
this picture that is covered by the test points. The plots of sheet 8 provide such 
a broad picture of dimensionless sensitivity ratio variations, both theoretical and 
actual, by halving the length of each decile on the logarithmic scales as compared 
with the scales of sheets 1, 4. 5, 6 and 7andusingaspecialdeviationfunction scale 

with the decile increased in length by 8 times over the previously used decile 

length. The plot of sheet 9issimilarto the plot of sheet 7 except for the increased 
range of frequency ratio. 

35.260. The information presented by sheets 8 and 9 show that the experi¬ 
mental data covered the crucial frequency ratio range about 1 order of magnitude 
up and 1 order of magnitude down from unity. Except for a few relatively large 
deviations where the theoretical performance function is changing rapidly, the test 

• It is meaningless to consider the logarithm of any dimensiooaJ (juantity. For this teosoo, the numbers 

00 the forcing frequency scale are actually fretiueocy ratio numbers with the reference frequency made equal 
(0 uAiry» 
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information gives good agreement with the plots representing the theoretical per¬ 
formance function. It is probable that these deviations are really due to uncertainty 
effects, so that the theoretical performance function may be taken as representing 
actualperformance for engineering purposes where an inaccuracy of 1 percent in 
sensitivity ratio and an inaccuracy of 5 degrees in dynamic response angle are 
tolerable. 

35.261. All the plots of Test Report No. 35-1 that have been considered so 
far are designed to check the agreement of experimental results with a selected 
theoretical performance function. This is an important phase in the evaluation of 
test results because once it is established that actual performance may be satis¬ 
factorily represented by some known mathematical form, the essential character¬ 
istics of the tested unit are easily available for use in connection with any and all 
measurement and control applications. 

35.262. From the standpoint of practice, the primary interest in performance 
characteristics of a tested unit centers around the question of how closely the unit 
follows ideal performance requirements. For example, the linear vibration re¬ 
ceiver considered in Test Report No. 35-1 has ideal performance over a frequency 
region within which its velocity input - voltage output dimensionless sensitivity 
ratio is unity and its dynamic response angle is -180 degrees. The phase angle 
information is covered satisfactorily by sheets 7 or 9, but it is convenient to use 
the concept of performance ratio for describing amplitude ratio performance. 
By definition, the velocity input - voltage output dimensionless sensitivity ratio 
performance ratio is the actual dimensionless sensitivity ratio divided by a refer¬ 
ence sensitivity ratio that ischosen as identical with the ideal dimensionless sensi- 
tivityratio. For the linear vibration receiver considered in Test Report No. 35-1, 
the ideal dimensionless sensitivity ratio is unity. 

35.263. The linear-scale plots of sheet 10 give the performance ratios of the 
theoretical dimensionless sensitivity ratio and the experimental results plottedas 
functions of frequency ratio. The light-dashed-line plot shows the deviations of 
the test points from the ideal dimensionless sensitivity ratio value of unity. De¬ 
viations of thetheoreticalcurve from the idealdimensionless sensitivity ratio may 

be read directly from the performance ratio scale. 

35.264. The plots of sheet 11 are similar to the plots of sheet 10 except that 

thelinearfrequency-ratioscalethatcoversarange of 5 to 1 is replaced bya loga¬ 
rithmic scale that covers a range of 300 to 1. It Is obvious that the frequency- 
ratio range can be extended by reducing the length chosen for each decile. 

35.265. Inpractlce, plotssimilartothoseof sheets lOand 11 are most gener¬ 
ally useful because they give on one plot the ideal performance condition, the theoret¬ 
ical performancecurve, and the agreement of experimental points with both of these 

references. Byaddingtheessentialnumericaldataon reference with sensitivities 
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and parameters sui li as damping' ratio, a vi-ry completi' piiiun- of thi- sensitivity 
ratio performaiK'e of a tested unit may lie presented on a Mn^;!*' sheet. 

illustrative test report on the experimental Calibration of a torsional 
VIBRATION receiver 

35, 2tjG. Vibi atoi y ant;ular inputs of simpli' sinusoidal wave form are provided 
by tile flooke’s-joinl arian^'enieiit of the meelMnual vihiatioii calibrator sliownin 
Kij;. 35--i2. Witti this arr int;einent, the center line of the driven shaft is set 
at a fixedan^'le Aith lespect to the center line of the dnvinij shaft. As the driving' 
shaft is rotated at constant speed, the motion of the driven shaft may be represented 
by a constant aveiatte aiit'ular velocity equal to the speed of the driving shaft, on 
wnich is superimposed a substaiitiallysinusoidal* vibratory motion. The vibratory 
motion completes two cycles for each revolution of the driving shaft. This means 
that a torsional vibration receivei fixed to the driven shaft is subjected to an input 
oscillation of known amplitude and frequency that may be used for calibration pur¬ 
poses. The constant-speed rotation that accompanies the angular velocity variation 
is useful for checking the behavior of slip rings and brushes or other means that 
may be required for connecting the receiver to recording equipment. The 
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stroboscopic-light arrangement for accurately measuring input frequencies and 
the circuits for indicating phase angles between forcing displacements and output 
voltage waves shown in Fig. 35-42 are applied for torsional-vibration calibrations 
in the same way that they are used for linear-receiver tests. 

35. 267. Test Report No. 35-2 summarizes calibration information on a tor¬ 
sional vibration receiver with the features illustrated in Fig. 35-7h. This unit uses 
CouloDib damping only, and has an electromagnetic generator for producing the 
output voltage. Leaving out ofaccountthedifferences in behavior due to the change 
from viscous damping to Coulomb damping, the torsional vibration receiver study 
summarized in Test Report No. 35-2 reveals performance characteristics that 
are similar to those of the linear vibration receiver considered in Test Report 
No. 35-1. This means that if the input is taken as vibratory angular velocity, the 
performance function for the torsional vibration receiver is determined by the 
seismographic system. From Fig.35-7h, this system includes a seismic element, 
an elastic element, and a Coulomb damping element, but no viscous damping ele¬ 
ment. The forms for thedimensionlesssensitivityratioand the dynamic response 
angle for a seismographic system of this kind are derived in Derivation Sum¬ 
mary 35-6 and are given by Eqs. (31) and (34) of that summary. It treasonable 
to check the usefulness of these equations for describing the performance charac¬ 
teristics of a torsional vibration receiver damped with Coulomb friction. 

35.268. Sheets 6 and 7 of Test Report No. 35-2 give data taken from the tor¬ 
sional vibration receiver identified on sheet 1 when this unit is subjected to steady- 
state sinusoidal inputs of various frequencies by means of the M. I.T. -Sperry 


vibration calibrator. The steps for reducing these data to the dimensionless 
sensitivity ratio as a function of frequency ratio are shown in the tabulations of 
sheets 6 and 7. In computing these results, the measured* undamped natural 


frequency of 5 cycles per second for the receiver is taken as the reference fre¬ 
quency in determiningfrequency ratio values. The breakaway condition was deter¬ 
mined by slowly varying the forcing frequency to determine the point at which the 
output signal changed from zero. With the forcing amplitude of 1 degree used for 
the tests, breakawayoccurredat 20 cycles per second. The plots given on sheet2 
of Test Report No. 35-2 are identical with those on the breakaway graph of 
Fig 35-37 except lor the numerical data associating the lines with the particu a 
Vibration receiver being described. These plots show that the observed breakav«y 
frequency ratio of 4 corresponds to a maximum Coulomb friction displacemen - 
forcingamplitude ratio of 12.6. With the forcing amplitude of 1 degree use in e 

calibration test, this means that the maximum Coulomb friction " 

angle for the receiver is 12.6 degrees. Special logarithmic scales pasted parallel 
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to the abscissa and ordinate axes of sheet 2 are aligned with the dimensionless 
scales to read directly the forcing frequency and reciprocal of forcing amplitude 
respectively. They permit the breakaway frequency to be estimated for any given 
forcing amplitude within the range of the plot. 

35.269. Sheets of Test Report No, 35-2 gives linear-scale plots of dimen¬ 
sionless sensitivity ratio as a function of frequency ratio for the torsional vibra¬ 
tion receiver. The curve family of sheet 3 is similar to the family of Fig. 35-30, 
which represents the dimensionless dynamic amplitude ratio for the (2; 0,1,2) 
equation with an equivalent Coulomb damping term, but without a viscous damping 
term. Points for the measured dimensionless sensitivity ratio show a fair agree¬ 
ment with the curvefor a maximumCoulombfrictiondisplacement - forcing ampli¬ 
tude ratio of 12.6. This makes it reasonable to use the dimensionless dynamic 
amplitude ratio equation for the (2;0,1,2) differential equation with a Coulomb 
damping term but no viscous damping term as the expression for the theoretical 
dimensionless sensitivity ratio of the torsional vibration receiver under test. 

35.270. Sheet 4 of Test Report No. 35-2 gives logarithmic-scale plots for 
several of the curves shown on sheet 3. In addition, sheet 4 shows the experi¬ 
mental points and the corresponding deviation function. The logarithmic scales 
make it possible to extend greatly the range covered on both coordinate axes. 
Except for the region in which the dimensionless sensitivity ratio is varying 
rapidly, the agreement of test points with the theoretical dimensionless sensitivity 
ratio curve is very good. This result certainly justifies the use of the theoretical 
plots to predict the performance of the torsional vibration receiver for forcing am¬ 
plitudes andforcingfrequenciesthatdiffer from those used in the calibration tests. 

35.271. Sheet 5 of Test Report No. 35-2gives a curve family for the dynamic 
response angle plots corresponding to the dimensionless sensitivity ratio plots of 
sheets 3 and 4. The curves of sheet 5 are taken directly from Fig. 35-31. These 
curves are not backed up by test results, but it is reasonable to expect that they 
provide at least a rough approximation to the angular velocity input - voltage out¬ 
put dynamic response angles associated with operation of the tested torsional vi¬ 
bration receiver. 

ILLUSTRATIVE TEST REPORT ON THE CALIBRATION OF AN INTEGRATING AMPLIFIER 

35.272. It is demonstrated in Derivation Summary 34-10 that a high-gam 
amplifier with a feedback condenser has the characteristics of an integrator. A 
typical c ircuit for a resistance - amplifier feedback condenser is shown in Fig. 34-9. 
Common practice is to precede the integrator by stages of electronic amplification 
and isolation. Very often, similar stages follow the integrator. The entire 
assembly, called an integratingamplifier, provides an operating component adapt¬ 
able for accepting outputs from a vibration receiver with an electromagnetic signal 
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jjenerator. such as the unit described in Test Report No. 35-1. Corresponding 
integrating amplifier outputs are signals representing vibratory displacement. 

35.273. Performance characteristics of integrating amplifiers may be tested 
by the arrangement shown in Fig. 35-43. Steady-state sinusoidal signals are 
generated by thebeat-frequencyoscillator. The magnitude of the oscillator signal 
is measured by the vacuum tube voltmeter. The oscillator signal is also applied 
to the x-axis terminals of a cathode-ray oscilloscope for dynamic response angle 
measurements, as described in the following paragraphs. The integrating amplifier 
output signal is applied to the same measuring equipment, this signal being con¬ 
nected to the y-axis terminals of the cathode-ray oscilloscope. The vacuum tube 
voltmeter isconnectedto the switch blades of the double-pole double-throw switch. 
The beat-frequency-oscillator outputterminalsare wired to one side of the switch, 
while the inlegratingainplifier output is connected to the other side. This permits 
both the input and output signal magnitudes to be measured with the same instru¬ 
ment by throwing the switch. 

35.274. Dynamic response angles are measured with a cathode-ray oscil¬ 
loscope by using the method described in Technique Summary 35-1. The wiring 
connections are shown in section a. Output signals are applied to the y-axis 
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Fig. 35-43. Colibrotion of on integroling amplifier. 
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Input iigaal 

(Sg)u., 

INPUT VOLTAGE 


<Sg), 


Operation Component 

(oc) 

(unit under test) 


Output Signal 

OUTFirr VOLTAGE 
^(out) 


y-Axis 

Deflection 

Tennioals 


yDeflectioo 

Sensitivity 

Adjustment 

(Adi)s 





Catbode-Ray 

Oscilloscope 

(cTo) 


x«Axis 

Deflection 

Terminals 


fOeflecttoQ 

SeositiTity 

Adjusonent 

(Adj)s 


a) Connection diagram for the sinusoidal input fast of the operofing component 


^*hen the input signal to the arrangement shown in seaioo a 1 $ sinusoidal^ 

N(,„1 = 

where 

W| e 2rr Dj (2) 

s forcing frequency 
a input signal amplitude 

This signal is often a ToIta|e to start with; if not, it may always be aaosfonoed into a voltage. Therefore, 

(Sg)(,„)-«(,„) = edr.jaSi''*)' 

Nete; In prccllco, the Input veltaqe rwr dlllet trom the input slqnoi by being a dltferent quantity with amplitude 
and phase angle dlllefences. To ElmplUy the present dlseusslen, la cOMldered as Idenllwl with 

(S«),inr 

The corresponding output signal will differ from the input signal in amplitude by the sensitivity of the 
operating component under test. The output signal will differ in phase from the input signal by the dynamic 
response angle of the operating component under test. The resulting crptession for the output signal may 
be written in the forms 

N(cutl = 5[oc)(lSql„„,;(Sg)„,„!(^)l.n)o»“K* + ('^'^^^OC){(Sq)„„,,-(Sgl,,,„)) 


where 


{S9)(outt " (Sg),^„„„sio(w,f * 

S , input signal -output signal sensitivity of the opctaiiog component 


(Sg),ou.i s output signal 
^^^(outla * amplitude 

Technique Summer, 35-1. U« of .he cothode-ro, oscilloecop. to dot«min. operoting component 

dynomic response ongles ond sensifivities, (Poge I ot 4} 
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^ ■ inpuc si^al-outpuc signal ilynaroic response angle of chc operating 
(In)' (out) coreponenr under test 

To simplify the present discussion, the output voltage will be taltcn as identical with the output signal; 

Hcu.) " 

where the identifying subscript symbols are omitted from ORA to simplify the symbol, any possible 
misunderstanding eliminated by contest. 

4hen 

then 

^(outla 


(7) 




( 8 ) 


(ln)a 


b) Input quonfify -ovfpuf quanfify rtfofionships for a smusoidol input quonfrfy vcnorion 


The indications appearing on the face of the cathoderay tube are shown in Fig. a, and are detennjoed 
by the voltages applied to the x*axis defleaion terminals and (he y*aiis deflection terminals. 



s 




deflection of the index spot parallel to the i-aiis of the cathode*ray 
oscilloscope tube face 


**(rla **“(’"(* *' 


(eTO)(t;d|x 


deflection of the index spot parallel to the y*axis of the catbode^ray 
oscilloscope cube face 

^{i)a 


®(in)(CTo)(»)a 

Tolu|e-denecuoo of (he paxis iodicatiog system of the cathode-ray 
oscilloscope 


(9) 

( 10 ) 


(U) 

( 12 ) 


(IJ) 


Technique Summery 35-1. Use of the colhode-roy osciltoscope to determine operoting component 

dynamic response angles end sensitivities. (Page 2 of 4) 
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^(crolle;dly = 


(ln)(cTo)(y)a 


(14) 


- Tolta|fdefleccion of the y-axis indicatiDi system of the cathode-ray 
oscilloscope 

®(ln)(cfo)(*)a = amplitude of the input voltage to the x-axis indicating system of the 

cachode-ray oscilloscope 

®(in)(cT 0 )(y)a = amplitude of the input voltage to the y-axis indicating system of the 

ca(hode*ray oscillosc^c 

Note: Equation* (13) ond (Ml imply thot Ihe dynamic responae onql^a associated with the Indicotlnq ayatems 
of the eothode-roy oscilloscope ore both wqUaibiy small, 

c) Relotionships omong inputs and outputs of tht cafh od^roy o$c///oscope 

Elimination of w^f from Eqs, (10) and (12) yields the equation of the locus traced out by the indei spot 
in terms of i- and ydeflections; i.e.> 

2 

- 2('^ cos (DRAA d,d^ . dj - d'^,,sin2(DRA) = 0 (15) 

If (DRA) = 0. E<J. (15) represents a straight line passing through the origin. If (DRA) / 0, Eq. (15) repre¬ 
sents an ellipse with its principal axes rotated with respect to the coordinate axes of the tube face.* 

If W|t » 0, the x-defleccion of the index is zero and the ydc/lection is 


‘^(yHwjtsO) = <l(y)oSio(DRA) 

The maximum y-deflection of the index occurs when w^t * n/2 - (DRA); i,e., 

^lyKmax) = ^(y)(w,t = it/2 - DR A) * <l(ylo 
^T)en W|t « - {DRA)j the y-deflection of the index is zero and the x-defleccion is 

‘^{x){w,ts-ORA) * d(,)a5in(-DRA) 

The maximum x-deflection occurs when w, t = n/2i i.e., 

The quantities defined in Eqs. (15) through (19) are illustrated in Fig. b. 


(16) 


(17) 


(18) 


(19) 



Fig. b. Foce of the cothodefoy lube showing the quantities to be tneosured for the determinofion of the 
dynomic response ongle ond the sensitivity rotio of the operoting componer>l. 

* The* locu* fcpfcar*ntcd by th« qchcral a^ond-d^qrce cquallon Ax^ ♦ 0xy + Cy + F » 0 doponda on Iho dio 
ctlmlrvanl - 4 AC H < AC < 0 and AF < 0, the locua 1* anelllpac. U 6^ - 4 AC - 0, the equation repce- 

aenta two parallel otrolqht linea. 5 m Oaqood and Crauoteln (OS). 

Technique Summory 35-1. Use of the cothode-roy oscilloscope to determine operoting component 

dynamic response ongles ond sensitivities. (Poge 3 of 4) 
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From Eqs. (9) through (12), 


ratio o( d(^)(,|t-0) 



(20) 



(ORA) . 

(21) 

j 



(22) 

* ^(cTo)l«:dly®lout)o 

(23) 


Substitution from these equations into Eq. (8), which gives the sensitivity of the oferating component, 
shows that 


q . . _ ^(cro)l«;dli ^(yKmotl 

noctlv:*) 7- - 

^(efo)(*;d)r ®(*l(ma») 

d} Dtitmination of optnting component sensitivif)’ onrf dynonic response onqie from ealhodt^ny 

oscilloscope (/tsplocements 


(24) 


Technique Sununory 35*1. Use of the cothode-foy oscilloscope to determine operoting component 

dynomic response ongles and sensitivities. (Page 4 of 4) 


deflection terminals. Input signals are applied to the x~axls deflection terminals. 
The resultant figure appearing on the cathode-ray tube face is given typically by 
Fig. a of the summary, and may berepresentedanalyticallybyEq. (15) of the sum- 
ntary, which shows it to be an ellipse. As shown by section d of the summary, the 
dynamic response angle is determined from the two y-axis measurements indicated 
in Fig. b of the summary. These are the y-axis intercept of the ellipse and the 
maximum y-axis displacement. The dynamic response angle is calculated from 
Eq. (21). Operating component sensitivities may also be determined from Fig.b, 
as described in section d of the summary. 

35.275. Calibration information for an integratingamplifier is summarized 
in Test Report No. 35-3. As shown in Chapter 34, the theoretical relating func¬ 
tion that may be associated with this operating component is the (0;0,1) type. The 
test range of frequencies, shown in sheets 5 and 6. is from 6 to 200 cycles per 
second. Within this range, the performance of the integrating amplifier maybe 
represented by a (0;1) equation, as the plots show. The data and steps for reduc¬ 
tion todimensionlessformare given in the tabulations of sheets 5 and 6. The ref¬ 
erence frequency is arbitrarily taken as 10 cycles per second, for convenience. 
The voltage in - voltage rate out sensitivity is found to be 14.0 volts-per-second 
per volt. The reference sensitivity for volts in - volts out is taken at the reference 
frequency. It is equal to 0.224 volt per volt. The theoretical sensitivity ratio 
is equal to the Inverse frequency ratio, as shown on sheet 1 of the test report. 
The theoretical dynamic response angle is -90 degrees. The ideal performance 
function is the same as the theoretical. 
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35.276. Experimental performance is compared with theoretical performance 
in sheet 2 of Test Report No. 35-3. The theoretical performance is represented 
by a straight line with a slope of -1 on the dimensionless sensitivity ratio plot. 
Thecircleddots are the experimental values. The dimensionless sensitivity ratio 
deviation function is calculated by dividing the experimental value of the sensitiv¬ 
ity ratio for a given point by the theoretical value of the dynamic amplitude ratio 
for the point, this reference quantity being equal to the Inverse frequency ratio. 
Sensitivity ratio deviation function values are plotted in the upper half of sheet 2. 
Performance ratios and performance ratio deviations are plotted on sheet 3 of the 
test report. The variations in the deviations appear to be random, and hence are 
attributable to experimental uncertainties rather than to any systematic source. 

35.277. The theoretical value as well as the ideal value of the dynamic re¬ 
sponse angle is -90 degrees. The experimental values of this quantity are plotted 
on sheet 4. * The light dashed line connects the points representing dynamic re¬ 
sponse angle deviations. The slight rise at the left-hand side may be due to the 
dynamic limitation of the integrator, but the experimental uncertainty of phase 
measurement does not permit a more definite statement. 

ILLUSTRATIVE TEST REPORT ON THE CALIBRATION OF A LINEAR ACCELERATION 
RECORDING SYSTEM 

35.278. A second method of generating mechanical sinusoidal input displace¬ 
ments, in addition to that shown in Fig. 35-42, is presented in Fig. 35-44. The 
main component is the loud-speaker-type electromagnetic linear vibration cali¬ 
brator. Its field is excited by the passage of direct current. The intensity is 
regulated by the rheostat control in the lower left-hand comer of the power supply 
section. Sinusoidal signals are generated by the oscillator, and are increased to 
power level by the amplifier shown in the figure. The resulting alternating current 
of adjustable but controlled magnitude and frequency is applied to the armature of the 
loud-speaker-type electromagnetic linear vibration calibrator. The armature is 
supported on a pair of cantilever spring flexures, one of which is shown in the fig¬ 
ure. Thealternatingcurrentpasslngthrough the armature produces an alternating 
magnetic field that reacts against the consUnt magnetic field of the field coil. The 
resultant alternating mechanical force moves the armature against the cantUever 
flexures. This results in a mechanical motion that reproduces the electrical input 
quite faithfully in the operating frequency range. An electromagnetic signal gen¬ 
erator. incorporated at the base of the armature, provides a signal for measuring 

the mechanical input. . 

35.279. The remainder of Fig. 35-44 shows the operating components o a 

linear acceleration recording system. The assembly in the figure is arrange 
• Th«e were det««ined by the method described io TechoiT»e SummTy 55-1. 
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Fig* 35*44. Colibration of a lineor occnieration recordir^g system 

calibration purposes. The accelerometer is mounted on the armature ot the loud¬ 
speaker-type electromagnetic linear vibration calibrator. Accelerometer outputs 
are applied to the recording-system amplifier, which in turn supplies signals to 
the recording oscillograph. 

35.280. The performance of accelerometers using selsmographic systems 
is described in Derivation Summary 35-5, where it is shown to be associated with 
the (0;0,1,2) differential equation form. The principles of electronic amplifiers 
are given in Information Summary 30-9, with references to more complete texts. 
Recording oscillographs using D'Arsonval elements are taken up In Chapter 32. 
The unit shown in Fig. 35-44 is similar in structure to the component illustrated 
In Fig. 32-30 of Chapter 32. 

35.281. Calibration data, and the steps for reducing this data to dimension¬ 
less form, are given in sheets 5 and 6 of Test Report No. 35-4. The reference 
sensitivity is chosen to be 0.6 inch per gravity. The reference frequency for 
calculating frequency ratios is taken as 100 cycles per second, for convenience. 
When the experimental values of the dimensionless sensitivity ratio are plotted on 
a log-log scale grid, as on sheet 2 of Test Report No. 35-4, they are seen to fall 
on the curve representing the theoretical response of a (0;0,1, 2) system with a 
dampingratioof 0.7 and an undamped natural frequency of 100 cycles per second. 

35.282. Thelogarlthmlcscaleof sheet 2 is 2.5inches per cycle. A logarith¬ 
mic scale of 1.25 Inches per cycle is used in sheet 3, which shows the performance 
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of the system in the useful operating range, lying below 100 cycles per second. 
The deviation function of the sensitivity ratio shows the performance to be identical 
with that of the theoretical curve within 6 percent in this operating range. The 
ragged deviation function curve is due to uncertainties in the calibration. 

35.283. Dynamic response angles are measured by recording both the signal 
representing the mechanical sinusoidal input and the accelerometer output on the 
same oscillograph chart. The dynamic response angle is determined graphically 
by the relative displacement of the output sinusoidal curve with respect to the in¬ 
put. Dynamic responseanglesareplottedonsheet4 of the test report. The devia¬ 
tions show that the dynamic response angle corresponds to the theoretical (0;0,1,2) 
form within ±4 degrees. 

35.284. The results of the calibration tests are summarized on sheet 1 of the 
test report. The performance function of the acceleration recording system shown 
in the functional diagram may be represented theoretically by a (0:0,1,2) function 
within the operating frequency range. The damping ratio is 0.7 and the undamped 
natural frequency is 100 cycles per second. The effective operating frequency 
range is between zero and a frequency no greater than 100 cycles per second. The 
system reference sensitivity is 0.6 inch displacement of the oscillograph index 
for each gravity of acceleration. The dynamic response angle has a minimum 
value of -180 degrees, which is taken as the reference value of this quantity. 

the performance function deviation function concept for describing 

INSTRUMENT PERFORMANCE 

35.285. Several examples have been presented showing how the performance 
of an instrument may be expressed in terms of deviations from a reference 
performance function. Theseexamplespertaintoexperimentally derived informa¬ 
tion, and the deviations have been taken with respect to a theoretical reference per¬ 
formance function. A similar procedure has been described in Chapter 13 for 
treatlngtheoretical performance functions.’ The conceptdeveloped there describes 
a given performance function as the product of a reference performance function 
and a performance function deviation function. By employing the concept of devia¬ 
tions, the scale is expanded in the region of interest. For example, measuring 
instruments should give consistent results within a few percent, as has been in¬ 
dicated earlier in this chapter. In this Instance, representing performance in terms 

of deviations from a known reference provides a useful scale within a reasonable 
space. 

35.286. Whenachainof components, each with known performance, makes 

up an operating system, the system performance may be determined by any of 
several procedures. For example, steady-state response to a sinusoidal input 
may be calculated by the graphical method described in Chapter 24. With this 
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method, component steady-state responses are combined on a logarithmic basis, 
using the profiles described in the cited chapter. The basis for a variation of the 
logarithmic technique is developed in Derivation Summary 35-10, using performance 
function deviation functions. 

35.287. Section a of Derivation Summary 35-10 presents the concept of Uie 
fractional deviation of ^ operating component sensitivity ratio . The figure of 
section a shows a generalized operating component, which is associated with the 
performance function of Eq. (2). Using the concepts of Definition Summary 13-4 
of Chapter 13, the performance function is represented as the product of a refer¬ 
ence performance function and a performance function deviation function, as shown 
in Eq. (3) of Derivation Summary 35-10. The reference performance function is 
characterized by a reference sensitivity and a reference dynamic response angle. 
One method of writing generalized performance function deviation functions is 
given by Eq. (5), where it is shown as theproductof a reference sensitivity ratio, 
a dimensionless sensitivity ratio and an imaginary exponential function whose 
exponent contains the dynamic response angle deviation. Reference sensitivity 
ratios are useful when the sensitivity ratio has dimensions. They make it possible 
to describe deviation function variations in terms of dimensionless quantities only. 
The dimensionless sensitivity ratio, defined by Eq. (6a), may be taken equal to 
unity in the operating region by proper choice of the reference sensitivity ratio. 
The difference between the dimensionless sensitivity ratio and unity is defined as 
the fractional deviation of the sensitivity ratio by Eq. (7). The performance func¬ 
tion deviation function is written in an alternate form in Eq. (8). The performance 


function itself is shown in terms of the reference quantities, the fractional devia¬ 
tion and the dynamic response angle deviation by the expression of Eq. (9). 

35.288. Consider now an open-chain system shown by the figure at the be¬ 
ginning of section b in Derivation Summary 35-10. This system consists ofn 
operating components, each associated with one of the n performance functions of 
Eq. (10). The performance function of the system Is equal to the product of the 

operating component performance functions as shown in Eq. (11)* 

35.289. The procedure described previously for developing the fractional 


deviation and dynamic response angle deviation of an operating component is re¬ 
peated for the open-chain system formed by the n operating components. It Is as¬ 
sumed that there exists an expression like Eq. (9) of Derivation Summary 35-10 
associated with each operating component. First, define the reference perform 
ance function of the operating system as the product of the component reference 
performance functions, as in Eq. (12). This permits the system performance 
function to beexpressedas theproductof the defined reference performance func¬ 
tion and a deviation function. From the way the reference performance func on 

has beendefined. thesystemperformancefunctlondeviation function must be equal 
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In the ideodfied operating system shown in the preceding diagram, there are n operating components 
connoted in an open chain. A perfotmance function may be associated with each operating component; i.e., 
^ “ P^rfonnance function associated with operadng component a 

fPFl 

•'‘®=)<‘*’I‘»(oc)(ol(out):<l{oe)lb)(out)) “ associated with opetacing 

compooeoc 0 


( 10 ) 


[PF] 


‘*^’‘''-‘’^<’(oc»n-2Kou«):'»(oc)(n.I)(out)l “ faction associated with operating 

coopofieoi (o*l) 

= performance funaion associated with operatiog compooeat q 

Each operating component performance function of Eq. (10) may be written in the form of Eq. (3) as the 
produn of a reference perfotmance function and a detiation function. 

From Chapter 3, the perfotmance function of the identified operating system is the product of the opera^ 
ing compoDoat perfonnaAce fufictioas; ut*y 

. . . [Pn{ocI{n.l)PP](acl(n) <1I) 

Defioc the ttletence ideotifted operaciog system perfonBcoce fuActioA ss the product of the o refereoce 
operatiog componeoc performaoce fuoctioos; i«e«» 

" l^^(oc«<i)[rentP^(oc)(bHfen * * * t^^((«)(ii-l)(tentP^J(oc)(n|(rei) 

( 12 ) 

The identified operatiog system performaoce fuoctioo may qo« be expressed as the product of a reference 
performaoce fuoctioo aod a deTiatioo fuoctioo, as is dooe for ao bdividual operatiog component in Eq* (3); 
i.e., 

t^*^(n.)(ld)[q,^,;q(^^„) * ^^^^(o»)Ud)(q(i„,:q,„„„](reII (*^^P^(ldltq(^);q,^y„] <*3) 

From EqSa (11), (12) aod (13), the identified operatiog system performaoce fuoctioo deflation function must 
be e^ual to the product of the operatiog componeot performance function deflation functions; taC., 

(^[P^^(oBKid)[q(^^j:q(j,^„] " ... (DR[PF],^j.,(^.i,([)F)[PF](pj.„^, 

(14) 

Definitions io Eqs. (4) through (9) spply to the identified operating system as well as to all the operate 
iog components io the chain, lo particular, from Eq. (3), the identified operatiog system performance fuoc* 
tioQ defiatioQ fuoctioo may be expressed as 
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From Eq. (7), the fractional deflation of the ideotified operatiog system seositlfity ratio is 

SO that 

*^F)fPPJ|o-l(ldl(q„„;q„„„) 
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Since (here is an expression like tq. (8) (or each deviation*function factor in E<}# (14), the expression 
represented by Eq* (17) roay be vritteo as 

■ l(^)(«>eHal(»*l)^^hoc»(b)(ron • * • ^^^oc)(n-n(t*t)^^^^oc)(n)(f««l^ 

. ((1 * (FD)'(SR),„„„^{i . (FD)'(SR),,,„,^... (i * (FD)'(SR),,,„„.„)(i * (FD)'(SR)„,„„,)] 

Setting similar factors on each side of bq. (18) equal to one another yields the etpressioos 

1 * (FD) (^)(o.)(ldl(<,„„,;q,,,„> 

- (I * (FD)'(SR),^„,^(i . (FD)'(SR)„,„„)... (i * (FD)'(SR),^,,„.„)(i * (FD)'(SR), 

(19b) 

- (0)(DRA),^,,^, . (0)(DRA)^^„„ 4 ... t (D)(DRA),^„„.„ 4 (D)(DRA),^„„, (I9c) 

Then all of the fractional deviations of the operating compoaenis are stsall enough, the product tenns of 
the expanded fora of Eq. (19b) may be neglected* In this situation, the expression may be written approx* 
ioately as 

1 4(FD) (SR),o.)(,dl{g(, 

« I 4 (F0)'(SR),^„^, 4 (FD)'{SR),,^„„ 4 ... 4 (FD)'(SR)„,„„.., 4 (FD)'(SR),,,„„, (20) 

To tbts approxtmaiiofu the fractional deviation of the identified operating system sensr* 

Hvity ratio is the sum of the fraettonaj devtoitons of the operating component sensitivity 
ratios; i.e*, 

- (FD)'(SR),,,„,, 4 (FD)'(SR) (ocXbl + • • ■ * (FD)'(SR),4 (FD)'(SR),,,„„, 

b} Fnerionol deviation of an ofitn-ehoin systvn stnsitiviry ratio 
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( 21 ) 


to the product of the component performance function deviation functions. This 
statement is expressed in symbols by Eq. (14). Following the pattern of section a, 
the system performance function deviation function is also expressed in general 
terms as the product of a reference sensitivity ratio, a dimensionless sensitivity 
ratio and an imaginary exponential function, as shown in Eq. (15). The fractional 
deviation of thesystemsensitivity ratioisdefinedby Eq. (16). A new form of the 
performance function deviation function for the systemcan now be written as Eq. (17). 

35.290. Replacing all the performance functlondevlationfunctions in Eq. (14) 
by the fractional deviation forms gives Eq. (18). Equating the system reference 
sensitivity ratio on the left-hand side of Eq. (18) to the product of the component 
reference sensitivity ratios on the right-hand side gives Eq. (I9a). Equating the 
fractional deviation expression on the left-hand side of Eq. (18) to the product of 
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the component fractional deviation expressions on the right-hand side produces 
Eq. (19b). Finally, the exponential function exponents are equated. This step 
shows (see Eq. (19c)) that the system dynamic response angle deviation is equal 
to the sum of the component dynamic response angle deviations. 

35.291. Since interest exists chiefly in the operating region where the frac¬ 
tional deviations are small, the fractional-deviation product terms may be neglected 
when the right-hand side of Eq. (19b) is expanded. The expansion is shown in 
Eq. (20) with the product terms neglected. From this relationship comes Eq. (21), 
which shows that the system fractional deviation is equal to the sum of the com¬ 
ponent fractional deviations. 

35. 292. An alternate development is possible using the logarithmic forms 
described inChapter 24. When the magnitudes of the component performance func¬ 
tion deviation functions are small, they may each be expanded in series form and 
the higher order terms neglected. The resultant expression is identical with 
Eq. (21). This shows that the graphical procedures developed in Chapter 24 for 
calculating the steady-state response to a sinusoidal input may be applied to the 
deviation method without further justification. 

APPLICATION OF THE DEVIATION METHOD TO THE PERFORMANCE OF A TYPICAL 
RECORDING SYSTEM 

35. 293. As an example of the deviation method for calculating the perform¬ 
ance of open-chain systems, consider the typical recording system shown in the 
figure of Derivation Summary 35-11. The input quantity is applied to a receiver. 
The receiver output is transmitted to the indicating system after passing through 
a coupler. Indicated values of the input quantity are obtained from the scale. The 
signal is generally modified as it passes through each operating component. The 
arrangement is selected to give the recording system the theoretically desired 
performance. 

35.294. A performance function is associated with each component. Itis 
assumed that Eqs. (1), (2), (3) and (4) of Derivation Summary 35-11 represent the 
component performance functions. Then Eq. (5) gives the recording system per¬ 
formance function as the product of the component performance functions. When 
the input-output brackets aredropped, the performance function assumes the form 
of Eq. (6). This expression will now be reformulated in terms of performance 
function deviation functions. These latter expressions will then be modified into 
the fractional deviation forms. 

35.295. It is assumed that reference performance functions are given for the 
components. The component performance function deviation functions occur as in 

Eq. (3) of Derivation Summary 35-10. When the recording system performance 

function is expressed as the product of a reference performance function and a 
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A typical recording system is illustrated in the preceding diagram. The performance of each component 
is specified by its performance function as follows: 

The recording system performance function is e^ua] to the product of the performance functions of the 
components; i,e.» 

LPFJ,^ J (PF],;, [PF]|, 

Since no confusion is possible, the input*oucput brackets may be eliminated from the performance functions 
of this equation to give 

IPF]..,- IPFUPF], [PF],„ IPF]. (6) 

As in Eq, ()) of Derivation Summary 3V10, each of.the performance funajons of Eq, (6) may be expressed 
as the produa of a reference performance function and a performance function deviation function. From 
Eqs. (12) through (14) of Derivation Summary 3V10, it is seen (hat 

PF1„., ■ ,7, 

l-P^ItcKr.n (8> 

(DniPF],„, . (DntPFJ,(DF)[PF],(DF)[PF](,.,(DF)[PF]. (9) 

o) Typ/co/ recorJin^sysfem performonce /vncfion 

As shown by Eq. (4) of Derivation Summar>* 55-10, each reference performance function in Eq. (8) of the 
present summary may be expressed as a product of a reference sensitivity and an imaginary exponential 
whose exponent is a reference dynamic response angle. From Eq. (8) of Denvation Summary 35-10, each 
performance function deviation function in Eq. (9) of the present summary may be written in terns of a 
reference sensitivity ratio, a fractional deviation of the sensitivity ratio, and a dynamic response angle 
deviation. Thus, Eqs. (8) and (9) can be expressed as follows: 
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From E<j. (10), it is apparent that 

s,._. 


(rsKref) ’ Vllref) ^{cKfell ^{IsKreO ^(sKrell 


- (**)(„„,„ • (DRA), c)(rel) + 
From Eq. (11), it is found that 


(13) 


(14) 


1 * (FD)'(SR),,,, = [i . (FD}'{SR)J11 . (FD)'{SR)J[i . (FD)'(SR),„,] [i * (FD)'{SR)J (is) 


(D)(DRA)(„, = (DKDRA)^ * (D)(DRA)^ + (D)(DRA),.., + (D){DRA), (16) 

According to Eq. (15), one plus th« fractional devtaiiooof the recording system sensitiTiry ratio is 
equal to a product of terms, each term being a coopooent seositifity ratio fractional deviation plus unity. 
From Eq. (16), the dyoamic response angle deviation of the system is equal to the sum of the dynamic 
response angle deviations of the components. 

bj Recording system dev/ofions in forms of deviotions of hdividuol components 


[f the fractional deviations of the components are sufficiently small, then all terms involving products 
of fractional deviations Vfill be at least an order of magnitude smaller than terns not involving products. 
Under these circumstances, the expression of Eq. (15) becomes 

1 + (FD)'(SR),„, ^ 1 . (FD)'(SR), * {FD)'(SR), (FD)'(SR),.,, - {FD)'(SR}, (I7) 


SO that 


(FD)'(SR),„, 3 {FD)'(SR), . (FD)ISR)^ . (FD)tSR),,., . (FD)'{SR), (18) 

Equatiofi (18) ezpt.sses the result jieeo for the |eoeral case by Eq. (21) of Derivation Summary 33*10. 
cl Approaiwoftoff of fhe recording^sysfem sensifivtfy rofio haetionol dev/ofion 
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deviation performance function, It may be written as in Eq. (7) of Derivation Sum¬ 
mary 35-11. From the procedure of section b in Derivation Summary 35-10, the 
recording system reference performance function is given by Eq. (8) and the 
performance function deviation function by Eq. (9). Intermsofthe component ref¬ 
erence sensitivities and dynamic response angles, the recording system reference 
performance function takes the form of Eq. (10). The system performance function 
deviation function is expressed in fractional deviation form in Eq. (11). 

35.296. Equating like terms on both sides of Eq. (10) shows that the system 
reference sensitivity is equal to the product of the component reference sensitiv¬ 
ities. The system reference dynamic response angle is equal to the sum of the 
component references as in Eq. (13). From Eq. (11). a similar process yields 
the expressions of Eqs. (14), (15) and (16). When the component fractional devia¬ 
tions are small, the product terms in Eq. (15) may be neglected. This leads to 
the statement given by Eq. (18) that the fractional deviation of the recording system 
sensitivity ratio is equal to the sum of the component fractional deviations. Record¬ 
ing system dynamic response angle deviations are shown by Eq. (16) to be equal 
to the sum of the dynamic response angle deviations of the system components. 
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35.297. An illustration of the deviation method for determining the perform¬ 
ance of an actual system is given in PerformanceDataSummary 35-1. The func¬ 
tional diagram in section a represents a linear vibration recording system. The 
input displacement is converted into an electrical signal by the linear vibration 
receiver. Since the output of the linear vibration receiver is proportional to the 
velocity of the input, it is necessary to Integrate the voltage signal once before 
applying it to the moving-coil oscillograph. The Indicated vibratory displacement 
is read from the indicated output on the scale. 

35.298. The operating components making up the linear vibration recording 
system are chosen from the instruments described in this and previous chapters. 
The linear vibration receiver performance is taken from Test Report No. 35-1. 
Considered as a component for which the input is a displacement and the output is 
a voltage, the theoretical performance function is a (2;0,1,2) equation multiplied 
by a (1;0) equation. This means that the sensitivity is proportional to frequency. 
The performance function variable is a frequency ratio for which the reference is 
7 cycles per second, the undamped natural frequency of the component. This is 
Indicated by the subscript (Ivr) after the frequency ratio symbol. 

35.299. The theoretical performance function for the integrating amplifier 
is a (0;1) equation. For the component shown in the functional diagram, the char¬ 
acteristics are taken from Test Report No. 35-3. This report shows that within 
experimental error the amplifier integrates perfectly in the operating range. The 
performance function variable is a frequency ratio with a reference of 10 cycles 
per second. The product of the linear vibration receiver and integrating amplifier 
performance functions yields a (2;0,1,2)-type function. 

35.300. Moving-coil oscillographs are discussed in Chapter 32. Typical 
performance characteristics are given by the curves in Fig. 32-35. These may 
be associated with (0;0,1,2) equations. The curves of Fig. 32-35 represent oscil¬ 
lograph performance characteristics obtained with a galvanometer having an un- 
dampednatural frequency of 42 cycles per second, which is too low a value for use 
in thelinearvlbrationrecordingsystem. Therefore, that Type A-8668galvanom¬ 
eter is replaced by the manufacturer's Type C-495 galvanometer, which has an 
undamped natural frequency of 500 cycles per second. The shunt resistance is ad¬ 
justed to give the oscillograph a damping ratio of 1.0. The reference frequency 
in the performance function is the undamped natural frequency of the galvanometer. 
The scale sensitivity is evaluated after the following procedure is presented. 

35.301. While the component performance functions are given in section b of 
Performance Data Summary 35-1, they must be reduced to a common time base 
before they can be combined to represent the performance function of the whole 
system. It is convenient to take the reference period equal to 0.1 second, so that 
the reference frequency is 10 cycles per second. The system frequency ratio is 
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The dynamic response angle of the linear vibration recording system is e^ual to the sum of the com¬ 
ponent dynamic response angles; i«e«p 
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may be obtained from curres given in Fig. 1^46 of Chapter 19 for the (2;0,1|2) equation* Values for the 
second fractional deviation of Eq. (32), 
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are taken from Fig. 19*36 for the (0;0,1»2) equation. The two fractional deviations are combined by the 
breakpoint method described in Chapter 24 and reviewed in Procedure Summary }>1 of Chapter 33* 

Dynamic response angle deviations are calculated in a similar manner using curves from Fig. 19-47 and 
Fig* 19-37 of Chapter 19. 

Results are shown in Figs. 35-45 and 35*46. 

f) Devfofion ojcprossioos for fho finear v/hrarion recording system porformonce hnefion 
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represented by the symbolFR, and is equal to the ratio of the forcing frequency 
to the reference frequency. The reduction of the component frequency ratios to a 
common time base is carried out In section c. 

35.302. As shown In section c, each component frequency ratio is equal to a 
constant multiplied by the system frequency ratio. The constant for each component 
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IS equal to the system reference frequency divided by the component reference 
frequency. Reference to thediscussion inChapter 33. as well as that in Chapter 24 , 
shows that the constant may be identifiedas the reciprocalof the component break 
point. Introduction of the expressions developed in section c into the appropriate 
component performance functions yields the expressions for the performance func¬ 
tions with a common time base. The breakpoint value occurs at the proper place 
in each performance function, as shown in section d. 

35.303. Multiplication of the component performance functions yields the 

theoretical linear vibration recording system performance function. The reference 

sensitivity is equal to the product of the component reference sensitivities and the 
breakpoint ratio of the integrating amplifier to that of the linear vibration receiver. 
The reference value for the sensitivity of the linear vibration recording system 
must be unity. The reference scale sensitivity is found to be 1.85 x 10‘^ inch per 
millimeter scale displacement. The reference dynamic response angle of the 
recording system is taken equal to -180 degrees. Thesystemdimensionless sen¬ 
sitivity ratio is the product of the sensitivity ratios for a (2;0,1,2) and a {0;0,1,2) 

equation. The system dynamic response angle is the sum of the component dy¬ 
namic response angles. 

35.304. Deviation expressions for the linear vibration recording system per¬ 
formance function are developed in section f of the summary. The fractional devia¬ 
tion of the system sensitivity ratio is taken equal to the fractional deviation of the 
linear vibration receiver sensitivity ratio multiplied by the integrating amplifier 
sensitivity ratioplus the fractional deviation of the moving-coil oscillograph sensi¬ 
tivity ratio. The dynamic response angle deviation is equal to the sum of the com¬ 
ponent dynamic response angle deviations less the reference value of -180 degrees. 

35. 305. The component fractional deviations, as well as component dynamic 
response angle deviations, are available from the curves inChapter 19. Perform- 
ancefunctiondeviationfunctionsmaybecalculated graphically from component de¬ 
viation functions by employing the breakpoint procedure described in Chapters 24 
and 33. The breakpoint line for each component performance function deviation 
function is located on the graph, as in Figs. 35-45 and 35-46. The component break¬ 
point line is located on the unity line of the reference deviation and the curve is 
traced. The system deviation is found by adding the component curves algebraically. 

35.306. Figure 35-45 is given in two parts, one for fractional deviations less 
than about one percent and the other for those greater than this value. Figure 35-46 
represents the dynamic response angle deviation of the linear vibration recording 
system. By establishing tolerance limits on the fraclionaldeviation, low-frequency 
cutoffs, high-frequency cutoffs, and band widths may be determined. Similar 
quantities are found by establishing dynamic response angle deviation tolerance 
limits. Illustrative values are given in Table 35-2. 
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ig. 35-45. Plot of lineor vibration recording system sensitivity ratio froctionol deviation. 
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Toble 35-2. Cufo^^ frequencies arid bond widths for the lineor vibration recording system 
conesponding to specified volues of dimensionless sensitivity rotio froclionol deviotion 
toleronce limits and dynomic response ongie deviotion toleronce limits. 

(Rsfvr to Porformance Dora Summary 35*1 ond F 191 . 3S*4S end SS-db.) 



VIBRATION MEASUREMENT FOR A RIGID BODY MOVING IN SPACE 

35.307. The motion of a rigid body in space can be conveniently and com¬ 
pletely described by the displacement of a coordinate system fixed to the rigid 
body with respect to a reference coordinate system that is fixed to the inertial 
reference space. When the motion of the body coordinate system is known, the 
motion of any particle located on the rigid body can be computed readily from 
trigonometric relationships. There are an infinite number of possible coordinate 
systems that may be associated with a rigid body. Quite often, however, a par- 
tlcularcoordinatesystem is most desirable forcomputing the properties associated 
with the motion of the particles of the rigid body. A typical example is the use of 
the principal axes of a homogeneous rigid body as coordinates in the determination 
of the moment of inertia of the body. In principle, however, any coordinate sys¬ 
tem inside of or outside of the rigid body may be used as a body coordinate system. 
Sometimes it may be convenient to first determine the motion of an intermediate 
coordinate system, and then determine the motion of the coordinate system that 
is used to compute the motion of the particles. * For the purpose of measure¬ 
ment, it is sufficient to say that the measurement of the motion of a rigid body is 
the same as the measurement of the motion of a coordinate system fixed to the 
rigid body. 

35.308. The displacement of a body coordinate system with respect to a 
fixed reference coordinate system may be described as the combination of transla- 
ttonal and rotational motion, as shown in Fig. 35-47. In this figure, the fixed 

* For details on the mooipulatioo o( coordinate systems, seetexcbooks on kinematics; for example, Rauscher 

(R3). 
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^finicions: 


X Y 7 
^(fen» Mren* ^ift) 

K Zb 

^(fen 



ties of (he reference coordinate system 
axes of (he body coordinate system 
origin of the reference coordinate system 
origin of the body coordinate systero 


X, y, z « 

^(r<?l)(fot)* ^(feO(fot)* ^(reDIrot) ® 
Y 7 

^{rel)(rot)()r)i * 

^(y)(for)(fOt)* ' 
^(*)b ■ 


Tector components along the axes of the reference coordinate system 
representing the translational displacement from to 

axes of the rotation-reference coordinate system 

positions of the Y and Z axes of the rotation-reference coordinate 
system after the system is rotated about the ^(rciKfoi) through 
the angle 

position of the X axis of the rotationreference coordinate system 
after the system is given an additional rotation about the 
axis through the angle 

angular displacement of the rotation-reference coordinate system 
about theX,,,axis 

additional angular displacement of the rotation-reference coordinate 
system, made about the axis 

final angular displacement of the rotation-reference coordinate sys¬ 
tem, made about the axis 


. 35-47. Oispiacemenl of o body coordinofe system X„ Y,. Z, with respect to o fiwd reference 
coordinate system X„,,„ Z^,,,. by o combinotion of tronslotionol ond rotot.onol motion. 
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reference coordinate system Is shown by the heavy dashed lines and 

Z . with their origin at . The position of the rigid body is defined by the 
soUd-line body coordinate system X,. Y„. Z,. with its origin at 0,- Displacing 

the reference coordinate svstemX,,,,. Y,. Z,.., until it coincides with the 

body coordinate system X,,. Y,. 2, involves a translation of the origin of the ref¬ 
erence coordinate system to 0^ following the path(0(„„ - 0^). This translational 
motion may be represented by the sum of three linear motion vectors, x . y, and 
i, along the three referenceaxes. The origin of the reference coordinate system 
may reach its destination, starting fromO„,„. following either of six paths along 
the sides of the right parallelepiped shown by dotted lines in Fig. 35-47. The six 
possible paths are x-y-i . y-i-x . i-x-y. x-i-y. y-x-i and i-y-x . This means that the 
translational motion from to 0, is explicitly represented by the three 


vectors i. y and i. 

35.309. This translational motion moves the origin of the reference coordinate 

system to its destination, but leaves the three reference coordinate axes parallel 
to their respective initial directions. The three displaced reference coordinate 
axes, used as rotation-reference axes, are shown as the light dashed lines 
y Y andZ .. Rotating the rotation-reference coordinate system 

y Y 7 to coincidence with the X., Y. and Z.axes requires 

'(rellltot)' ^(f*M{rot> b » 

three separate rotations, just as translation requires three separate linear 
motions. In the present instance. Fig. 35-47 shows that the process involves 

the following steps: 

1) Rotate the coordinate system about the axis to bring 

to . so that the Z, axis will lie in the - 0, - 

plane. As the result of this rotation, moves to . 

These two rotations take place through the angular displacement ^(iKref Hfot) * 

2) Rotate the coordinate system about through the angle 

to bring Z(,^,^oto coincidence with Z^. In the meantime, 
rotates to through the same angle. 

3) Rotate the coordinate system about the Z^^axis through the angle 

to bring Y,and into coincidence with Y, and X,. respec¬ 

tively. 

35.310. The total rotation of the coordinate system in this example is ac¬ 

complished by a set of three angles of rotation:A,,„^,„j,^„, A(^,and A,,,j, . 
Similar processes can be used to rotate the coordinate system following other 
sequences of angles. Atypical order is A,, A,,, A,^,^. There are 
six possible sequences, which make use of a total of twelve angles; that is, four 
angles for each of the three principal axial directions. For example, the four 
angles are associated withthegroup 

of four possible x axes. Each angle is generated by rotation about the axis 
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designated by the subscript for that angle, and the four angles are all different. 
For this reason, the rotation of a coordinate system cannot be represented by a 
unique set of three angles about the three reference axes or the three body axes. 
However, when the angle of rotation is small, such as is the case in vibration 
measurement, the four angles A, ,, .. A, ... . a and a 

become substantially equal to each other, and may be considered to be taken about 
a single axis, the X{,^,,(,^„axis. Under this condition, the rotation of a coordinate 
system may be approximated by a unique set of three rotations about either the 
three reference axes or the three body axes. 

35.311. Anangular velocity offinite value is, in effect, theratioof a small an¬ 
gular displacement toa short time interval, both chosen to be arbitrarily small. For 
this reason, an angular velocity in space can always be represented by a set of three 
component angular velocities. This same rule also applies to angular acceleration. 

35.312. From the preceding discussion, it appears that, for measuring the 
vibration of a rigid body in space, three linear vibration receivers and three angu¬ 
lar vibration receivers are needed to get the three components of the translational 
motion and the three components of the rotational motion, respectively. The six 
vibration receivers may be aligned with the axes of either the reference coordinate 
system or the body coordinate system. 

35.313. Instead of using three linear vibration receivers and three angular 
vibration receivers to measure the vibration of a rigid body in space, an alternate 
scheme is to use six linear vibration receivers. The arrangement of the six 
vibration receivers and the relationship between the six components of motion of 
the vibrating member (the rigid body) and thelineardisplacementsof the receivers 
are given inDerivationSummary 35-12. Generally speaking, the scheme described 
in Derivation Summary 35-12 offers more flexibility in operation than the use of 
two types of vibration receivers. It allows more freedom in the mounting of the 
receivers on the body and, because the armdistance between two parallel receivers 
may be adjusted, it introduces an adjustable sensitivity in the determination of 
angular motion. Economically, the simplification of using only one type of calibra¬ 
tion and the reduction in maintenance and spare-unit allowance also favors the six- 
linear-receivers scheme. In fact, for ordinary laboratory purposes, three linear 
receivers are sufficient for a large number of vibration measurements. Three units 
can be used to measure three-dimensional translational motion in space, or trans¬ 
lational motion in a plane plus rotational motion about an axis normal to the plane, 
or translational motion in a plane plus rotational motion about an axis in that plane. 

TYPICAL EXAMPLE OF ANGULAR VIBRATION MEASUREMENT WITH LINEAR VIBRATION 
RECEIVERS 

35.314. A typical example of how two vibration receivers can be used to 
measure angular motion is illustrated in Fig. 35-48. This figure represents the 
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W(«b)+ 


■n>e coordinate uis jyateo shown in Fig. a is right handed, and the right^anded cooTcation ia used in 
alt sequences; that is, x-^y-wr-wi... The symbols appearing in Fig. a are defined as follows: 

- orthogonal aies fixed to »ibraibg member 

Tibradoo receiver located on the "a” axis, with its input axis parallel 
CO, and in sense agreement with, the ''b” axis; the receiver with the 
more positive positioo oa the uis 

(vr){^^ u U» vibration r*c«l»«r wllh ih* mar* pealtUe position on ths X,,^, axis, and has 
Its input axis p<»alUl to ihs aiU. wllh ths posltWs sons* ol ths Input axis In ths dlrsetlon ed 

Ihs poslttvs Y(yg,) axis. 

Mf hi - vibration receiver located oo the "a” axis, with its input axis paraUel to. and in 
sense agreement with, the %’* axis; the receiver with the more negative posidon 

00 the "a** uis 

U th# vibrotlon reeelv« wllh the oof« po«lUa> oo 

lU alA perolUl to iho <nU, wllh iho poelUvo ol iho lopgt oxio in tho dlroctloo ol 

the poslUvo 

OA)(,b)- • “** ^’"^Cabl- 

iM tho Input ol l}» vibrcSioA tooilTer ioeotod In th* boo nogotlTo pooltlon on 

the Zf t oils; tho pOillWo sonM ol IhU Input ozin Is polntod olonp lb« pooltlTo dlroctlon d tho X CBin. 
(vd) 

oj Schemotic diogrom sfiowing rfw mfongamanf of six single-degfw-^f-frwdom linear vibntion nnivr 
units used for receiving rfie gonerofixed mofton of a vihrofing woffiher 


Derivotion Summary 35*12. Schematic diogrom showing use of six lineor vibration receivers for 
the generation of signals to determine thegenerolized motion of ovibroting member; equotions for 
expressing the vibration components in terms of lineor displacements of the receivers. 
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Orlqin of Vltratlnq' 
CocrdlAotes 


'{zt)* 


♦ 


(vm) 


fA)(zxl. 


lyi)+ 


iixM- 


y t 

^<ob) 4 ^ « distance of from the ofigio of coordioates 

^(ob>» ° distance of from the origin of coordinates 

Tor eiompla, U the dutonoe of trom 

Fig» b« 

b) fnpuf«oxis position end sense diegrom for fhe six lintor y/hrofion receivef units used for receiving the 


oenero/ized mofion of o vibrofino member 


Definitions: 

Y,,- reference positions of the yibritm* member coor^tte axes 

(these axes are free from the Tsbrarory motioo uoaer coo* 
sideration): origin at 

^(yib)' Y(»m). « instantaneous positions of the vibrating member coordinate 

axes; origin at 0(,„, 

bft * displacement with respect to inertial space parallel to the 

-lI.Wm))(obU ,^y intersection of with the 

•'a" axis at the more positive vibration receiver position* 


Examplas: 

^M»rD))txy>+ 

)^{rel)(Mvm)]0 


tlbectcey moUon dUplocemofii with roipmrt to Iflertlol tpoco end poroUel to the 
orla a tha intaraactlon ol with tha oxU 

vlbrotcry motion dUplocamant with raapact to Inarllal apoca and i^lla) to tha 
^(vm)tref) ol tha vibrotlnq mambaf co<rdlftatai, 


• In cccordcmca with tha conv an Ilona ol Fig. olChoptar 9, tha aubaalpi v- i i mh\or” to 

•ctipf poaltlon*' to show that tha ralaranca apoca la Inartloi apoca and (vm) In tha ocota au a 
ahow thot tha vibfotlng inambar la tha entity whoaa poaltlon datantilnaa the IdaittUlad gaomatr co g«an T* 

Derivation Summery 35-12, Schematic diagram showing use of six lineor vibration receivers for 
the generofion of signols to determine thegeneroliiod mofiort of ovibroting member; equolions for 
expressing the vibroliort componertts in terms of lineor displocements of the receivers. 
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m roucion of the tibricirij; member •»i(h respect to iAertiAl space about the b aiis 

EiarnpU: (ynj)jj fotolloft cl Ihp rt.trzbct with r^pwet to ifieftlai apoe* abctjl the 

iiU, oftd tlwreta© obo^-l »h«» <wU oa well.* 


X. 


ivm)(r«t ‘ ^ 

/ 



Figure c illusuaces the sicuatioo io «bich: 

1) The \y^)t ^(vm)* ^{im) c^di^Ate system has a displaceoeoc «ith respect to a refereace 

coordinate position that may be completely represented by a linear displacement of the origin 
along the direction of ^(vrnKraf)* 

2) This linear displacement is followed by a routional displacement about the 

Similar situations may eiist for separate linear displacements along ^(va)(r«|) ^(▼mhrat) combined 
with foutioos about and respoctiTely. 

The generalized motion of a vibrating mender may be considered as the resultant of three linear displace* 
neat componeots and three rotational components, with each pair of linear and rotational components re* 
laced by the pattern illustrated by Fig. c. ^en the individual components are of arbitrvily great size, the 
relationships among the resultant displacement and the componeots are given by complez trigonometric 
expressions involving coupling effects that prevent accurate results from being obuined when the com* 
ponents associated with a single axis are considered separately. This situation does not exist when the 
linear and angular displacement components all have sufficiently small magnitudes. As a rule, the vibratory 


* Thv rototlon o( an object with respect to any portl^ar oxu la IdenMcnl with the rolotloo ol the object with re* 
■pect to any axea parallel to tl^ lUat oila. In the inatonce o< Pl^. c« this oegna that rototlon with respect to Ihe 
^(vm) rotation with respect to ihe Identical, 


Derivotion Summary 35<I2. Schemotic diogrom showing use of six lineor vibration receivers for 
thegenerolion ofsignols to determine thegenerolized motion of ovibroting member; equotions for 
expressing the vibrotion components in terms of lineor displacements of the receivers. 
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moeioQs /or which measuremcms are required cicber are nade up of components that are all small, or are 
simple in the sense that either a linear displacement along a single axis or a rotation about a single axis 
is ioTolved. Geometrical relationships of these types may be developed on the basis of the pattern illustrated 
by Fig* c, which completely describes the displacement of the vibrating member along the axis 

and the rotation of the vibrating member about the ^(vmXref) 

From Fig, c, 

y[l-(vm))Uy)+ ’ y(ref)(WTo)]0 * ^(ay)+^l-(viB))i 0) 

y(l*(va)](iy)- = y(feJ)[H»aOo * ^lxy)-*ll.(vm))* (2) 

Subaaedng Eq, (2) from Eq. (1) and solving for gives 

Aj. . ^ ^ 

- - - 

^(xy)+ “ ^(*yl- 

Adding Eqs* (1) and (2), and solving ^or gives 

V r. . ^ - y(l-{»o)](xy)+ y[N(ym))(xy)- ^(xyU * ^(xy)- A, 

’(fef)[I-(vm)JO 2 2 xMvm)]i 

Combining Eq* (5) with Eq* (4) shows chat 

w f ^ yil-(vft)](xy)+* ^Wvm)](xy)* ^(xy)+^(xyl- ^ \ 

'(rel)[l-(vo)]0 • 2 ^. 'yil-(vtt)|(xy)+ yiMvtolJlxy)-/ 

(5) 

For working purposes, the faa that the displacemencs are for the vibrating member with respect to in- 
enial space is apparent from context, so chat Eqs, ()) and (5) may be written as 

A , ~ (6) 


(3) 


(4) 


and 


*(xy)+ 


■ ‘•(lyJ- 


(7) 


w _ y(«y)+ * ^{xy)- _ ^(xyJ+ * ^ixY>- ^ 

Xo ■ -5- -77^- J y''(MYh '(xy)-' 

2W(,y)+* 

Eepjatjons (6) and (7) become especially simple when (vr){,yi» « placed on the negative side of the 
axis at a distance equal in magnieude to the coordinate of (vT)jjyj^ on the positive side of the '^(ya) 
This situation exists when • *<l(xy)+' conditions, d, is defined so that 

d, s K.yJ 

then Eqs. (<S) and (7) become 


( 8 ) 


y(,y)r- ~ ^(xy)- 

2d. 


and 


Yo 


(9) 


( 10 ) 


y(,y)^ * yixy)- 
2 

The order of motion sho*n in Fig. c may be reversed so that a rotational displacement is followed by a 
linear displacetDeot, as shown in Figa d* 

From Figo d, 



(U) 

^I-(vo»lx 


y(r*f)([-(v«l]0 ^ 

(12) 




Then is a small angle 


cos 




. 1 


D.,i,olion Summary 35-12. Schemolic diagram shawing usa of six Irneor wbralion rmraivars « 
Ihegenarafion ofsignals to dafermine thegeneraliiad motion of ovibrotiog membor; oquonons 
expressing the vibrofion components in terms of lineor displooimonls of the rocervor 
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and (11) and (12) reduce to identity with £<}$. (I) ai)d (2)* For (his reason, Eqs, (9) and (10) arc valid 

for small angular displacements, no matter how the path of motion is presaibed* 

c) Lintor disploctmtoi ofviUQfirtgmtmbtr ponlUl fQ end rofofiofi oboijtiht 

Qxis mfenns off/neof dispfocements of fho vibrqrion recoivers /ocofed on ^he oxis with fhtir input 

0 X 0 s pgrof/ef to the axis 


Then motion of the vibrariog member consists of displacements parallel to (he axis and rota* 

(ions about the ^(vB){reO axis, the corresponding linear displacement and angular displacement compenencs 
may be written down in terms of the linear displacements of the receivers located on (he axis, from 

(3), (5), (6), (7), (9) and (10), by a cyclic exchange of symbols in which y —^2 and 2 —^x, 

to give the following series of equations* 


^(rtOlMYrnllO 2 j \'*il-(xn)!(yx)+ ^l-(vm)){yz )•' 

2W(yx)+"°lyx)-' (13) 


A, 1 . ^l*(vm)l(yt)+ ^ ^l*(vm))(yr)- 

• - ;-;- 


^(y*)+ •• ^(yx)- 


(14) 


In working variable symbols, 

, *(>*)+ * *{»*»- ‘*(y*)+ * ‘^(yr)- /, 

Zq - _Z--1-- U - 

- 0(y,)_) 




(15) 


Derivation Summery 35>12. Schematic diagram showing use of six lineor vibration receivers for 
thegenerotion ofsignols to determine the generolizedmotion of o vibroting member; equations for 
expressing the vibration components in terms of lineor displocements of the receivers. 
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( 16 ) 


A = ^(yiU ~ ^(rzl~ 
‘*{yz»+ ‘ ‘^(yi)- 


^eo 



^(yx)- - "‘*(yiU 

(17) 

and 

<*r “ M(yx)+! 

(18) 

then 

, , *(yx)4 ♦ 2(yx)- 

® 2 

(19) 


A - 

2‘'y 

(20) 

d) Linear 

dfsp/ocemenr of the vibrating member along the 

axis and roforion obouf fhe 


axis in terms of J/necr displacemenfs of the vibration roceiyers located on fhe ovis 

A cyclic change of symbols io E<js. (13) through (20) in which y—aod x—►y gives the 

correspofldiog series of equatioos when motion of the ribrating member consists of displacements parallel 
to the ^(vm)(Tefl rotations about the 

. . . + *(Wym)ll«l- _ ‘•(«1+ + ‘*(* 1 )- U. , . . vr. . ) 

*lre() Mvol 0 ” -5- ^ -;;-rV*lMviiil]{zi)+ *IMt»)](zx)-/ 

^ 2(d,„,^-d{„,_) (21) 


'll*(vmJjy - J - J 


In working variable symbols. 


*Ui)+ * *UjiJ- 




)♦ ♦ <^(IX)- tv 

. 

2W(x 

x)+" ‘^(xx)-^ 

*{xi)+ 

- *(xxt- 

‘*(xi)+ 

- ‘i(.x)- 


UiH“ *(ax)-^ 


(23) 


5’heo 


•^( 1 X 1 - = “‘^(xx)+ 




then 


l*xl+ * *ltl)- 


(26) 


*(ix)+ “ *(xx)- 


and rotation about tho 


•) Linoor displocoment of tho vibrating mom bor along tho ox (5 an d rotation a^ut thojj 

0X15 in lern^s of linoor displacemtnts of the vibration rtcoivors locatod on tho Z,^^, a^ 


axis in 


Derivotion Summory 35-12. Schemolic diagram showing use of sii lineof vibrotion 
Ihegenerotion ofsignals to determine the generolized motion of a vibroting member, eqo 
expressing the vibration components in terms of linear displocements of the receiv 
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in J T»in Kngioe Bomber 

(oe) 


Hogine Cowl 
Ring 


Orieotjtton of the 
Aircraft Kr>ginc 
Reference Aies 



ia#)(re() 


<3»)(ro<) 


'(oeKref ^ 


Vibratory Angular 
Displacement 
of the 

Aircraft bngif)c 


31.05'* 


Not*; I . The two vltratlon roc«lvef«, (vt) j and (vr)2f 
<09 Mli rypwl24 

o«gr.wtlc-^eneratcft)rpe vUeoinotar*. 

2. Th* detail* of onqln* mounting or* omitted 
tor *lrr4>UeitY« 


Fig. 35*48. Test setup for determining the ongular vibrotion of on oifCioft engine. 


test setup for studying the vibratory motion of an 18-cylinder, radial aircraft 
engine of the type used in atwin-enginebomber. The problem of special Interest 
is the torsional vibration of the engine under a one-spark-ralsfiring condition 
during the run-up period before take off. A radial engine has a torsional vibration 
forcing function whose fundamental frequency is equal to one-half the number of 
cylinders multiplied by the speed of the engine. When one cylinder misfires, a 
vibratory component of a lower frequency, equal to one-half the engine speed, 
becomes prominent. The magnitude of the vibration at this frequency may be used 
as an indication of the malfunctioning of the engine operation. 

35.315. As shown In Fig. 35-48, twosingle-degree-of-freedom MB Type-124 

magnetic-generator-type vibrometers* are mounted on a bar that is rigidly 
attached to the engine casing. The vibration receivers are placed on opposite sides 
of the engine at equal distances from the engine center line. The input axes of 
the vibration receivers are perpendicular to the axis of rotation of the engine, and 
are set 31.03 inches apart. Equation (16) of Derivation Summary 35-12 shows 
that, under these conditions, the vibratory angular displacement of the aircraft 
engine, about the axis of rotation (the axis) Isgiven by the difference 

of the displacements received by the velocity receivers along the axis di¬ 

vided by the distance between their input axes; that is, 

i . ■ *(Tt)2 

— 

35.316. A functional diagram showing the tie-in of the vibration recording 
system used with the test setup of Fig. 35-48 is given in Fig. 35-49. As indicated, 
the output signals from the two vibration receivers are fed into a signal comparator, 

• The construccioA of this type of Utiea/ velocity YibratioQ receiver, whose seisnographic syscea operates 
io the vibromecer raoge, is showo io Fig. 3$*7g. 
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• 35*49« Functional diagram of the aircraft-engine*tofsionol*vibration recording system. 






which produces an output voltage equal to the difference between the vibration re¬ 
ceiver voltage signals, and therefore proportional to the vibratory angular velocity 
of the aircraft engine assembly, . Theoutput signal from the signal comparator 

is then integrated to give a signal proportional to the vibratory angular displace¬ 
ment, For recording purposes, a Consolidated Type 5-114-P4 oscillograph 

with a Type 7-219 500-cps galvanometer is used toproducea photographic record. 

35.317. When either vibration receiver is used separately with the recording 
system, the sensitivity of this vibration-measuring system at an amplifier gain 
setting of -39 decibels is 

< . . 1 inches oi spot deflection 

^ i / -i. 

18.4 X 10 ^ inch of vibradon 

The sensitivity of the over-all receiver-bar-oscillograph arrangement system 
used as an angular-vibration-measuring system is equal to this value multiplied 
by the center-to-center distance of the two linear vibration receivers; that is, 

. 1.69 inches of spot deflection . ?Q s inches 
18.-I X 10*^ milliradian of angular vibration degrees 

35.318. The MB Type-124 magnetic-generator-type vibrometer has an un¬ 
damped natural frequency of 4.75 cycles per second and a damping ratio of 0.65. 
The magnetic generatorused in this receiverproducesa voltage signal proportional 
to the relative velocity of the seismic mass. For this reason, the dynamic per¬ 
formance of the MB Type-i24 vibrometer used in conjunction with an ideal inte¬ 
grator is identical with that of a (2;0,1.2) second-order system. • The frequency 
response curve of the vibrometer - ideal integrator combination Is shown in 
Fig. 35-50a. 

35.319. The integrating amplifier actually used has a time constant of about 
5 seconds. The ratio of the dynamic performance of the actual integrator to that 
of an ideal integrator is identical with that of a (1;0,1) system and is shown in 
Fig. 35-50b. Figure 35-50c shows the performance of the recording oscillograph. 
The dynamic performance characteristics of the combined receiver-integrator- 
oscillograph system, shown in Fig. 35-50d. is given by the product of the three 
curves shown in Figs. 35-50a. b and c. The value of the reference period used 
to reduce the three curves to a common time base is 0.! second, so that the ref¬ 
erence frequency is 10 cycles per second. 

35.320. The engine speed during the run-up period is 2040 revolutions per 
minute; with 18 cylinders firing, the normal-operation fundamental harmonic Is 
306 cycles per second. The corresponding single-cylinder-misfire fundamental 
frequency is 17 cycles per second. This range of operation is marked by shaded 
lines in Fig. 35-50d. Over practically all of this range, the dynamic error of the 
vibration- measuring system is less than 1 percent. 

• Se^ Dcrivatioo Sumraary }5*3* 
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35.321. The actual record of the torsional oscillation of the engine on its 
mount with one cylinder misfiring is reproduced in Fig. 35-51. In this record, 
the amplitude due to the misfiring is about 0.051 degree while the fundamental 
harmonic during normal operation has an amplitude of the order of 0.0339 degree. 

DISPLACED COSINE PULSE FORCING FUNCTIONS 

35.322. The response of systems to displaced cosine pulse function inputs 
isdescribedat the end ofChapter 32. By reference to the material in Chapter 25, 
a general method is presented in Chapter 32 for calculating performance functions 
for systems from pulse function responses. In particular, the performance pa¬ 
rameters for operating systems associated with (0;0,1,2) performance functions 
may be determined from displaced cosine pulse responses by employing Figs. 32-42, 
32-43 and 32-44. For details of the use of these figures, refer to Chapters 25 
and 32. 

35.323. Responsecharacteristicstodisplaced cosine pulse forcing functions 
are extended in this chapter to operating systems associated with (1,0;0,1,2) 
performance equations. Examples of such systems are the vibratory motion iso¬ 
lation systemofDerivationSummary35-7 and the vibratory force isolation system 
ofDerivationSummary 35-9. Many other examples occur, particularly in closed- 
chain components. 

35.324. The three accompanying figures correspond to the three similar fig¬ 
ures in Chapter 32: Figs. 32-42, 32-43 and 32-44. Figure 35-52 shows the vari¬ 
ation of the height of the first response peak as a function of pulse duration when 
the pulse height is kept constant. Each curve is for a constant damping ratio. It 
should be noted that the curves fall close together. When the abscissa is unity, 
that is, when the pulse duration and the undamped natural period of the system 
are equal, the first response peak is always greater than the pulse height. As the 
pulse decreases in duration, compared to the system undamped natural period, 
the first response peaks of lightly damped systems decrease more rapidly than 
those of systems with larger damping ratios. However, it can be seen that the 
system with a damping ratio of 0.3 decreases most quickly. As the damping 
ratio decreases to 0.01, the height of the first response peak increases for a given 
pulse duration and undamped natural period. These curves are distinctly different 
from the corresponding curves tor a (0;0,1,2) system, shown In Fig. 32-42. 

35.325. Ratios of peak response delay to pulse duration are shown as a 
function of damping ratio and undamped natural period - pulse duration ratio n 
Fig. 35-53. These curves are all separate and distinct for values of ‘“e absciss 
greater than 0.6. in general, the peak response delay is less for (1,0; , , 
systems than for (0;0,1,2) systems, as may be seen by comparing Fig. 

with Fig. 32-43. 
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order system. 

Reference frequency = n. .. = 10 cycles per second 


2 0 


E ** 


^ 5 


^ >s 




« '7 


b > 


^‘r 


0 .s 

0 

S W 

w 

A 

»m G 
U t 
M V) 

CS 

(/) 

w 


^ « 
ao V) 
C 0 

•M M 

? c 

S.2 

U M 

t 


Recording Oscillograph 
Damping ratio 5 DR s 0.7 

Undamped cultural frequency = s 500 cycles per second 

Dynamic performance of recording oscillograph is identical vith 
that of a (0:0»l»2) second-order system* 

Reference frequency = n. a 10 cycles per second 




w V) 

ts 0 

ao'c 

t 0 

w «H 
0 (0 0 
*7 C 

^ E S 

u « 


n r + 
0 .c T 2 
S a.s 5 

^ 0 w > 

■? «>« 

sigK 

_ft rz w 


—■■■■■■w—l 


!'“(««) 100 


m.c r«pons* =^-c.erisHcs ol ,h* coined rece.veMn.egro.cr.oscillograph s.s.en, .sed to .eosure th* vibro.o, 

motton of on 18-cyltnder, radial oircra t ennin^ ° 














Test record for Prott Sl Whicocy aircriift engine K-2800*79, Serial No* rP*023'f41; Kccord No. 1159 Hate: May 20, 195^ 
Hnginc speed is 2040 rpm; 2 plugs shorted on cylinder No. 6 
Propeller ratio is 2:1; blower ratio is 7.6:1 

., ^ , ... rt mjlUradjon of onqular vibrotion amplitude n degree of arKjular vlbrotlon umplltud 

Note: Scale sensitivity = 0.590-iTT^ b ^ Yecofd deflect ton - = 0.0339-ST record deMectlon - 
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Time-^ 

Fig. 35*51. Actual test record of the forsiortol oscillotion of a Prott 4 Whitney R-2800*79 aircraft engine on its mount with one cylinder misfiring. 
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35.326. The grid in Fig. 35-54 is obtained by combining the curves of 
Figs. 35-52 and 35-53. It corresponds to that of Fig. 32-44. When it is known 
that a particular system may be associated with a (1,0;0,1,2) performance func¬ 
tion, the performance parameters can be determined from a single displaced 
cosine pulse function response. The nondimensional ratios defining the abscissa 
andordinateof Fig. 35-54 are computed from the pulse duration, the pulse height, 
the first response peak height, and the time after the start of the pulse at which 
the first response peak occurs. Entering the figure with the nondimensional ratios 
locates a single point on the grid associated with a unique value of damping ratio 
and pulse duration - undamped natural period ratio. The curves in all three 
figures cover a damping ratio range of O.Ol to 1.0; higher damping ratios are 
not useful in vibratory motion or force isolation systems. 

ILLUSTRATIVE EXAMPLES OF ISOLATION SYSTEMS ASSOCIATED WITH (1,0;0,],2) 
PERFORMANCE EQUATIONS 

35.327. Two examples are included that illustrate possible uses of 
Figs. 35-52, 35-53 and 35-54. The first concerns a typical instrument installa¬ 
tion in an aircraft: the recording oscillograph of Fig. 35-55 is to be isolated from 
vibratory motions of the supporting rack. The effectiveness of a given vibration 
isolation system is evaluated. The second example is an estimate of the per¬ 
formance of an aircraft engine vibration mount for various engine speeds when 
the engine misfires. 

RECORDING OSCILLOGRAPH VIBRATORY MOTION ISOLATION SYSTEM 

35. 328. The recording oscillograph shown in Fig. 35-55 is mounted on four 
vibration isolators. The supporting rack is designed for aircraft Installation. 
Reference to the figure of section a in Derivation Summary 35-7 shows that the 
recording oscillograph may be identified with the isolated member, the vibration 
isolators are equivalent to the elastic and viscous damping elements, and the 
supporting rack corresponds to the support. The assembly shown in Fig. 35-55 
represents a vibratory motion isolation system for three translatory degrees of 
freedom. For vertical motion, considered in the following paragraphs, the sys¬ 
tem is assumed to be associated with a (1,0;0,1,2) performance equation as 
developed in Derivation Summary 35-7. Performance parameters of the system 
are given in Fig. 35-55. 

35.329. Under the weight of the recording oscillograph, the vibration iso¬ 
lator cores deflect 0.15 inch, which is almost half their maximum possible axial 
displacement. If the motion of the recording oscillograph with respect to the 
supporting rack exceeds half the maximum vibration isolator core axial displace¬ 
ment, the oscillograph strikes limit stops and "bottoms." That is, bottoming 
occurs if the relative displacement exceeds 0.188 inch. 
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Fig. 35‘5S. Typical instollation of an instrument for vibrotory motion isolation. 


35.330. It is required of the vibratory motion isolation system that the 
recording oscillograph follow the major motion of the base while at the same time 
be free of base motion disturbances. For example, if the recording oscillograph 
is mounted in an aircraft, it should move with the aircraft without bottoming on 
the limit stops of the vibration isolators. This requires a certain stiffness of the 
mounts. On the other hand, to be free of the disturbing motions due to propeller 
or engine vibration, the undamped natural frequency of the vibratory motion iso¬ 
lation system must be low compared with the disturbance frequency. This follows 
from the discussion of Derivation Summary 35-7 and the associated figures. A 
compromise solution is required, which may be obtained by the methods implied 
in the following two paragraphs. 

35.331. First, considerthe motionoftherecordingoscillographwith respect 
to inertial space. The oscillograph is assumed to be in an aircraft installation 
where the supporting rack vibrates at a frequency of 1800 cycles per minute due 
to propeller vibration. The amplitude of the motion is 0.005 inch. The forcing 
frequency corresponds to 30 cycles per second. When the reference frequency 
is taken as equal to the undamped natural frequency of the vibratory motion iso¬ 
lation system, 8 cycles per second, the forcing frequency ratio is 3.75. From 
Fig. 35-36, it is found that for a frequency ratio equal to 3.75 and a damping ratio 
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equal to 0.14 the dynamic amplitude ratio of a (1,0;0,1, 2) system is 0.126. The 
amplitude of the recording osciUographdisplacement with respect to inertial space 

is 0.00063 inch, an order of magnitude smaller than that of the supporting rack. 

35.332. Second, determine how well the instrument follows relatively slow 
motions of the base. Let the supporting rack motion be a displaced cosine pulse. 
This may arise, for example, when the aircraft rolls over a bump on the runway. 
The motion of the supporting rack may be approximated by a displaced cosine 
pulse with a duration proportional to the ratio of the length of the bump to the 
speed of the aircraft. Peak responsesto displaced cosine pulse forcing functions 
for (1,0;0,1,2) systems may be determined from Fig. 35-52. When the undamped 
natural period - pulse duration ratio is less than 0.3, the recording oscillograph 
displacement for a damping ratio of 0.14 is substantially that of the supporting 
rack. For a system with an undamped natural period of 0,125 second, the pulse 
duration should therefore not be less than 0.375 second. The curves of Fig. 35-52 
refer to the first peak displacement of the isolated member. After the passage 
of the pulse, a residual transient oscillation may persist. For pulse durations 
exceeding 0.375 second, the amplitude of the transient is small and the force on 
the recording oscillograph due to bottoming is probably slight. The nonlinear 
character of the vibration isolator performance near the stops will also minimize 
the acting forces. 

AIRCRAFT ENGINE VIBRATORY TORQUE ISOLATION SYSTEM 

35.333. The aircraft engine installation shown in Fig. 35-56 representsa 
Pratt & Whitney R-2800-79 engine supported by vibration isolators in an engine 
mount. Comparison of Fig. 35-56 with the figure in section a of Derivation Sum¬ 
mary 35-9 shows that the engine may be identified with the vibrating member, and 
the engine mount with the support. For torques generated in the engine, the 
vibratory torque isolation system consisting of the engine, vibration isolators 
and engine mount may be associated with a (1,0;0,1,2) performance equation as 
described in Derivation Summary 35-9. The input quantity Is vibratorv torque 
applied to the engine. The output quantity is torque applied to the engine mount. 
From experimental information, it has been found that the vibratory torque iso¬ 
lation system of Fig. 35-56 has an undamped natural frequency, n„, of 3 cycles 

per second and a damping ratio, DR, equal to 0.1. 

35.334. The torque developed in a single cylinder due to gas pressure varia- 
tionsduringthe active halfcycle is shown in Fig. 35-57. It occurs for one revolu 
tion of the crankshaft. Nopressuresor torques due to contained gases eitistdurtng 
the next crankshaft revolution. A possible approximation by a displaced cosine 
pulse function is superimposed upon the cylinder gas torque in the figure. The 
pulse duration is 0.305 of the time lor one crankshaft revolution. 
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Fig. 35-56. Typical insfoliation of on oircroft engine fof vibrotory torque isolotion. 


35.335. When the engine is running, the generated torque vibration is opposed 
by the stiffness of the vibration isolators on the engine mount. The total range of 
vibration isolator core motion is 0. 25 inch. At cruising speeds, the stiffness i.s 
adjusted so that the equilibrium core displacement is 0.125 inch. 

35.336. The misfire of a single cylinder is equivalent to imposing a torque 
variation upon the engine like the cylinder gas torque of Fig. 35-57 in the negative 
sense. Within the approximation shown in the figure, it may be considered that 
a displaced cosine pulse in torque is applied to the engine opposing the average 
engine torque. The torque applied to the engine mount due to a single cylinder 
misfire therefore resembles the response curve shown in the insert of Figs. 35-52 
35-53 and 35-54. 

35.337. For an 18-cylinder engine, each cylinder supplies one-ninth of the 
average engine torque percrankshaft revolution. From Fig. 35-57, the maximum 
cylinder gas torque is 5.5 times the average cylinder torque per crankshaft revo¬ 
lution. The displaced cosine pulse peak is 1.1 times the gas torque peak, so that 
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35.338. In the accompanying tabulation 
pulse duration is related to engine speed. 


of Data Analysis Summary 35-1, 
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1.5 

0.93 


Dola Analysis 

Summary 35*1. 

-, a ^ j 

Disploced cosine pulse lesponse dofo for o typicol oircroft engine. 



period ratios and their reciprocals are calculated by taking the undamped natural 
period of the vibratory torque isolation system as 0.333 second from experiment. 
The information in the last two columns is found from Figs. 35-52and 35-54 by 
referring to the DR = 0.1 curves. These curves show that the engine can contact 
the vibration isolator stops for low engine speeds during misfire. At cruising 
speeds, the engine is rotating so fast that the pulse duration during a single misfire 
will not impose much torque variation upon the engine mount. 


843 





BIBLIOGRAPHY 


INTROOUCTIOK 

A1 Ahrendt, W. R., and Taplln. J. F.. Automatic Feedback Control . McGraw-Hill Book Company, Inc., 
New York. 1951. 

A2 Ahrendt, W. R.. and Taplin. J, F.. Automatic Regulation , Vol. I, preliminary edition, published by 
Ahrendland Taplln. P. 0. Box 4673, Washington 20. D. C.. 1947. 

A3 AIEE (American Institute o( Electrical Engineers), Committee on Feedback Control Systems, 
"Proposed Symbols and Terms (or Feedback Control Systems," Electrical Engineering, Vol. 70. 
pp. 905-909 (October, 1951). 

A4 ASME (American Society o( Mechanical Engineers). Committee on Industrial Instruments and Regu¬ 
lators, "Technical Memoranda on Automatic Control.” Indu.strlal Instrument Division. Sclentlllc 
Apparatus Makers of America, Chicago, fll.. 1938. 

A5 ASME(Amerlcan Society of Mechanical Engineers), Terminology Committee of the Industrial Inslru- 
ments and Regulators Division. "Automatic Control Terminology," Mechanical Engineering. Vol. 74 
pp. 486-489 (June. 1952). 

A6 ASME (American Society of Mechanical Engineers), Terminology Committee of the Industrial Instru- 
ments and Regulators Division. "Automatic Control Terminology." Paper No. 52.SA-29, advance 

copy of paper presented at the June, 1952, meeting of the American Society of Mechanical Engineers 
in Cincinnati, Ohio. 

A7 American Institute of Physics, Temperature ; ^ Measurement ^ Control in Science and Industry. 

(Symposium held In New York City, November, 1939, under the auspices of the American Institute 

of Physics with the cooperation of the National Bureau of Standards and the National Research Council.) 
Relnhold Publishing Corporation, New York, 1941. 

B1 Batcher. R. R.. and Moulic. William. Tl^ Electronic Control Handbook . Caldwell-riempntc jne 
New York, 1946. ’ ' ’ 

B2 Behar, M. F. (with P. R. Ewald and others). The Handbook of Measurement and Control. The Instru¬ 
ments Publishing Company, Inc., Pittsburgh, Pa.. 1951. 

B3 Bode. H. W.. Network ^alysls and Feedback Amplifier Design. D. Van Nostrand Comnanv Inr 
New York, 1945. ’ 

B4 Brown. G. S.. and Campbell, D. P., Principles of Serv-omechanisms. .Tohn u/ii«» p. c _ , 

New York. 1948. / « oyas. me.. 

Cl Chestnut. Harold, and Mayer. R. W.. Servomechanisms and Regulating System v.i , 

John Wiley & Sons, Inc., New York. 1951. ' --- 


845 



INTRODUCTION <C«rn.) 

D1 Alien B. DuMont Laboratories. -A Com p ilation of Analog Transducers , Clifton, N. J., 1952. 

El Eckman. D. P.. Industrial Instrumentation . John Wiley & Sons, Inc., New York, 1950. 

E2 Eckman. D. P.. Principles ^ Industrial Process Control . John Wiley & Sons, Inc.. New York, 1945. 

FI Farrington, G. H.. Fundamentals of Automatic Control , John Wiley li Sons, Inc., New York, 1951. 

G1 Gardner. M. F.. and Barnes. J. L., Transients in Linear Systems (two vols.), John Wiley & Sons, 
Inc.. New York, 1942. 

G2 General Electric Company. "Manual of Electric Instruments," Meter and Instrument Division, West 
Lynn, Mass.. 1949. 

G3 Greenwood, I. A., Jr..Holdam, J. V., Jr., and Macrae. Duncan, Jr. (editors), Electronic Instru- 
menu . Radiation Laboratory Series, 21. McGraw-Hill Book Company, Inc., New York, 1948. 

n Irvin, G. E.. Aircraft Instruments . McGraw-Hill Book Company, Inc., New York, 1941. 

12 Ivanoff, A., "Theoretical Foundations of the Automatic Regulation of Temperature," Journal of the 
Institute of Fuel (British). Vol. 7. pp. 117-138 (February, 1934). 

J1 James, H. M., Nichols, N. B.. and Phillips, R. S. (editors), Theory of Servomechanisms . Radi¬ 
ation Laboratory Series, 25, McGraw-Hill Book Company, Inc., New York, 1947. 

LI Lauer, Henri, Lesnick, Robert, and Matson, L. E. (editors), Sen-omechanism Fundamentals . 
McGraw-Hill Book Company, Inc., New York, 1947. 

L2 Lyle, Oliver, The Efficient Use of Steam , His Majesty's Stationery Office, London, 1947. 

Ml MacColl, L. A., Fundamental Theory of Servomechanisms , D. Van Nostrand Company, Inc., 
New York. 1945. 

01 Oldenbourg. R. C.. and Sartorius, H. (translated and edited by H. L. Mason). TTje Dynamics ^f 
Automatic Controls . The American Society of Mechanical Engineers, New York, 1948. 

PI Philbridt, G. A.. "Unified Symbolism for Regulatory Controls," Transactions of ^ Amerl^ 
Society of Mechanical Engineers , Vol. 69, p. 47 (January, 1947). 

P2 Porter, A.. Introduction Ser\-omechanlsms , John Wiley & Sons, Inc., New York, 1950. 

R1 Rhodes. T. J.. Industriallnstruments for MeasurementandControl . McGraw-HillBookCompany, Inc., 
New York, 1941. 

SI Smith, Ed Sinclair, AutomaUc Control Engineering , McGraw-Hill Book Company, Inc., New York, 
1944. 

T1 Trimmer, J. D., Response of Physical Systems , John Wiley li Sons, Inc., New York, 1950. 

CHAPTER 2B. CONCEPTS, DEFINITIONS, DIAGRAMS, AND NOTATION FOR DESCRIBING OPERATING COMPONENTS 
AND OPERATING SYSTEMS. 

A1 Ahrendt, W. R.. and Taplin, J. F.. Automatic Feedbadt Control, McGraw-HUl Book Company. Inc.. 
New York. 1951. 

A2 Ahrendt. W. B., and Taplin, J. F., Aalomatlc Regulation, Vol. I, preliminary edIUon, published 
by Ahrendt and Taplin. P. 0. Box 4673, Washington 20. D. C.. 1947. 

A3 AIEE (American InsUtute of Electrical Engineers). Committee on Feedback Control Sy . 
"Proposed Symbols and Terms for Feedback Control Systems." Elec^ Enginee^ ■ . 

pp. 905-909 (October, 1951). 


846 



CHAPTER 28 




A4 ASME (American Society ol Mechanical Engineers). Committee on Industrial Instruments and Regu¬ 
lators, ’ Technical Memoranda on Automatic Control,” Industrial Instrument Division, Scientific Ap¬ 
paratus Makers of America, Chicago, III., 1938. 

A5 ASME (American Society of Mechanical Engineers), Terminology Committee of the Industrial Instru¬ 
ments and Regulators Division, ’'Automatic Control Terminology, " Mechanical Engineering. Vol. 74, 
pp. 486-489 (June, 1952). 

A6 ASME (American Society of Mechanical Engineers). Terminology Committee of the Industrial Instru¬ 
ments and Regulators Division, ”Automatlc Control Terminology," Paper No. 52-SA.2&; advance 
copy of paper presented at the June. 1952, meeting of the American Society of Mechanical Engineers 
In Cincinnati, Ohio. 

B2 Behar, M. F., (with P. R. Ewald and others), TJw Handbook of Measurement and Control. The 
InstrumenU Publishing Company, Inc., Pittsburgh. Pa., 1951. 

B3 Bode. H. W., Network Analysis ^ Feedback Amplifier Design , D, Van Nostrand Company. Inc.. 
New York. 1945. 

B4 Brown, C. S., and Campbell, D. P., Principles of Servomechanisms . John Wiley Si Sons, Inc., 
New York, 1940. 

Cl Chestnut, Harold, and Mayer. R. W.. Serromechanl sms and Regulating System Design, Vol. l. 
John Wiley & Sons, Inc., New York, 1951. 

E2 Eckman, D. P.. Principles of Industrial Process Control . John Wiley & Sons. Inc., New York, 1945. 

F2 Franklin. Philip, Methods M Advanced Calculus , McGraw-Hill Book Company, Inc.. New York. 1944. 

Cl Gardner, M. F., and Barnes, J. L., Transients in Linear Systems (two vols.), John Wiley & Sons, 
Inc.. New York, 1942. 

JI James. H. M.. Nichols, N. B., and Phillips. R. S. (editors), Theory of Servomechanisms . Radiation 
Laboratory Series, 25. McGraw-Hill Book Company, Inc., New York, 1947 . ^ 

LI Lauer, Henri. Lesnlck. Robert, and Matson. L. E. (editors). Servom echanism Fundamentals. 
McGraw-Hill Book Company, Inc., New York, 1947. 

Ml MacColl. L. A.. Fundamental Theory of Serromechanisros . D. Van Nostrand Company Inc. 

New York, 1945. 

01 Oldenbourg. R. C.. and Sartorius, H. (translated and edited by H. L. Mason), The Dynamics of 
Automatic Controls . The American Society of Mechanical Engineers, New York. 1948.- 

P2 Porter. A.. Introduction to Servomechanisms , John Wiley & Sons, Inc., New York. 1950 

T1 Trimmer. J. D.. Response of Physical Systems . John Wiley Sons. Inc.. New York, 1950 

Z1 Zimmerman. 0. T.. and Lavine. Irvin, SclenOfic and Technical AbbreviaUons. Signs and SvmhoU 

Industrial Research Service, Dover. N. H.. 1948. -' 

CHAPTER 29. INDICATION AND MEASUREMENT 

A3 AIEE (American InsUtute of Electrical Engineers). Committee on Feedback Control Systems 
"Proposed Symbols and Terms for Feedback Control Systems,” Electrical Engineering v.i 7 n’ 
pp. 905-909 (October, 1951). -^ 


847 





CHAPTER 29 [C<»nt.) 

A5 ASME (American Society of Mechanical Engineers), Terminology Committee of the Industrial Instru¬ 
ments and Regulators Division, "Automatic Control Terminology," Mechanical Engineering. Vol. 74. 
pp. 486-489 (June. 1952). ’ 

A6 ASME (American Society of Mechanical Engineers). Terminology Committee of the Industrial Instru¬ 
ments and Regulators Division. "Automatic Control Terminology." Paper No. 52-SA-29, advance 
copy of paper presented at the June, 1952, meeting of the American Society of Mechanical Engineers 
in Cincinnati, Ohio. 

B2 Behar, M. F. (with P. R. Ewald and others), 7^ Handbook of Measurement and Control, The Instru¬ 
ments publishing Company, Inc., Pittsburgh, Pa., 1951. 

B5 Bode, H. W., and Shannon, C. E.. "A Simplified Derivation of Linear Least Square Smoothing and 
Prediction Theory." Proceedings of Uje Institute of Radio Engineers , Vol. 38, No. 4, p. 417 
(April, 1950), 

B6 Booton, R. C., Jr., "An Optimization Theory for Time-Varying Linear Systems with Nonstationary 
Statistical Inputs," Proceedings M Institute of Radio Engineers , Vol. 40, No. 8, p. 977 
(August, 1952). 

B7 British Standards Institution, "Glossary of Terms Used in Electrical Engineering," British Stand¬ 
ard 205, Part 1, Sec. 2, and Part 3, Sec. 4, London, 1943. 

C2 Cramer, Harald. Mathematical Methods of Statistics , Princeton University Press, 1946. 

El Eckman, D. P., Industrial Instrumentation , John Wiley & Sons, Inc., New York, 1950. 

F3 Frost, Seymour, "Compact Analogue Computer," Electronics , Vol. 21, p. 116 (July, 1948). 

F4 Fry, T. C., Probability and Its Engineering Uses , D. Van Nostrand Company, Inc., New York, 1928. 

HI Hoel. P. G.. Introduction to Mathematical Statistics , John Wiley & Sons, Inc., New York, 1947. 

L3 Laning, J. H., Jr., and Root, W. L.. "Methods of Analysis of Control Systems." Instrument Section, 

Aeronautical Engineering Department, Massachusetts Institute of Technology, Cambridge, Mass. 
(Collected course notes for the fall term, 1951. To be issued In revised form as Course 16.37, 
under the title "Random Processes in Automatic Control," with R. H. Battin contributing.) 

N1 National Research Council, Conference on Nuclear Glossary. A Glossary of Terms In Nucleaj- Science 
^ Technology . Section VU: "Instrumenlation." The American Society of Mechanical Engineers, 
New York. 1951. 

R1 Rhodes, T. J.. Industrial Instruments for Measurement and Control , McGraw-HlU Book Com- 
pany, Inc., New York, 1941. 

T1 Trimmer, J. D., Response of Physical Systems , John Wiley & Sons, Inc., New York, 1950. 

W1 Whittaker, E. T., and Robinson, G., Calculus of Observations , third edition, Blackle & Son, Ltd., 

London and Glasgow, 1940. 

Z1 Zimmerman. 0. T., and Lavine. Irvin. Scientific and Technical Abbrovlaaons, ^ and 
Industrial Research Service, Dover, N. H., 1948. 


CHAPTER 30. ELEMENTi AHO COMPONENTS ASSOCIATED WITH INSTRUMENT SYSTEMS 


A7 


American Institute of Physics. Temperature ; Measurement ^ Coi^l ^ 

(Symposium held in New York City, November, 1939. under the auspices of ® „ j 

of Physlcswiththe cooperatlonof the National Bureau of Standards and the National ResearchCouncll.) 

Reinhold Publishing Corporation, New York, 1941. 


848 



CHAPTER 30 (Com.) 

A8 AmtTJcan S(eol S: W)ro Company, Manual ol Spring Englnt -ering , 71 Broadway, New York, 1941. 

A9 Associated Spring Con)oration, Handbook of Mechanical Spring D osltcn , Bristol, Conn. 

AlO Aronson, M. H,, Electronlr Circuitry for Instruments. The Instruments Publishing Company, Pitts¬ 
burgh, Pa., 1953. 

B1 Batcher, R. R., and Moullc, William, The El ectronic Control H andbook . Caldwell-Clements. Inc., 
New York, 1946. 

B2 Behar, M. F. (with P. R, Ewald and others), Tja- Handbook ^ M easurement and C ontrol , The Instru¬ 
ments Publishing Company, Inc,, Pittsburgh, Pa,. 1951. 

B3 Bode, H. W.. Network Analysis and Feedback Amplifie r Design , D. Van Nostrand Company. Inc., 
New York, 1945. 

B8 Barnes, Wallace, Company (Division of Associated Spring Corporation), "Mechanical Springs: their 
engineering and design," 100 Wallace Street, Bristol, Conn., 1944. 

B9 Beranek. L L., Acoustics , McGraw-Hill Book Company. Inc., New York. 1954. 

BIO Bergman, Ludwig (translated by H. Stafford Hatfield). Ultrasonics . George Bell L Sons. Ltd., 
London. 1938. 

BlI Bernhard. R. K.. Mechanical Vibrations . Pitman PublishlngCorporation, New York and Chicago. 1943. 

B12 Binder, R. C.. Flui d Mechanics , second edition, Prentice-Hall, Inc., New York, 1949. 

B13 Blackburn. J. F. (editor). Components Handbook . Radiation Laboratory Series, 17, McGraw-Hill 
Book Company. Inc., New York. 1949. 

B14 Bowden, F. P., and Tabor. D., The Friction and Lubrication of Solids , Oxford at the Clarendon 
Press, 1950. 

B15 Brombacher, W. G.. "Altitude-Pressure Tables Based on the United States Standard Atmosphere," 
Report No. 538, National Advisory Committee for Aeronautics, Washington. D. C., 1935(reprlnled 
1948). 

B16 Buckingham, Earle, Analytical Mechanics of Gears , McGraw-Hill Book Company, Inc., New York, 1949 

C3 Chemical Rubber Publishing Company. Handbook of Chemistry and Physics (C. D. Hodgman, editor). 
Cleveland, Ohio. 

C4 Clifford Manufacturing Company, "Vapor Pressure- TemperatureCurves of Typical Filling Mediums" 

(nulds)(charl In catalog: Hydron Metallic Bellows ). Waltham, Mass., 1941. 

C5 Crabtree, Harold, ^ Elementary Treatment of ^ Theory of Spinning Tops and Gyroscopic Motion, 
second edition. Longmans, Green & Company, London, 1914. 

C6 Crow, L. R., Saturating Core Devices , Scientific Book Publishing Co., Vincennes, Ind. 1949. 

D1 Allen B. DuMont Laboratories. A Compilation of Analog Transducers , Clifton, N. J., 1952. 

D2 Davidson, Martin. ^ Gyroscope and Applications . Hutchinson's Scientific and Technical Publlca- 
tlons, London, 1947. 

D3 Dean, R. C., Jr., andothers, "Aerodynamic Measurements," Gas Turbine Laboratory, Massachusetts 
Institute of Technology, Cambridge, Mass., September, 1952. 

D4 Delmel, R. F., Mechanics of the Gyroscope , Dover Publications. Inc., New York, 1950 


849 




CHAPTER 30 (Com.) 

D5 Den Hartog. J. p., Me chatiical Vi^ations, third edition, McGraw-Hill Book Company. Inc.. New 
York, 1947, 

D6 Den Hartog, J. P., Mechanics, first edition, McGraw-HUl Book Company. Inc., New York. 1948. 

D7 Diederichs. Herman, and Andrae, W. C., Engineering Instruments : Vol. I: Experimental Mechanical 
Engineering , John Wiley & Sons. Inc.. New York, 1930. 

D8 Draper, C. S., andWrigley, w., "An Instrument for Measuring Low Frequency AcceleraUons in 
Flight," Journal of the Aeronautical Sciences . Vol. 7. p. 388 (1940). 

D9 Drysdale, C. V., and Jolley, A. C., Electrical Measuring Instruments , second edition (revised by 
G. F. Tagg), Chapman & Hall, Ltd., London, 1952. 

El Eckman, D. P.. Industrial InstrumentaUon . John Wiley 6 Sons, Inc., New York, 1950. 

E3 Einstein, A., and Infeld, L.. EvoluUon of Physics . Simon & Schuster, Inc., New York. 1938. 

E4 Ernst, Walter, Oil Hydraulic Power and Its Industrial Applicabons . McGraw-Hill Book Company, Inc., 

New York, 1949. 

E5 Eshbach, 0. V. (editor), Handbook of Engineering Fundamentals , second edition. John Wtlev&Sons. Inc. 
New York, 1952. 

E6 Everitt. W. L.. Communication Engineering , second edition, McGraw-Hill Book Company, Inc., 
New York, 1932. 

F5 Federal Telephone and Radio Corporation, Reference Data for Radio Engineers , third ediUon, 
New York, 1949. 

F6 Ferry, E. S., Applied Gyrodynamics , John Wiley & Sons, Inc., New York, 1932. 

F7 Flnzi, L. A., and Beauroarrlage, D. C.. "MagneUc Amplifier Characteristics," Electrical Engi¬ 

neering , Vol. 69, No. 12 (December, 1950). 

F8 FitzGerald, A. E., BasicElectrlcai Engineering , McGraw-Hill BookCompany, Inc., New York, 1945. 

F9 FitzGerald, A. E., "Magnetic Amplifier Circuits, Neutral Type," "Some Notes on the Design of 
Magnetic Amplifiers," "Magnetic Amplifier Characteristics, Neutral Type," Journal of Franklin 
Institute . Vol. 244, No. 4, p. 249; No. 5, p. 323; No. 6, p. 415 (October-December, 1947). 

FIO FitzOrald, A. E., and Kingsley, Charles, Electric Machinery , McGraw-Hill Book Company, Inc., 
New York, 1952. 

Fll Frank. N. H., Introduction to Electricity and Optics , McGraw-Hill Book Company, Inc., New York, 1940. 

F12 Franklin, Philip, Differential Equations for Electrical Engineers , John Wiley & Sons, Inc., New 
York, 1933. 

F13 Frazier, R. H.. "Analysis ofDrag Cup A-C Tachometer." Transactions of the American InsUMg 
of Electrical Engineers , Vol. 70, 1951 (AIEE Paper 51-348). 

G3 Greenwood, I. A., Jr., Holdam. J. V., Jr., and Macrae. Duncan, Jr. (editors), Electronjc Instru- 
ments. Radiation Laboratory Series, 21, McGraw-Hill Book Company, Inc., New York, 1948. 

G4 Geyger, W. A., "A New Type of Magnetic Servo Amplifier," Transactions of Oje America Institute 
of Electrical Engineers , Part I: CommunlcaUon and Electronics , Vol. 71, No. 5, pp. 272-280 
(September, 1952). 

G5 Grammel, R., Per Krelsel, seine Theorie und seine Anwendungen , Braunschweig, Vleweg, 1920. 


850 



CHAPTER 30 (C*»i.) 

G8 Gould, L. A., ajid Smith, P. E., Jr., "Dynamic Behavior of Pneumatic Devices." Journal of 
Instrument Society ^f Ame rica , Vol, 9 (bound in Instrum^ts, Vol. 26),(June and July, 1953.) 

G7 Guillemin, E. A., Com ipunic ationNetwor ks. Vols. I and II, John Wiley L Sons, Inc., New York, 1947. 

H2 Hague. B., Alternating Current Bridge Methods (or the Measure ment of Inductance . Capacitance , and 
Effective Resistance ^ Low and Telephonic Frequencies, Sir Isaac Pitman & Sons, London, 1946. 

H3 Haltmaler, R. G.. "Coupled Circuit Analysis of Mlcrosyn Signal Generators," Report E»266, Instru¬ 
mentation Laboratory, Massachusetts Institute of Technology, Cambridge, Mass., March 23, 1953. 

H4 Harvard University, Cruft Electronics Staff, Electronic Circuits and Tubes , McGraw-Hill Book Com¬ 
pany, Inc., New York. 1947. 

H5 Hrones, J. A.. and Nelson, G. L., Analysis o_f ^ Four-B ar Linkage , published Jointly by the Tech¬ 
nology Press of the Massachusetts Institute of Technology and John Wiley & Sons, Inc., New York, 
1951. 

II Irvin, G. E., Aircraft Instruments , McGraw-Hill Book Company, Inc., New York. 1941. 

13 Instrument Specialities Company, Inc., "Micro-Processed Springs of Beryllium Copper." Little 
Falls, N. J., current catalog. 

J1 James, H. M., Nichols, N. B., and Phillips. R. S. (editors). Theory of Servomechanisms , Radia¬ 
tion Laboratory Series, 25, McGraw-Hill Book Company, Inc., New York, 1947. 

J2 Jones, Franklin D., Ingenious Mechanisms for Designers and Inventors . The Industrial Press, 
New York; The Machinery Publishing Company, Ltd., London; Vol. I: 1935, Vol. II; 1936. 

J3 Jones, R. W.. Electric Control Systems , John Wiley & Sons, Inc., New York, 1953. 

K1 Kloeffler, R. G., and Horrell. M. W., Basic Electronics . John Wiley & Sons, Inc., New York, 1949. 

K2 Kuntny, G. V., "Gear Standards and Design," Transactions of tjw American Society of Mechanical 

Engineers , Vol. 70, Sec. 8 (August 1948). 

L4 Langsdorf, A. S., Principles of Direct-Current Machines . Chapter V, "Systems of Electrical Units," 
fifth edition, McGraw-Hill Book Company. Inc., New York, 1940. 

L5 Lanlng, J. H., Jr., "The Vector Analysis of Finite Rotations and Angles," Report No. 6398-S-3, 
Instrumentation Laboratory, Massachusetts Institute of Technology. Cambridge, Mass., September. 
1949. 

L6 Lawrence, R. R., Principles of Alternating Current Machinery , third edition, McGraw-Hill Book 
Company, Inc., New York, 1940. 

L7 Laws, F. A., Electrical Measurements , second edition, McGraw-Hill BookCompany. Inc., New York, 
1938. 

L8 Lee, S.-Y., and Blackburn, J. F., "Contributions to Hydraulic Control," Transactions qt Uw Amer¬ 
ican Society of Mechanical Engineers , 

1. "Steady-state axial forces on control-valve pistons." Vol. 74. No. 6, pp. 1005-1011 (1952). 

2. "Transient-flow forces and valve instability," Vol. 74, No. 6, pp. 1013-1016(1952). 

3. "Pressure-flow relationships for 4-way valves," Vol. 75, No. 6, pp. 1163-1170(1953). 

4. "Notes on the hydraulic Wheatstone bridge," Vol. 75, No. 6, pp. 1171-1173 (1953). 

5. "Lateral forces on hydraulic pistons," Vol. 75, No. 6, pp. 1175-1180 (1953). 

6. "New valve configurations for high-performance hydraulic and pneumatic systems " oaoer 
presented at the December, 1953, meeting of the AmericanSociety ofMechanlcalEngineers. 


851 



CHAPTER 30 (C«M.) 

L9 Leeds ai,d Northrup Company, "Standard Conversion Tables for Leeds and Northrop Thermocouples." 

LIO Lees. Sidney. "Integration by the Viscous Shear Process," D. Sc. Thesis. Department of Aero¬ 
nautical Engineering, Massachusetts Institute of Technology. 1950. (Published as Report No. 6398.T-10. 

by Instrumentation Laboratory, Massachusetts Institute of Technology. Cambridge, Mass Sep- 
tember, 1950.) 

Lll Lufcy. C. W.. Schmid. A. E., and Barnhart, P. W., "An Improved Magnetic Servo Amplifier," 

Transactions of ^ American Institute ^ Electrical Engineers. Part I: Communication and Elec¬ 
tronics, Vol. 71. pp. 281-289 (September, 1952). 

M2 Mac Millan, R. H., ^ Introduction to Uw Theory of Control in Mechanical Engineering . Cambridge 
University Press. Cambridge, England. 1951. 

M3 Maleev. V. L., Machine Design . International Textbook Company. Scranton. Pa.. 1939. 

M4 Marks. L. S.. Mechanical Engineers ' Handbook , fourth edition, McGraw-HiU Book Company, Inc., 
New York. 1941. 

M5 MarUn. L. D., "Designing Instrument Gearing. " Machine Design . Vol. 20. pp. 163-168 (April, 1948). 

M6 MassachusettsInsUtute ofTechnology, ElectricalEngineeringStaff, AppliedElectronics , JohnWiley St 
Sons. Inc., New York, 1948. 

M7 Massachusetts Institute of Technology, Electrical Engineering Staff, Electric Circuits . John Wiley & 
Sons, Inc., New York, 1948. 

M8 Massachusetts Institute of Technology, Electrical Engineering Staff, Magnetic Circuits and Trans¬ 
formers , John Wiley & Sons, Inc., New York, 1943. 

M9 Massachusetts Institute of Technology, Mechanical Engineering Staff, "Fluid Power Control" (notes 
for Course 2.789, summer session, 1953), Cambridge, Mass., 1953. 

MIO McAdams, W. H., Heat Transmission, second edition, McGraw-Hill Book Company, Inc., New 
York, 1942. 

Mil Middleton, W. E. K. . Meteorological Instruments , The University of Toronto Press, Toronto, 
Canada, 1941. 

M12 Miles, J. G., "Bibliography of Magnetic Amplifier Devices and the Saturable Reactor Art," Trans¬ 
actions of the American Institute of Electrical Engineers . Vol. 70 (1951). 

M13 Moon, P., and Spencer, D. E., "Utilizing the M. K. S. System," American Journal of Physics . 
Vol. 16, No. 1, pp. 25-38 (January, 1948). 

M14 Moore, A. D., "Eddy Currents in Disks; Driving and Damping Forces and Torques," Transactiojis 
of Uie American Institute of Electrical Engineers . Vol. 66, pp. 1-10 (1947). 

M15 Mueller, R. K. , "Microsyn Electromagnetic Components," Engineering Memorandum E-224, Instru¬ 
mentation Laboratory, Massachusetts Institute of Technology, Cambridge, Mass., December, 1952. 

N2 Navy Department, "United Slates Navy Synchros, Description and Operation," Ordnance Pamphlet 
No. 1303, a joint Bureau of Ordnance and Bureau of Ships publication, Washington, D. C., Decern 
ber 15, 1944. 

N3 New York State Vocational and practical Arts Association, Instruments and Proc ess Control, Delmar 
Publishers. Incorporated, Albany, N. Y.. September, 1945. 

02 Olson. H. F., Elements of Acoustical Engineering , second edition, D. Van Nostrand Company, Inc., 
New York, 1947. 


852 



CHAPTER 30 (C*a*.| 

P3 Pearce, C. E.. Principles of Mechanism, John WUey i Sons. Inc., New York, 1934. 

P4 Pender, Harold, and Del Mar, William, Electrical Englneej's’ Handbook; Vol. I; Electric Power, 
fourth edition, John Wiley & Sons, Inc., New York, 1950. 

P5 Proceedings of the Institute of Radio Engineers, Transistor issue, Vol. 40, No. 11 (November, 1952.) 

R1 Rhodes, T. J., Industrial Instruments lor Measurement and Control, McGraw-Hill Book Com¬ 

pany, Inc., New York, 1941. 

R2 Radio Corporation of America, Tube Handbook H-B-3, Camden, N. J. 

R3 Rauscher, M., Intr^uctlon to Ae ronau tical Dyn amics . John Wiley & Sons. Inc., New York, 1953. 

R4 Reich, H. J., T heory and Applicatio ns of Electron Tubes . McGraw-HlH Book Company, Inc., New 
York. 1939. 

R5 Richtmyer, F. K., and Kennard, E. H., Introduction to Modern Physics, McGraw-Hill Book Com¬ 
pany, Inc., New York, 1947. 

R6 Roberts, H. C., Mechanical Measurements ^ ^Ic^rjc^ Methods, second edition. The Instruments 
Publishing Company, Inc., Pittsburgh. Pa., 1951. 

R7 Roters, H. C., Electromagnetic Devices , John Wiley ii Sons, Inc., New York, 1944. 

R8 Roters, H. C., 'The Hysteresis Motor,” Electrical Engineering , Vol. 67, No. 3, March. 1948. 

52 Schaevltz, H., 'The Linear Variable Differential Transformer." Proceedings of the Society for 
Experimental Stress Analysis , Vol. IV, No. 2 (1947). 

53 Sears, F. W.. Principles of Physics ; Vol. 1: Mechanics. Heat and Sound . Vol. U: Electricity and 
Magnetism , second edition, Addlson-Wesley Press. Inc., Cambridge. Mass., 1950. 

54 Shea, R. F., Princip les of Transistor Circuits , John WUey & Sons, Inc., New York, 1953, 

55 Shearer, J. L., "Proportional Control of Rate-Type Servomotors," and "Dynamic Characteristics 
of Valve-ControUed Hydraulic Servomotors" (papers presented at the December, 1953, meeting of 
the American Society of Mechanical Engineers; to be published In one of the Society's journals). 

56 Shockley, W., Electrons and Holes In Sem i-Condu ctors with Appli cations to Transistor Electrons, 
D. Van Nostrand Company, Inc., New York, 1950. 

57 Shockley. W., Transistor (collection of papers), Bell Telephone Laboratories. New York, 1951. 

58 Sloane, Alvin, Engineering Kinematics . The Macmillan Company, New York, 1941. 

59 Smith, E. J., "A Transient Analyzer for Magnetic Amplifiers," Technical Paper 53-283. American 
Institute of Electrical Engineers. April. 1953. 

510 Smythe, W. R.. "On Eddy Currents In a Rotating Disk," Transactions of \he American Institute of 
Electrical Engineers , Vol. 61. pp. 681-684 (1942). 

511 Sontag, Harcourt, and Brombacher, W. G.. Aircraft P ower-Plant Instrume nts. Report No. 466 
National Advisory Committee for Aeronautics. U. S. Government Superintendent of Documents 
Washington D. C., 1933. 


512 

513 


Spotts, M. F., Design of Machine Elements , Prentice-Hall, Inc., New York, 1948 

St. George, E.. "List ofThesesand Reports on Hydraulic Control," internal memorandum. Dynamic 
Analysis and Control Laboratory. Massachusetts Institute of Technology. Cambridge. Mass Seo- 
tember, 1953. 


853 




CHAPTER 30 (Cont.) 

514 Svoboda, Antonin, Computing Mechanisms ^ Linkages . Radiation Laboratory Series, 27, McGraw- 
Hili Book Company. Inc.. New York, 1948. 

515 Sylvania Electric Products. Inc., Tu^ Handbook. 500 FUth Avenue, New York. 

T2 Terman, F. E., Radio Engineers ' Handbook , McGraw-HUl Book Company, Inc.. New York, 1943. 

T3 Thaler, G. J.. and Brown, R. G., Servomechanism Analysis, McGraw-Hill Book Comoanv. Inc.. 
New York, 1953. 

T4 Timoshenko. Stephen, Vibration Problems ijj Engineering , D. Van Nostrand Company, Inc., New 
York. 1941. 

T5 Timoshenko. Stephen, and Lessells, J. M., Applied Elasticity , East Pittsburgh Westinghouse Tech¬ 
nical Night School, 1925. 

VI Valley, G. E., and Wallman, Henry, V acuum Tube Amplifiers , Radiation Laboratory Series, 18, 
McGraw-Hill Book Company, Inc., New York, 1948. 

V2 Van der pyl, L. M., "Bibliography on Bourdon Tubes and Bourdon Tube G^es," Paper 53-IRD-l, 
American Society ol Mechanical Engineers, New York, September, 1953. 

V3 Velnott, C. G., Fractional Horsepower Electric Motors , McGraw-Hill Book Company, Inc., New 
York, 1948. 

W2 Whitman, H. R., Wales, R. L., and Andersen, J. P., "The Type H Gyro, Computing and Acceler¬ 
ometer Units," Report R-I7, Instrumentation Laboratory, Massachusetts Institute of Technology, 
Cambridge, Mass., September, 1953. 

W3 Weems, W. R., "An Introduction to the Study of Gyroscopic Instruments," Department of Aero¬ 
nautical Engineering, Instrumentation Section, Massachusetts Institute of Technology, Cambridge, 
Mass., January, 1948. 

W4 Weston Electrical Instrument Corporation, Tlw Instrument Sketch Book, Circular E-3-C, Newark, 
N. J.. 1951. 

W5 Westinghouse Electric Corporation, Electronic Engineers of the. Industrial Electronics Reference 
Book , John Wiley & Sons, Inc., New York, 1948. 

W6 H. A. Wilson Company, The Blue Book ^ Thermometals and Electrical Contacts , Newark, N. J., 
1939. 

W7 Wrlgley, Walter, "An Investigation of Methods Available for Indicating the Direction of the Vertical 
from Moving Bases. ” D. Sc. Thesis, Department of Physics, Massachusetts Institute of Technology. 
Cambridge, Mass., 1941. 

W8 Wrigley, Waller, "Schuler Tuning Characteristics in Navigational Instruments," Navigation : Journal 
of tjw In stitute of Navigation , Vol. 2, No. 8 (December, 1950). 

Z2 Zimmerman, 0. T., and Lavlne, Irvin, Conversion Factors ^ Tables . Industrial Research Service, 
Dover, N. H., 1944. 

CHAPTER 31. TEMPERATURE-MEASURING INSTRUMENTS 

A7 American Institute of Physics, Temp e rature ; Measurement and Contr^ in Science and Indus^. 
(Symposium held in New York City, November. 1939, under the auspices of the American InsUme 
of Physics with the cooperation of the National Bureau of Standardsand the National Research Counc 
Relnhold Publishing Corporation, New York, 1941. 


854 



CHAPTEK 31 (C»M.) 


B1 Batcher, R, H.. and Moullc. WlUtam. The L'lectrontc Control Handbook. Caldwell-Clements, Inc., 
New York, 1946. 

B2 Behar, M. F. {with P. R. Ewald and others). The Handbook ol Measurement and Control , The Instru¬ 
ments Publishing Company, Inc., Pittsburgh, Pa., 1951. 

B17 Blue, R. E., and Low, G. M., "Factors Aflcciing Laminar Boundary Layer Measurements in a 
Supersonic Stream." Technical Note 2891, National Advisory Committee lor Aeronautics. 1953. 

B18 Bridgman. P. W,, Dimension^ Analysis , revised edition, Yale University Press. New Haven, Conn., 
1931. 

C7 Carslaw, H. S., Introduction to the Mathematical The^ ol l^ Condu ction ol Heal In Solids, Mac¬ 
millan & Co., Ltd., London, 1921. 

DIO Dahl, A. L., and Freeze, P. D., "Tests ol Total Temperature Probes," Technical Report 53-251, 
Wright Air Development Center, Wright-Palterson Air Force Base, Ohio, June, 1953. 

Dll Durand. W. F. (edltor-ln-chleQ, Aerodynamic Theory (sixvols.), Julius Springer. Berlin, 1936. 

El Eckman, D. P., Industrial Instrumentation, John Wiley it Sons. Inc., New York, 1950. 

G8 Goldstein, D. L., and Scherrer, R.. "Design and Calibration of a Total-Temperature Probe for Use 
at Supersonic Speeds," Technical Note 1885. National Advisory Committee for Aeronautics. 1949. 

09 Goldstein, S. (editor). Modern Developm ents In Fluid Dyn amics (two vols.), Oxford at the Clarendon 
Press, 1938. 

H2 Hague. B., Alternating Current Bridge Methods ^ tj« Measurement of Inductance, Capacitance. 

and Effective Resistance at Low and Telephonic Frequencies . Sir Isaac Pitman & Sons Ltd London' 
1946. 

H8 Hardy, A. C., and Perrin. F. H., The Principles of Optics , McGraw-Hill Book Company. Inc 
New York, 1932. 

H7 Harper, D. R.. "Thermometric Lag." ScientUlc Paper No. 185. Bulletin of t^ National Bureau of 
Standard, Vol. 8, No. 4, pp. 659-714 (1913), Superintendent of Documents, U. S. Government 
Printing Office, Washington, D. C. 

H8 Hendrickson, H. B.. and Brombacher, W. G.. "Lag of Thermometers and Thermographs for Air¬ 
craft," Montl^ Weat^ Rev^, Vol. 55, pp. 72-82, 1927. 

H9 Hendrickson, H. B., 'Thermometric Lag of Aircraft Thermometers, Thermographs, and Baro¬ 
graphs." Research Paper No. 222, Journal of Research of the National Bureau of Stanri.irH^ Vol. 5 
(September. 1930). Superintendent of Documents. U. S. Government Printing Office. Washington, 

HIO Howarth. L. (editor). Modern Developments in FTuid Dpamics: High Speed Flow, Oxford at the Cla¬ 
rendon Press, 1953. 

J4 Johnson, H. A., andRubestn, M. W.. "Aerodynamic HeatlngandConductive Heat Transfer - Summary 

of Literature Survey," Transactio ns of American Society of Mechanical Engineers Vol 7 i 
pp. 447-456 (1949). “ --’ 

J5 Johnson, W. C.. Mathematical ^ Physical Principles of Engineering Analysis. McGraw-Hill RrvMr 
Company, Inc., New York, 1944. 

K3 Kaye, J.. "Survey of Friction Coefficients. Recovery Factors, and Heat Transfer Coefficients for 
Supersonic Flow." Journal of the Aeronautical Sciences . Vol. 21, pp. 117-130 (1954) 


855 





CHAPTER 31 (CoBi.) 

K4 Kleinschmidt. VonE., "Uber die Formanderong der Bourdonbaromeler, der Bourdonthermometer, 

und der Bimetallttiermometer, •’ Bertrage Phystk fur Atmos ., Bd 17, 1931. 

L2 Lyle, Oliver, The Efficient Use of Steam , His Majesty’s Stationery Otfice, London, 1947. 

L7 Laws. F. A., Electrical Measorements , second edition, McGraw-HlU Book Company, Inc., New 
York, 1938. 

L12 Liepmann, H. W., and Puckett, A. E., Introduction to Aerodynamics of a Compressible Fluid, 
John Wiley & Sons, Inc., New York, 1947. 

MIO McAdams, W. H.. Heat Transmission , second edition, McGraw-HlU Book Company, Inc., New York, 
1942. 

P6 Packer, L. S., and Box, H. C., "Vortex Free Air Thermometer," Report No. IH-775-P-2, Cornell 
Aeronautical Laboratory, Inc., Buffalo, N. Y., April, 1953. 

P7 Page, L., and Adams. N. I., Principles of Electricity , D. Van Nostrand Company, Inc., New York, 
1949. 

P8 Preston, Thomas, Theory of Heat , The Macmillan Company, New York, 1929. 

R1 Rhodes, T. J., Industrial Instruments for Measurement and Control , McGraw-HUl Book Company, 

Inc., New York, 1941. 

R9 Roberts, J. K., Heat and Thermodynamics , Blackle it Son, Ltd., London and Glasgow, 1933. 

S3 Sears, F. W., Principles ^ Physics . Vol. I: Mechanics . Heat and Sound . Vol. D: Electricity and 
Magnetism , second edition, Addlson-Wesley press, Inc., Cambridge, Mass., 1950. 

516 Schaefer, Clemens, Einfuhrung Ui ^ Theoretische Physlk , Walter DeGruyte and Co., Berlin and 
Leipzig, Vol. U: 1929; Vol. ID: 1937. 

517 Schllchtlng, H., "Boundary Layer Theory" (lecture series). Part 1 "Laminar Flows," Technical 
Memorandum 1217; Part n "Turbulent Flows," Technical Memorandum 1218, National Advisory 
Council for Aeronautics, April, 1949. (W. S. 1941/42, Luftfahrtforschungsanstalt Hermann Goring 
Braunschweig.) 

T6 Timoshenko, Stephen, "Analysis ofBlmetal Thermostats," Journal of the Optical Society of America , 
Vol. 11, p. 233 (July-December, 1925). 

W6 H. A. Wilson Company, T^ Blue Book of Thermometals and Electrical Contracts , Newark, N. J., 
1939. 

W9 Wood, W. P., and Cork, J. M., P yrometry , McGraw-Hill Book Company, Inc., New York, 1941. 
CHAPTER 33. ELECTROMECHANICAL MEASURING INSTRUMENTS 

A8 AmericanSteel & WlreCompany, Manual of Spring Engineering , 71 Broadway, New York, 1941. 

B8 Barnes, Wallace, Company (division of Associated Spring Corporation). "Mechanical Springs: their 
engineering and design," 100 Wallace Street, Brlston, Conn., 1944. 

B19 Bingham. E. C., Fluidity and Plasticity , McGraw-Hill Book Company. Inc., New York, 1922. 

G2 General Electric Company, "Manual of Electric Instruments," Meter and Instrument Division, 
West Lynn, Mass., 1949. 

H2 Haeue. B., Alternating Current Bridge Met hods for the Mea surement of Inductance , Capacltanc^. 
and Effective Resistance ^ ^ and Telephonic Fregimnctes. Sir Isaac Pitman & Sons, Ltd., London, 

1946. 


856 



CHAPTER 31 (C*.t.) 

L7 Laws, F. A., Electri cal Measurements , second edition, McGraw-Hill Book Company, Inc., New 
York, 1938. 

L13 Lamb, Horace, Hydrody namics , fUtheditlon. Cambridge University Press. Cambridge, Eng., 1924. 

LU Love. A. E. H.. Mathematical Theory of Elasticity . Cambridge University Press, Cambridge. 
Eng., 1927. 

03 OSCILLOGRAPH MANUFACTURERS WHO PUBLISH CATALOG MATERIAL: 

The Brush Development Company, 3405 Perkins Avenue, Cleveland 14, Ohio. 

Century Geophysical Corporation, 1333 North Utica, Tulsa 6, Okla. 

Consolidated Engineering Corporation, 620 North Lake, Pasadena 4, CalU. 

General Electric Company. Schnectady, New York. (Bulletins on oscillograph types PM-10, PM-13, 
PM-17. PM-18.) See also ref. (G2). 

Hathaway Instrument Company, 1315 South Clarkson Street, Denver, Colo. 

Heiland Research Corporation, 130 East Fifth Avenue, Denver, Colo. 

Sanborn Company, 39 Osborn Street, Cambridge 39, Mass. 

William Miller Corporation, Pasadena 8, CalU. 

Westinghouse Electric Corporation, Newark Plant, Newark, N. J. 

P7 Page, L., and Adams, N. I., Principles of Electricity , D. Van Nostrand Company, Inc., New York, 
1949. 

S3 Sears, F. W., Principles ^ Physics ; Vol. I: Mechanics , Heat and Sound . Vol. II: Electricity and 
Magnetism , second edition, Addison-Wesley Press, Inc., Cambridge, Mass., 1950. 

T7 Timoshenko,'Stephen, Theory of Elasticity . McGraw-Hill Book Company, Inc., New York, 1934. 

W4 Weston Electrical Instrument Corporation, The Instrument Sketch Book . Circular E-3-C, Newark, 
N. J., 1951. 

WIO Wlckwire Spenser Steel Division of the Colorado Fuel and Iron Corp., "Springs, Wire Forms and 
Spring Wires" (catalog), 575 Madison Avenue, New York. 

CHAPTER 33. PRE331IRE-MEA$URIKC SYSTEMS 

B20 Blanchard, H. F. (editor). Motor's Auto Repair Manual . 15th edition, published by Motor, The Auto¬ 
motive Business Magazine, 250 W. 55th Street, New York, 1952. 

D5 Den Hartog, J. P., Mechanical Vibrations , third edition, McGraw-Hill Book Company, Inc., New 
York, 1947. 

D7 Diederlchs, Herman, and Andrae, W. C., Engineering Instruments ; Vol. 1: Experimental Mechanical 
Engineering . John Wiley & Sons. Inc., New York, 1930. 

D12 DeJuhasz, K. J., The Engine Indicator , New York Instrument Publishing Company, 1934. 

D13 Draper, C. S., and Li, Y. T., "New high performance engine indicator of the strain gage type." 
Journal of the Aeronautical Sciences , Vol. 16, pp. 593-610 (October, 1949). 

GIO Geiger. F. W., Mantz, C. W., and Laporte, Otto (editors), "The shock-tube as an instrument for 
the investigation of transonic and supersonic Qow patterns," N6-ONR-232. (Report on work done 
under the Office of Naval Research, AprU, 1947 - June, 1949.) 

Gil Grlnstead, C. E., Frawley, R. N.. Chapman. F. W.. and Schultz, H. F. (editors), "An Improved 

Indicator for MeasuringStatlc and Dynamic Pressures. " Society of Automotive Engineers Transactions. 
Vol. 52, No. 11, pp. 534-555 (November, 1944). 


857 



CHAPTER 33 (CMt.) 

HU Head,;. W., "Electronic Engine-Pressure Indicator." Electronics. Vol. 18. do. 132.1.'?S fTann^rt, 
1945). 

H12 Heldt. P. M., "Japanese Scientists Develop Simple Optical Indicator," Automotive Industries 
Vol. 71, pp. 813-814 (June 30, 1934). ~ ’ 

H13 Hildebrand, F. B., Advanced Calculus for Engineers , Prentice-Hall, Inc., New York, 1949. 

14 Iberall, A. S., "Attenuation of Oscillatory Pressures in Instrument Lines," Research Paper 2115 

2l Research of Uie National Bureau of Standards . Vol. 45, No. 1 (July, 1950), Superintendent 
of Documents, U. S. Government Printing Office, Washington 25, D. C. 

K5 Karman, T., von, and Biot, M. A., Mathematical Methods Engineering , McGraw-Hill Book Com¬ 
pany, Inc., New York, 1940. 

L15 Li, Y. T., "Design of Strain Gage Pressure Indicators," Proceedings of the Instrument Society of 
America , Vol. 7, pp. 216-221(1952). 

L16 Li, Y. T., "Dynamic Pressure Measuring Systems for Jet Propulsion Research," Journal of the 
American Rocket Society , Vol. 23, No. 31, p. 124 (May-Jime, 1953). 

M16 Martin, E. J., and Carls, D. F., "An Electrical Engine Indicator," ^ Electric Journal, Vol. 27, 
pp. 87-91 (February, 1930), Vol. 27, pp. 168-172 (March, 1930). 

N5 Nakanlshi, Ito and Kltamura, "A New High Speed Indicator for Internal Combustion Engines," Report 
of The Aeronautical Research Institute No. 87, pp. 161-177, Tokyo Imperial University (September, 
1932). 

04 Ohman, J. (Southwest Research Institute, San Antonio, Tex.), "Vlbrotron Temperature and Pressure 
Measurements," paper presented at the Sixth National Instrument Conference, Institute of Radio 
Engineers Program, Houston, Tex., September, 1951. 

S18 Seamans, R. C., Jr., Blaslngame, B. P., and Clementson, G. C. (editors), "The Pulse Method for 
the Determination of Aircraft Dynamic Performance," Journal of the Aeronautical Sciences , Vol. 17, 
No. 1 (January, 1950). 

T8 Taylor, E. S., and Draper, C. S. , "A New High-Speed Engine Indicator," Mechanical Engineering , 
Vol. 55, pp. 169-171 (March, 1933). 

T9 Timoshenko, Stephen, Theory of Plates and Shells , McGraw-HUl Book Company, Inc., New York, 
1940. 

V2 Van der Pyl, L. M., "Bibliography on Bourdon Tubes and Bourdon Tube Gages," Paper 53-IRD-l, 
American Society of Mechanical Engineers, New York, September, 1953. 

CHAPTER 34. IKTECRATORt AMO OtPFEREHTIATORS 

A1 Ahrendt, W. R., and Taplln, J. F., Automatic Feedback Control , McGraw-Hill Book Company, Inc., 
New York, 1951. 

A12 Ahrendt, W. R., Servomechanisni Practice , McGraw-Hill Book Company, Inc., New York, 1954. 

B21 Bacon, H. M., Differential and Integral Calculus . McGraw-Hill Book Company, Inc., New York. 1942. 

C8 Courant, R., Differential ^ Integral Calculus (two volumes, translated by E. F. McShane), 
Blackle Son, Ltd., London and Glasgow, 1951. 

F14 Franklin, PhUlp, Differential and Integral Calculus , McGraw-HlU Book Company, Inc., New York. 
1953. 


858 



CHAPTER U {C*M.» 

K6 Kom, G. A., and Kom. T. M.. Electronic Analog Computers , McGraw-HlU Book Company. Inc., 
New York, 1952. 

M17 Massachusetts Institute ol Technology, Servomechanisms Laboratory, "Electrical Engineering 
Department REAC Analog Computer Theory and Operation Manual." Report 6080-1, Cambridge. 

Mass., March, 1954. 

N5 Navy Department, "Basic Fire Control Mechanisms," Ordnance Pamphlet No. 1140, a Bureau ol 
Ordnance publication, Washington, D. C., September, 1944. 

N6 Navy Department, "Catalog of Precision Instrument Components," Ordnance Pamphlet No. 1755, a 
Bureau ol Ordnance publication, Washington, D. C., September, 1950. 

P9 Phillips, H. B., Analytic Geometry and Calculus , second edition, John Wiley ti Sons, Inc., New 
York, 1948. 

RIO Reswlck, J. B., "Scale Factors lor Analog Computers." Product Engineering , March. 1954. 

Wll Werner, E. F.. AlrcraitlnstrumentMaintenance , McGraw-HillBookCompany, Inc., New York, 1948. 

CHAPTER 15. VIBRAT(0K MEASUREMENT AND VIBRATION ISOLATION 

All Allnutt, R. B., and Mlntz, F., "Instruments at the David Taylor Model Basin for Measuring Vibra¬ 
tion and Shock on Ship Structures and Machinery," Report 563, The David W. Taylor Model Basin, 
United States Navy, July, 1948. 

B22 Ball, L. M., "Strain Gage Techniques." Proceedings of the Society for Eiperlmental Stress Analysis , 
Vol. m, No. I, pp. 1-22 (1945). 

B23 Boggls, A. G., "Design of Differential Transformer Displacement Gages," Proceedings of the Society 
for Experimental Stress Analysis , Vol. tt, No. 2, pp. 171-164 (1952). 

C9 Calldyne Instrument Company, "Model 18-D Accelerometer” (bulletin), Winchester, Mass. 

CIO Consolidated Engineering Corporation, "Analytical Instruments for Science and Industry," general 
catalog 1946-49, Pasadena, Calif. 

Cll Consolidated Engineering Corporation, "Consolidated Velocity Pickiq) Type 4-102" (bulletin), Pasa¬ 
dena, Calif. 

D5 Den Hartog, J. P., Mechanical Vibrations , third edition, McGraw-HUl Book Company, Inc., New 
York, 1947. 

D8 Draper, C. S., and Wrlgley, W., "An Instrument for Measuring Low Frequency Accelerations In 
Flight." Journal of the Aeronautical Sciences . Vol. 7, p. 388 (July, 1940). 

D14 Draper, C. S., Bentley, G. P., andWUlls, H. H., "Vibration Measurement in Flight," Society of 
Automotive Engineers Transactions , Vol. 41, No. 3, pp. 428-436 (September, 1937). 

D15 Draper, C. S., Taylor, E. S., Lancor, J. B., and Coffey, R. T., "Development of a Detonation 
Detector Suitable for Use In Flight," Technical Note 977, National Advisory Council for Aeronautics, 
December, 1944. 

D18 Den Hartog, J. P., "Forced Vibrations with Combined Coulomb and Viscous Friction," Paper 
APM-53-9. Transactions of the American Society of Mechanical Engineers . Vol. 53 (1931). 

G3 Greenwood, I. A., Jr., Holdam, J. V., Jr., and Macrae, Duncan, Jr. (editors). Electronic Instru¬ 
ments. Radiation Laboratory Series, 21, McGraw-HUl Book Company, Inc., New York. 1948. 


659 



CHAPTER 35 (C«m.) 

Gll Grlnstead, C. E.. Frawley. R. N., Chapman. F. W., and Schultz. B. F.. "An Improved Indicator 

For Mea^uringStatic andPynamlc Pressures. " Society of Automotive EngineersTransartion. vol. 52 
No. 11, pp. S34-55$ (November, 1944). ' * ’ 

HM Hetenyl, M.. Handbook of Experimental Stress Analysis . John WUey & Sons, Inc., New York, 1950. 

H15 Hlppel, A. van. "FerroelectrlcUy, Domain Structure, and Phase Transitions of Barium Tltanate " 
Reviews of Modern Physics , Vol. 22, No. 3, pp. 221-237 (July, 1950). 

L17 Lewis, R. C., "The Design and Characteristics of a High Sensitivity Direct Current Operated Accel¬ 
erometer, "Joi^ of the Acoustical So^ of AmeriM, Vol. 22, No. 3, pp. 357-361 (May, 1950). 

M15 MueUer, R. K., "Microsyn Electromagnetic Components,"Engineering Memorandum E-224, Instru- 
mentation Laboratory, Massachusetts Institute of Technology, Cambridge, Mass., December. 1952. 

M18 Mason, W. P.. Electromechanical Transducers ^ Wave FUters, D. Van Nostrand Co Inc New 
York, 1942. 

M19 The MB Manufacturing Co., Inc., "MB Vibration Pickup," BuUetin No. 124C, New Haven, Conn. 

05 Osgood, W. F., and Graustein, W. C., Plane and Solid Analytic Geometry . The Macmillan Company, 
New York, 1920. 

R3 Rauscher, M., Introduction ^ Aeronautical Dynamics . John Wiley & Sons, Inc., New York, 1953. 

Rll Review of Scientific Instruments . "Errors of the Dial Gage as an Instrument for Measuring Ampli¬ 
tudes of Vibration," by Herbert K. Weiss, Vol. 9, No. 11, pp. 365-369 (November, 1938). 

S8 Sloane, Alvin, Engineering Kinematics , The Macmllllan Company, New York, 1941. 

519 Smith, F. D., and Luxford, C. A., "Stress Measurement by Magnetostriction,” Proceedings of the 
Institution of Mechanical Engineers (London), Vol. 143, No. 1, p. 56 (AprU, 1940). 

520 Sperry Gyroscope Company, "Manual on Detonation Engine Testing System," pub. 23-125D (5/46), 
Great Neck, N. Y. (out of print). 

521 Slatham, L., "Design Parameters for Linear Accelerometers," Instrument Notes, No. 9, Statham 
Laboratories, 12401 West Olympic Blvd., Los Angeles, Calif., January, 1952. 


860 



INDEX 



Absorptivity, In 30-5(119) 

A-c motors and generators, 128, In 30-6(143) 

Acceleration, Tb 30-1(110), In 30-1(112) 

angular, Tb 30-1(110), In 30-2(113) 

Acceleration recording system, 794, TR 35-4(796) 

Accelerometer range, selsmograpblc system, 

606, 673, 696, Dr 35-5(699) 

Accelerometers, 606, Fg 35-3(606), 643, 

Fg 35-7(644) 

Accuracy, Df 29-3(54), 79 
measures of, Tb 29-1(64) 

Accurate, 53. D( 29-3(54) 

Actual indication, 71 
Actual Instruments, 36, 43, 46 
performance-quallty-describlng concepts, 47 
Actuating Inputs, 56, Fg 29-4(59) 

Adiabatic compression. In 30-6(121) 

Admittance, In 30-3(115) 

Ahrendl, W. R., 27 

Aircraft engines, angular vibration, 629 

vibratory torque Isolation system, 640, 

DAS 35-1(843) 

Airfoils, velocity profiles, 207 
American Institute of Electrical Engineers, 22 
American Society of Mechanical Engineers, 22 
American Standards Association, 22 
Ammeters, 216 

Amplldyne generators, 126, In 30-6(142) 

Amplifier coefficient multipliers, variable gain, 
for analog computers. Dr 34-22(545) 


Amplifiers, as coducers, 5, Df 26-3(7) 
electronic, 131, In 30-9(152) 
negative feedback, 131, In 30-9(152) 

Integrating, calibration, 782, TR 35-3(786) 
magnetic, In 30-6(143) 

Amplitude modulation, 132 

Amplitude modulators and demodulators. In 30-9(152) 

Amplitude ratios, dynamic (see Dynamic ampli¬ 
tude ratios) 


Fourier series, sprlng-and-plston indicator, 353, 
Fg 33-5a(356), Fg 33-6a(358). Fg 33-6a(3d2) 

Analog computer time, 539, Fg 34-31(540) 

Analog computers, 536-600 

coefficient settings, 597, Dr 34-27(592) 

components, 542, Dr 34-22(543} 

"least number of components" coonectlon, 555, 

Dr 34-24(556) 

numerical example, 567 

used to solve a general differential equation, 551, 
Dr 34-23(552), Dr 34-24(556) 

used to solve a typical positional servo system 
problem, 598. Dr 34-27(585) 

used to solve the (0:0,1) differential equation, 

555, Dr 34-25(561) 

used to 
560, 

Analysis of error, example, 71, Df 29-5(74) 

Angle resolver synchros, In 30-8(148) 

Angles, 109 


solve the (0:0,1,2) differential equation, 
Dr 34-26(568) 


approximated as vectors, 104 
AnguUr acceleration, Tb 30-1(110), In 30-2(113) 
Angular displacement, 104, In 30-2(113) 
receivers. 632, Fg 35-5(622) 

Angular momentum, Tb 30-1(110), In 30-2(113) 
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Angular natural (requency, Tb 32-1(237) 
undamped, Dr 32-1(227), 235, Tb 32-1(237) 
Angular velocity, Tb 30-1(110), In 30-2(113) 
receivers, $27, Fg 35-5(621) 

Angular vibration, of an aircraft engine, 829 

D“r'3LT2(823r“' receivers, 

Archimedes' principle, In 30-6(121) 

Area, Tb 30-1(110) 

Atmosphere, standard. In 30-6(122) 

Atte^uato^r coefficient multipliers, analog computer, 

Autosyns, In 30-8(147) 

Averages, as measure of uncertainty, 64, Df 29-4(67) 

of indicated quantity or scale reading, associated 
with inaccuracy and uncerUinty, 47, Fg29-1(48) 

B 

Back electromotive force, 232 
Band, dead, 69 
pass, Df 33-1(371) 

Band widths, 370, Df 33-1(371) 

Behar, H. F.. 27 

Bellows, pressure-measuring. In 30-11(157) 
Bernoulli's theorem, 107, In 30-6(123), 134 
Bevel gears, In 30-7(137) 

Bimetal-slri^ oU-pressure gage, 325, 

Bimetal thermometers, 133, In 30-10(156), 

163, Ds 31-1(164) 

characteristic time, Tb 31-2(216) 

Body, rigid, vibration measurement of, 819 

Boundary layer, in fluid flow, 206 

Bourdon tubes, pressure-measuring, 

In 30-11(157), 324 

first-order performance functions. Dr 33-1(341) 

second-order performance functions, 

Dr 33-2(347) 

Brainerd, H. B., 102 

Bridges, electrical, 132, In 30-9(153) 

Brombacher, W. G., 216 

Brown, G. S., 27 

Buoyant force. In 30-6(121) 

Butterfly valves. In 30-11(159) 

C 

Calibration, 43, 59 
coefficients, 85 


Calibration ( cont . 1 
conditions, 59 
error components, 71 
levels, 60 

ofanintegrallngampllfler, 782, TR 35-3(788) 

of a linear acceleration recording system 794 
TR 35-4(796) ^ ^ ’ ’ 

of a linear vibration receiver, 751, TR 35-1(753) 

of a torsional vibration receiver, 773, TR 35-2(775) 

standards, prlmaryandsecondary, 60, Fg29-5(61) 

Campbell, D.P., 27 

Cams, 125, In 30-7(136) 

Capacitance, Tb 30-1(110), In 30-3(114) 

Capacitive reactance, In 30-3(114) 

Capacitor motors, 127 

Capacity, heat, In 30-5(119) 

Capsule, pressure-measuring, In 30-11(157) 

Cathode-ray oscilloscopes, used to determine 
operating component dynamic response angles 
and sensitivities, 783, Te 35-1(784) 
Cathode-ray tubes, 131, In 30-9(151) 

Centrifugal tachometers, In 30-7(140) 

e.g.s. (centimeler-gram-second) system, 109, 

Tb 30-1(111) ' ’ ’ 

Characteristic time, and response time, 217 

first-order, 236, 239 

high damping ratio, Tb 32-1(237) 

low damping ratio, Tb 32-1(237), 239 

temperature receiver, Dr 31-2(177), 100 

thermomelrlc, 181, 194, Dr 31-3(195) 

of different types of thermometer, Tb3l-2|216) 

Characteristic time sum, high damping ratio, 236, 
Tb 32-1(237), 239 

Charge, electric, 108, Tb 30-1(110), In 30-3(114) 

Chord sensitivity, 15 

Circuits, electric, 104, In 30-3(114) 

Coducers, 4, Df 28-1(6), Df 28-2(6), Df 28-3(7), 131 

Coefficient multipliers for analog computers, 542, 
Dr 34-22(543) 

attenuator. Dr 34-22(546) 

variable-gain-amplifier. Dr 34-22(545) 

Coefficients, analog computer, 551, Dr 34-23(552} 

settings of, 598, Dr 34-27(592) 

performance, for moving-coil instruments, 232 

second-order equation, Tb 32-1(237) 

Comparison, 103 

Compensation, 57 

used to reduce interference effects, 410 

Component analysis of a typical positional servo 
system, Dr 34-27(57?) 
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Component performance of an eleclrtcal pressure¬ 
measuring systeoi, applied to an mternalcom- 
busllon engine, 378. PD 33-1(379) 

applied to a Jet engine, 387. PD 33-2(388) 

Component performance functions, for pressure 
receiving elements, 399 

first-order characteristics, Dr 33-1(341) 

second-order characteristics, Dr 33-2(347) 

Components, operating, 4 

analog-computer, 542, Dr 34-22(543) 

combinations of (gee Operating systems) 

diagrams. 8, Df 28-4(9) 

dynamic response angles and sensitivities, de¬ 
termined by a cathode-ray oscilloscope, 783, 
Te 35-1(784) 

electromagnetic, 126, In 30-8(141) 
electronic, 130, In 30-9(150) 
first-order characteristics, Dr 33-1(341) 
fluU, 134, In 30-11(157) 
generalized performance, 18, Df 28-7(19) 

Ideal, 10 

Instrument system, 102, 125-160 

measuring instruments, electromechanical, 223, 
Dr 32-1(225) 

mechanism, 125, In 30-7(136) 

names and symbols, 8 

open-chain systems, 335 

second-order characteristics. Dr 33-2(347) 

sinusoidal performance, Df 28-8(21), Df 28-9(23) 

static performance, 10, Df 28-6(14) 

Ihermometrlc, 133, In 30-10(155) 

Compound motors and generators. In 30-8(142) 
Compression, fluid. In 30-6(121) 

Computation, 103 
analog (s^ Analog computers) 

by mechanism components, magnitude conver¬ 
sion, 125 

summing and function generating, 125 
Computers (see Analog computers) 

Conductance, electrical, Tb30-l(110), In 30-3(114) 
Conduction, heat, 106 

Conduction heat flow, 174, Dr 31-2(177), 180 

Conductivity, heat (thermal), 108, Tb 30-1(110), 

In 30-5(119) 

Conductors, current-carrying, in magnetic fields, 
105 

Control elements, of a controlled system, 23 
Control of temperature, 170 


Control systems as coducers, 8, Df 28-3(7) 
diagrams, 22-37 

feedback, terminology and symbols, Df 28-10(25) 
Controlled systems, 23 
Convection, heat, 106 

Convective heat flow, 174, 178, Dr 31-2(176) 
Conversion, magnitude and physical, 103 
Conversion factors, angles, 109 
Converters, 29 

Copper oxide diodes. In 30-9(150) 

Coriolis' theorem, 104 
Correct Indications, 71 
Correct scale readings, 47, 49 
Correction coefficients, scale factor. 85 
Correction components of scale reading, 70 
Corrections, 38, 57 
deviation, 49 
scale reading, 49. 72 

Coulomb damping and viscous damping combined, 
in seismographlc systems, 659, Dr 35-1(660), 
704. Dr 35-6(709) 

Coulomb friction, 104, In 30-1(112), In 30-2(113), 
659, Dr 35-1(660), 704, Dr 35-6(709) 

equivalent damping ratio, 708, Dr 35-6(712) 

Couplers, 39. Df 29-1(40), 219 

electromechanical measuring systems, 223 

temperature-measuring systems, 162 

Crankandconnectingrodlinkages, 125, In30-7(138) 

Crystal diodes. In 30-9(150) 

Currents, electric, 104, Tb 30-1(110), In 30-3(114) 

in magnetic fields, 105 

Cutoff frequencies, 370, Df 33-1(371) 

Cylinder pressure of an internal combustion engine, 

Fg 33-5(356) 

compared with pressure record from an electrical 
pressure-measuring system, Fg 33-11(380) 

compared with pressure record from a sprlng- 
and-plston Indicator, Fg33-6(358), Fg33-7(380), 
Fg 33-8(362), Fg 33-9(364) 

compared with pressurerecordfromapressure- 
measuring system with inadequate low- 
frequency performance. Fg 33-12(382) 

D 

Dampers, eddy-current, 129, In 30-8(146) 
movlng-coU Instruments, 222, Dr 32-1(225, 230), 
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104,^Tb 30-1(110), In 30-1(112), 

Coulomb, 659, Dr 35-1(661), 704, Dr 35-6(709) 

moving-coil instruments, 233, Dr 32-1(231) 

seismograph systems, 659, Dr 35-1(661) 

viscous, 659, Dr 35-1(661), 664, Dr 35-2(666) 

Damping ratio, Tb 32-1(237) 

determined by an optical oscillograph, 297 

electromechanical measuring instruments. 235 
Dr 32-1(227) 

pressure receivers, determined from transient 
response record, 420, DA 33-1(418) 

D’Arsonval galvanometer oscillographs, 385 

D’Arsonval meters, In 30-8(145), 323 

D-c motors and generators, 126, In 30-8(141) 

Dead band, 69 

Decibels, 267 

Degrees (angular measurement), 109 
Demodulators, In 30-9(152) 

Density, Tb 30-1(110) 

Dependent variable, 17 

Design factors, for moving-coil Instruments, 232 

Design features and materials, selection of, 407 

Determinate error, 57 

Deviation, 56 

Deviation corrections, 49 

Deviation effects, dynamic, in pressure receiving 
elements, 403 

Deviation functions of performance functions, ap¬ 
plied to a linear vibration recording system, 
Ml, PD 35-1(812), Tb 35-2(819) 

applied to a typical recording system, 808, 

Dr 35-11(809), Tb 35-2(819) 

for describing instrument performance, 803 

Deviations, nondlmensional dynamic amplitude 
ratio, 490, 497, Df 34-1(492) 

[(0;1)-(0;0,1)], Fg 34-27(501), Fg 34-30(507) 

1(0;1)-(0;1,2)|, Fg 34-29(506) 

l(0:l)-(l:l,2)|, Fg 34-30(507) 

|(1:0)-(1:0,1)), Fg 34-28(502), Fg 34-29(506) 

dynamic response angle, 490, 497, Df 34-1(492) 

1(0:1)-(0;0,1)1, Fg 34-30(507) 

[(0;1)-(0:1,2)1, Fg 34-29(506) 

1(0:1)-(1;1,2)], Fg 34-30(507) 

((1;0)-(1;0,1)|, Fg 34-29(506) 

from the ideal integrator step function response, 
495 

(0;0,1) equation, Fg 34-25(498) 
in measurement, 56 
indicated quantity, 47 
Indicated scale reading, 49 


Deviations (cont.) 
relating function, 490 


second-order from first-order response curves 
Fg 34-26(500). Fg 34-27(501), Fg34-28 ’ 
(502), Fg 34-29(50^), Fg 34.30(507) 


sinusoidal response, special voltmeter X-1 
Sp 29-1(94) 


step function response, ((0;1)-(0;0,1)), Fg 34-26(500) 
Diagrams, measuring Instruments, 10, Df 28-5(11) 
operating components, 8, Df 28-4(9) 
operating systems, 22-37 
Dial-gage vibrometer, 643, Fg35-7{644) 
Diaphragm-piston pumps and motors, In 30-11(160) 
Diaphra|m-t^optical engine indicator, 323, 


Diaphragms, as pressure-measuring components. 

In 30-11(157) 

Dictionary definitions, Df 29-3(54) 

Diehlsyns, In 30-8(147) 

Differential equations ( see also Performance 
equations) 

general, solution by an an analog computer, 551, 
Dr 34-23(552), 555, Dr 34-24(556) 

(0;0,1), solution by an analog computer, 555, 

Dr 34-25(561) 

(0;1,2} relating function, 493, Dr 34-17(494} 

(0;0,1,2), applied to electromechanical measuring 
instruments, 224, 234 


parameters and equation coefficients, Tb 32-2(275) 
solution by an analog computer, 560, Dr 34-26(568) 
(1;1,2) relaUng function, 493, Dr 34-18(496) 

of electric circuits, 104 
of fluid motion, 107 
of heat transfer, 106 
of magnetic circuits, 105 
of physical systems, 102 
Differentiation, 422 

Differentiator performance equation forms, re¬ 
lating functions for, 493 

Differentiators, 422, 471-489 


electrical, 431, 476-489 

a-c drag-cup tachometer, 431, 482, Fg 34-19 
(483), Fg 34-20(484} 

capacitance - amplifier - feedback-resistance, 
469. Fg 34-24i490), Dr 34-16(491} 

d-c tachometer, 431, 478, Fg 34-17(481), 

Fg 34-18(481) 

resistance - amplifier - feedback-inductance, 
484, Fg 34-22(486), Dr 34-14(487) 

resistance-capacitance, 431, 486, Fg34-23(488) 
Dr 34-15(469) 

resistance-inductance, 431, 482, Fg 34-21(484), 
Dr 34-13(485} 

rotatlng-magnet drag-cup tachometers, 431, 

478, Fg 34-15(480), Fg 34-16(480) 


864 



DUferentlators ( cont . 1 
Ideal, 427 

mechanical. 431, 471>478 

ball-and-disc, 431, 432, 471, Fg 34-11(472). 

Fg 34-12(474), Dr 34-12(475) 

centrifugal tachometers, 431, 478, Fg 34-13(478) 
Fg 34-14(479) 

performance equation forms, 489 
tachometers, 473 
typical, 427 

Differential gears, 125, In 30-7(137) 

Differential synchros. In 30-8(148) 

Differential transformers, 129, In 30-8(146) 

Dimensional analysis of factors controlling ther¬ 
mometric characteristic time, 194 

Dimensional similarity factors, electromechanical 
measuring Instruments, 235 

Dimensions, 108, Tb 30-1(110) 

Diodes, 130, In 30-9(150) 

Direct performance analysis, 271 

Displaced cosine pulse functions, 303, 832 

Fourier transforms of, 304, Dr 32-3(305) 

response of an aircraft engine vibration isolation 
system, 840, Fg 35-57(842), DaA 35-1(843) 

response of a recording oscillograph, 840 

used to test a recording oscillograph, 313, 

DaA 32-3(317) 

Dlsplaced-zero scales, 62 

Displacement, relative. 659, Dr 35-1(660) 

Displacement devices, 135 

Displacement Indicators, dial gaice, 613. Fg 35-5 
(618) 

optical, 615, Fg 35-5(618) 

Displacement meters, 607, Fg 35-3(606) 

Displacement of a moving body, generalized, 601, 

Fg 35-1(602) 

Displacement receivers, 613-636, Fg 35-5(618) 
an^ar^E-m^et differential transformer, 632, 

Mlcrosyn, 632, Fg 35-5(622) 

bonded resistance wire, 617, Fg 35-5(618) 

concentric-coll differential coupling transformer, 
635, Fg 35-5(623) 

concentrlc-coU inductance bridge, 633, Fg 35-5 
(623) 

electronic tube, 624, Fg 35-5(819) 

electrostatlc-capacUy bridge, 625, Fg 35-5(619) 

electrostatlc-capacUy-controlled oscillator, 626, 

Fg 35-5(620} 


Displacement receivers fcont .) 

E-magnet differential transformer. 630, Fg35-S 
(622) 

piezoelectric, 635, Fg 35-5(623) 

unbonded resistance wire, 616, Fg 35-5(616) 

Dissipated power, In 30-1(112), In 30-2(113), 

In 30-3(114) 

Dynamic amplitude ratios, deviations, 490, 497, 

Of 34-1(492) 

(10;1)-(0;0,1)J, Fg 34-27(501), Fg 34-30(507) 

[(0:1)-(0:1,2)], Fg 34-29(506) 

[(0;1)-(1;1.2)1, Fg 34-30(507) 

|(1:0)-(1;0,1)1, Fg 34-28(502), Fg 34-29(506) 

( See also Amplitude ratios ^ Sensitivity ratios) 

Dynamic error, of a thermometer, 165 

Dynamic error effects, in terms of sinusoidal re¬ 
sponse characteristics, 340 

Dynamic performance parameters, determination 
of, 413 

Dynamic response angles, components determined 
by a cathode-ray oscilloscope, 269, Da32-1 
(292), Fg 32-34(293), 783, Te 35-1(784) 

devUtlons, 287, 490, Df 34-1(492), 497 

(0:0,1.2) from unity, 267, Fg 32-21(288), 

Fg 32-23(270) 

l(0;l)-(0:0,l)), Fg 34-30(507) 

((0;1).(0;1,2)), Fg 34-29(506) 

[(0:1)-(1;1,2)1, Fg 34-30(507) 

1(1;0)-(1;0,1)]. Fg 34-29(506) 

Ideal differentiator. Dr 34-2(428) 

ideal Integrator, Dr 34-1(423) 

open-chain systems, Pr 33-1(338), 339 

performance equation, (0;0,1,2), 263, Fg 92-17 
(282), Fg 32-19(285) 

pressure-measuring system, 387,Fg33-14b(390) 
symbols and noUtlon for, 370, Df 33-1(371) 

(See also Phase angles) 

E 

Eclunan, D. P., 27 

Eddy-current dampers, 129, In 90-6(146) 
Eddy-current motors, 127 
Elastic element, 659, Dr 35-1(661) 

Elastic forces and torques, 104 


geQerators, Mtcrosyn^ In 30-8(149) 
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Elastic restraint (cont . > 

moving-coil instruments, 234 

performance function, Dr 32-1(226) 

pressure measuring devices. In 30-11(157) 

Electric charge, 108, Tb 30-1(110), In 30-3(114) 

Electric circuits, 104, In 30-3(114) 

Electric filtering techniques, 410 

Electric quantities, Tb 30-1(110) 

Electrical measuring system, iniemalcombustlon 
engine, cylinder-pressure records, 378 

Electrical pressure-measuring systems. 323. 

Fg 33-1(322) 


applied to an internal combustion engine. 366 
Fg 33-10(366), PD 33-1(379) 

applied to a jet engine, 385, Fg 33-13(386), 
PD 33-2(388), Fg 33-14(389) 


Electrical pressure-recording systems, 361 

Electrical saturation, 301 

Electrical signal generating relative motion re¬ 
ceivers, 615, Fg 35-5(618) 

Electrodynamometers, 222, In 32-1(221) 

Electromagnetic c.g.s. system, 109 

Electromagnetic components, 126, In 30-8(141) 

Electromagnetic elements of magnetic circuits. 

In 30-4(117) 

Electromagnetic generator velocity receivers, 626, 
Fg 35-5(620), 651, Fg 35-7(645) 

Electromagnetic permeability, 108 

Electromagnets, 105 

Electromechanical measuring instruments, 218-318 
design of, 224 

electrodynamometer, 222, In 32-1(221) 

electrostatic, 222, In 32-1(221) 

experimental test of, 224 

functional diagrams, 219, In 32-1(220), 223, 

Dr 32-1(225) 

moving-coil, 219, In 32-1(220), Dr 32-1(228) 
moving-iron, 222, In 32-1(221) 
performance equations, 234 
performance functions. Dr 32-1(225) 
pictorial functional diagrams. In 32-1(220) 
Electromotive force, back, 232 


Electronic components, 130, In 30-9(150) 
saturation of, 301 

Electronic-tube displacement receiver, 624, 

Fg 35-5(619) 

Electronic-lube linear vibration receiver, 657, 
Fg 35-7(648) 

Electronic tubes, 130, In 30-9(150) 
Electrostatic capacity bridge displacement re¬ 
ceivers, 625, Fg 35-5(619) 

Electrostatic capacity velocity receivers, 625, 
Fg 35-5(619) 


Electrostatic-capacity-controlled oscillator dis¬ 
placement receivers, 626, Fg35-5(620) 

Electrostatic c.g.s. system, 109 

Electrostatic Instruments, 222, In 32-1(221) 

Electrostatic permittivity, 108 

Electrostatic voltmeter, static sensitivity, Dr 32-1 
(228) 

Electrostrictiontransducers, 132, In 30-9(153) 
Elements of instrument systems, 102-124 

electric circuits, 104, In 30-3(114) 

first-order (see First-order elements) 

fluid mechanics, 107, In 30-6(123) 

heal How, 106, In 30-5(119) 

integral-order (see Integral-order elements) 

magnetic circuits, 105, In 30-4(116) 

mechanics, 103, In 30-1(112), In 30-2(113) 

second-order (see Second-order elements) 

zero-order ( see Zero-order elements) 

E-magnet differential transformer displacement 
receivers, 630, 632, Fg 35-5(622) 

Emissivlty, In 30-5(120) 

Energy, Tb 30-1(110), In 30-1(112), In 30-2(113) 

heat, In 30-5(119) 

Engine indicators, 323, Fg 33-1(322) 

English units, 109, Tb 30-1(111) 

Environment, of measuring instruments, 59 
Erratic error, 56 
Error, 57, Fg 29-1(48) 
determinate, 57 

dynamic. In terms of sinusoidal response char¬ 
acteristics, 340 

erratic, 56 

indicated quantity, 47 

indication, 72 

scale reading, 49, 72 

Error analysis, 71 


F 

Feedback control systems (see Control systems, 
feedback) 

Feedback elements, of a controlled system, 23 

Filters, electrical, 132, In 30-9(154), 410 
mechanical, 410 

First-order elements, electromagnetic, In30-6(118) 
of electric circuits, in charge. In 30-3(114) 
in current, In 30-3(115) 
of fluid mechanics. In 30-6(123) 
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First-order elements ( cont .) 
rotational, In 30-2013) 
translational, In 30-1012) 

First-order profiles, 339 

First-order response, of a thermometer, 180-204 

of pressure-measuring system components, 339, 

Dr 33-1(341) 

Flow (see Fluid Qow) 

Fluid flow components, In 30-6(123), 134, In 30-11(157) 
Hagen-PolseuLlle law. In 30-6(124) 
high-speed, airfoil velocity profiles, 207 
temperature measurement In, 204-216 
through constrictions. In 30-6(124) 

Fluid friction, 107 
Fluld-mechanlcal transducers, 135 
Fluid mechanics, 107, In 30-6(121) 

Fluid motors, 135 
Fluid pressure, 107 

Fluld-pressure-coupled thermometers, 163, 

Ds 31-1(165) 

Fluid pumps, 135 

Fluids. 107 

Force, 108, Tb 30-1(110) 
buoyant, In 30-6(121) 

Coulomb friction. In 30-1(112), In 30-2(113).663, 

Dr 35-1(661), 707, Dr 35-6(709) 

damping. In 30-1(112), 663, Dr 35-1(661) 

elastic element, 663, Dr 35-1(661) 

hydrostatic. In 30-6(121) 

Inertia reaction. In 30-1(112), 663, Dr 35-1(661) 

magnetic, In 30-4(117) 

restraining, In 30-1(112) 

Fourier series, used to describe Input pressure 
to a pressure-measuring system, Dr 33-3(367) 

Fourier series graphs, Internal combustion engine 
cylinder pressure, Fg 33-5(356), Fg 33-6(358), 
Fg 33-6(362), Fg 33-11(380) 

Fourier transforms, 105 

displaced cosine pulse functions, 304, Dr 32-3(305) 

rectangular pulse functions, 302, Dr 32-2(303) 

Fractional deviations, sensitivity ratio, for an 
open-chain system, 804, Dr 35-10(605) 

Free stream in Quid Dow, 206 

Frequency analysis techniques, 105 

Frequency functions, 256, In 32-2(258) 

Friction, Coulomb (see Coulomb friction) 

Quid (see Fluid friction) 


Friction ( cont .) 

viscous (s££ Viscous damping) 

Functional diagrams, 10, Df 28-5(12) 

electromechanical measuring Instruments, 223, 

In 32-1(220), Dr 32-1(225) 

Indicating Instruments, Df 29-1(40) 

measuring Instruments, Df 29-2(44) 

with multiple Inputs, Fg 29-4(59) 

pressure-measuring systems and units, 321, 

Fg 33-1(322) 

Functional names of operating components, 8 

G 

Galvanometers, 224, Dr 32-1(226) 

Gas, 107 

Gas constant, In 30-6(121) 

Gas diodes, 130, In 30-9(150) 

Gas pressure thermometers, 133, In 30-10(155) 
Gastrlodes, 130, In 30-9(151) 

Gear pumps and motors. In 30-11(160) 

Gears, 125, In 30-7(137) 

Generators, a-c, 126, In 30-8(142) 

induction, capacitor and split phase. In 30-8(143) 
repulsion-induction, In 30-8(143) 
synchronous, 127, In 30-8(144) 
three-phase, In 30-8(142) 
two-phase. In 30-8(142) 
d-c, 126, In 30-8(141) 
amplldyne, In 30-6(142) 
compound, In 30-8(142) 
permanent magnet, 126, In 30-6(141) 
separately excited, 126, In 30-8(141) 
series, In 30-8(141) 
shunt. In 30-8(141) 

elastic restraint, Microsyn, In 30-8(149) 
signal, Microsyn, In 30-8(149) 
synchro, differential. In 30-8(148) 
transmitter. In 30-8(147) 
torque, 218, In 32-1(220), 223, Dr 32-1(225) 
Microsyn, In 30-8(149} 

Grid glow tubes, In 30-9(151) 

Gyroscopes, 125, In 30-7(139) 
slngle-degree-of-freedom, 125, In 30-7(139) 
Gyroscopic vertical indication, 126 


D* - boia DftA - Paw AtaljtU Dr - Pcnioliaa SMiaarr. Df - DtUhitiot Da - Otteripiiom 
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H 

Hagen-Poiseuille law, In 30-6(124) 

Harper, D. R., 216 

Heat. 106. 109. Tb 30-1(110), In 30-5(119) 

Dr 31-2(175) 

mechanical equivalent ol. In 30-6(123) 

Heat capacity, 106, Tb 30-1(110), In 30-5(119) 
Heat conductivity, In 30-5(119) 
equivalent film coefficient of, 178 
Heat energy, In 30-5(119) 

Heat Dow, 106, In 30-5(119), 174, Dr31-2(175) 
into a receiver, conduction, 180 
convective, 178 
radiation, 178 
Hendrickson, H. B., 216 
Hydrostatics, In 30-6(121) 

Hysteresis motors, In 30-8(144) 

I 

Ideal differentiators, 427, Dr 34-2(428) 

Ideal instruments, 38 
Ideal integrators, 422, Dr 34-1(423) 
step function response deviations from, 495 
Ideal measuring instruments, 43, Df 29-2(45) 
Ideal operating components, 10 
Impedance, In 30-3(115) 

Impulse function response, experimental, of a 
pressure-measuring system. In 33-1(415) 

first-order, of a thermometer, 193 

second-order, 236, Fg 32-1(238), Fg 32-2(239), 
Fg 32-3(240) 

Impulse function strength, 193 

Inaccuracy, definition, 55, Fg 29-1(48) 

indicated quantity, 47, Fg 29-2(50) 

measuring instruments, 47 

scale reading, 47, Fg 29-2(50) 

Independent variable, 17 

Indicated quantities, 47, Fg 29-2(50) 

inaccuracy, uncertainty, and error, Fg 29-1(48) 

Indicating Instrument mechanisms, representation 
and performance description, Df 29-1(40) 

Indicating Instruments, 39, Df 29-1(40) 

Indicating systems, 39, Df 29-1(40), 219, Dr 32-1 
(226) 

Indication, 39, Df 29-1(40), 219 
errors and corrections, 71 


Indication time, 217 

^”Fg*V2-'8{2«)'''^’ P^'^ormance equation, 244 
Indicator cards, from a spring-and-piston-type in- 

QlCtii02*| 

Indicators, 39 

displacement, dial gage, 613, Fg 35-5(618) 

optical, 615, Fg 35-5(618) 

relative motion, 613, Fg 35-5(618) 

temperature, 162 

for recording and control, 170 

vibratory motion, 641, Fg 35-6(643) 

self-conUined, 642, Fg 35-7(644) 

Induced voltage, In 30-4(118) 

Inductance, Tb 30-1(110), In 30-3(115) 

Inductance-bridge displacement receivers. 633 
Fg 35-5(623) 

Inductance-bridge vibration receivers. 649 . 656 
Fg 35-7(645) 

Induction motors and generators. In 30-8(142) 

Induction-repulsion motors and generators. 

In 30-8(143) 

Inductive reactance voltage. In 30-3(115) 

Inertia, 104. In 30-1(112), In 30-2(113) 

Inertia reaction forces and torques. In 30-1(112), 

In 30-2(113) 

Input current, 218 

Input pressure, described in Fourier series 
terms, Dr 33-3(367) 

Input quantity reading, 219 

Input receivers, 39, Df 29-1(40) 

Input receiving networks, 218, 223, Dr 32-1(225} 

Input sensors, Df 29-1(40) 

Input temperatures, 171 

Input voltage, 218 

Inputs, 4, 58 

Instruments, actual, 38, 46-101 

Integral-order elements, of electric circuits, in 
current. In 30-3(114} 

Integrating amplifier, calibration, 782, Tr 35-3(788) 

Integration, ideal, 422, Dr 34-1(423) 

step function response deviations, 495 

Integrators, 427-470 

analog computer, 542, Dr 34-22(543) 

electrical, eddy-current-drag-dlsc watt-hour- 
meter type, 431, 437, FgT4-3(438). Dr 34-4(440) 

motor - amplifier - feedback-tachometer, 431, 
463, Fg 34-10(464), Dr 34-11(466) 
resistance - amplifier - feedback-capacitance, 
431, 456, Fg 34-9(460), Dr 34-10(461), 542, 

Dr 34-22(545) 

resistance-capacitance, 431, 453, Fg 34-8(457), 

Dr 34-9(458) 
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Integralors ( cont ,) 

electrical, viscous-shear-drag generator type, 

431. 441, Fg34-4{442). Dr 34-5(444) 

Ideal. 422, Dr 34-1(423) 

step (unction response deviation, 495 

llquld-now. 431, 443. Fg 34-5(447), Dr 34-8(448) 

mechanical, ball-and-dlsc, 431, 432, Fg 34-1(433), 
Fg 34-2(434), Dr 34-3(435) 

performance equation forms, 489 

relating (unctions for, 493 

pneumatic pressure, 431, 450, Fg 34-7(451), 

Dr 34-8(454) 

thermal, 431, 447, Fg 34-8(451), Dr 34-7(452) 
typical, 427 

Interference effects. In pressure receiving ele¬ 
ments, 403, Dr 33-6(404) 

reduction of, 398, 406, 410 

Interfering inputs. 58 
to pressure-measuring systems, 391 
to pressure receiving elements, 391 
effects on performance equations. Dr 33-4(394) 
reduction of Interference, 408 

Internal combustion engines, as controlled sys¬ 
tems, 29 

cylinder-pressure records, 377 
from an electrical measuring system. 378 

Inverse performance analysis, 271 

Isoelastlc, 398 

Isolation, of system components, 392 

vibration, slngle-degree-of-freedom, 726, 

Dr 35-7(728), Dr 35-8(740) 

Isolation system, vibratory force, 742, Dr 35-9 
(745) 

vibratory motion, for a recording oscillograph, 

837 

vibratory torque, for an aircraft engine, 840, 

DaA 35-1(843) 

Isothermal compression, In 30-6(121) 


K 

Kaslow, Theodore, 201 
Kinematic viscosity. In 30-6(123) 

Kinetic energy, In 30-1(112), In 30-2(113) 
KirchofFs laws, 104, In 30-3(115) 
Kleinschmidt, Von £., 163 


L 

Lanlng, }. H., Jr., 104 

Laplace transforms, 105 

L-C fUters, In 30-9(154) 

"Least number of components" connection for 
solving dlfferentlail equations on an analog 
computer, 555, Dr 34-24(558) 

Length, 108, Tb 30-1(110) 

Levers, 125, In 30-7(136) 

LI. Y. T., 319, 601 

Linear acceleration (see Acceleration) 

Linear displacement (see Displacement) 

Linear velocity (^ Velocity) 

Linear vibration (see Vibration) 

Linear vibration receivers used to measure angu¬ 
lar vibration, 822, Dr 35-12(823), 629 

Linkages, 125, In 30-7(138) 

Liquid-filled thermometers, 133, In 30-10(155), 
162, Ds 31-1(164) 

characteristic time, Tb 31-2(216) 

Liquid heater, 31 

Liquids, 107 

Logarithmic decrement, Tb 32-1(237) 

Log-scale plot, graphical method for determining 
performance functions of open-chain systems, 
Pr 33-1(336) 

Loru (logarithmic ratio unit), 267 

M 

Mach number, 108, In 30-6(123), 207, Or 31-5(213) 

Magnetic amplifiers, In 30-8(143) 

Magnetic elements and circuits, 105, In 30-4(118) 

Magnetic fields. In 30-4(116) 

of solenoids. In 30-4(117) 

Magnetic flux, 105, Tb 30-1(110), In 30-3(115), 

In 30-4(116), 232 

Magnetic force and torque. In 30-4(117) 

Magnetic moment. In 30-4(117) 

Magnetic oU-pressure gages, 325, Fg 33-3(326) 

Magnetic quantities, Tb 30-1(110) 

Magnetomotive force, 105, Tb 30-1(110), In 30-4 
(116) 

of solenoids, In 30-4(117) 

Magnetostriction components, 130, In 30-8(149) 

Magnetostrlctive linear velocity receiver 630 
Fg 35-5(621) 


K#,: Oi-OaMSMiMry. 0»A - Summary, Dt . S^mary. Of . 5 .m^. Di - er.pi.c* 
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pDget 39 ibrM|b 42; DefiAiiioA Sgasstry 29*1» page 40« 


869 



Magnets, 105, In 30-4(116) 

Magnitude conversion, 103 
Manometers, In 30-11(157), 324 
Mass, 108, Tb 30-1(110), In 30-1(112) 

McAdaois, 178 
Measurement, 38-101 

Measuring instrument operation names, symbols 
and defining equations, Tb 29-1(80) 

Measuring instruments, 38, 42-101 

actual, 43, 47-101 

performance quality of, 47 

diagrams, 10, Df 28-5(11), Df 29-2(44) 

engineering problems associated with, 271 

ideal. 43, Df 29-2(45} 

perfect, 43 

performance analysis, and design. 271 

performance description, Df 29-2(44) 

response information not compatible with first- 
or second-order theoretical response, 284 

second-order equation parameters, Tb32-1{237) 

determined from nonoscillatory transients 277 
Fg 32-28(280). Fg 32-29(283) 

determined from oscillatory step function 
transients, 276, Fg 32-26(278), Fg 32-27(279) 

determined from steady-state sinusoidal 
response, 282 

determined from step function response. 272, 
Tb 32-2(275) 

indication time, 244, Fg 32-8(246) 

second-order performance equations, 234-283 

second-order (0;0,1,2) performance equations, 
impulse function response and deviations, 236 
Fg 32-1(238), Fg 32-2(239), Fg 32-3(240) 

parabolic response, 252, Fg 32-14(253) 

ramp-foUowed-by-constant response, 252 
Fg 32-15(254) 

ramp function response and deviations, 244 
Fg 32-9(247), Fg 32-10(248), Fg 32-11(249), 

Fg 32-12(250), Fg 32-13(251) 

sinusoidal response, 252, In 32-2(257), 

Fg 32-16(260), Fg 32-17(262), Fg32-18(264), 
Fg 32-19(265), Fg 32-20(266) 

sinusoidal response deviations, 267, Fg 32-21 
(268). Fg 32-22(269). Fg 32-23(270) 

step function response and deviations, 238, 

Fg 32-4(241), Fg 32-5(242). Fg 32-6(243), 

Fg 32-7(245) 

specification of, 85 

Measuring systems, 335-352, 365-376 

component performance functions e;q)ressed as 
equations, 365 

cutoff frequencies and band widths, 370, 

Df 33-1(371) 


Measurtng systems (cont.) 

dynamic error, in terms of sinusoidal response 
characteristics, 340 




Pr 33-1(336), Dr 33-1(341), Dr 33-2/347) 

pressure (see Pressure-measuring systems) 

Mechanical elements, 103, In 30-1(112), 

In 30*2(113) ^ 


Mechanical equivalent of heat, In 30-6(123) 
Mechanical filtering techniques, 410 
Mechanical quantities, Tb 30-1(110) 
Mechanics, rotational. In 30-2(113) 
translational, In 30-1(112) 

Mechanism components, 125, In 30-7(136) 
Mechanism indication error, 71 
Meters, 128, In 30-8(145) 

Microsyns, 129, In 30-8(149) 


angular displacement receivers, 632, Fg35-5(622) 

Mils (angular measurement), 109 

M. k.s. (meter-kilogram-second) system. 109 
Tb 30-1(111) ’ ’ ’ 

effects in pressure-measuringsystems. 


Modifying 


Modifying inputs, 58 

effects on performance equations. 398, 

Dr 33-4(394) 

Modulators, amplitude, 132, In 30-9(152) 

Modulus of precision, 64 
Moment of inertia, Tb 30-1(110), In 30-2(113) 
Momentum, Tb30-I(110), In30.1{112), In30.2{113) 
Motors, a-c, 126, In 30-8(142} 
d-c, 126, In 30-8(141) 
fluid, 135, In 30-11(160) 
synchro, In 30-8(147) 
universal, 127 

Moving-coil instruments, 219, In 32-1(220) 
design factors, 232 

performance equations, 232, Dr 32-1(226) 

Moving-iron instruments, In 30-8(145), 222, 

In 32-1(221) 

Mueller, R. K., 632 

Multipliers, ball-and-disc, 432 

coefficient, analog computer, 542, Dr 34-22(543) 

Mutual inductance, In 30-3(115) 


N 

Names (and symbols), 8, 10, Df 28-6(14), 17, 

Df 28-7(19). Df 28-8(21), Df 28-9(23), 

Df 28-10(24), 53, Fg 29-3(52), Df 29-3(54). 
63. Df 29-4(65), 72, Df 29-5(74), Tb29-1(80). 
223, Dr 32-1(225), 235, Tb 32-1(237), 370, 

Df 33-1(371). Fg 33-15(392) 
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Natural frequeacy, 111 32-1(237) 
angular, Tb 32-1(237) 

undamped angular, Dr 32-1(227), 235, Tb 32-1(237) 

undamped natural period, Tb 32-1(237) 

Navler-Stokes equations, 107 

Needle valves, In 30-11(159) 

Negative feedback amplifiers, In 30-9(152) 

Newton's law for a fluid element, 107 

Newton's law of cooling, 106 

Newton's laws of motion. 103, 104 

Nondlmenslonal curves, 236-271 

Nondlmenslonal equations and curves, applied to 
electromechanical measuring instruments, 

224 

Nondimensional measures of scale reading quality, 
Tb 29-1(83) 

Nonlinear ferrous core materials, 105 
Nonlinear magnetization curves, 104 
Nonlinear performance equations, 284 
Normal probability law, 63 
Normal-zero scales, 62 
Notation, (see Symbols) 

Nozzles, 135, In 30-11(157) 

Null, 631 

Numerical example of scaling a problem for 
analog-computer solution, 567 


Optical engine Indicators, diaphragm-type, 323, 

Fg 33-1(322) 

Orifice plate, fluid, 135 

Oscillators, 131, In 30-9(152) 

Oscillographs and oscilloscopes. 218, 284-297, 313 
385, 420, 767, 783, 795, 83l 

determlnallon of performance characteristics, 
from aperiodic step function response, 286, 
DaA 32-2(288) 

from displaced cosine pulse function response, 
313, DaA 32-3(317) 

from oscillatory step function response, 285, 

DaA 32-1(287) 

from sinusoidal response, 289, Da 32-1(292), 

Da 32-2(295) 

records, DaA 33-1(418), Te 35-1(785) 

used to measure dynamic response angles, 783, 

Te 35-1(764) 

vibratory motion isolation system. 837 
Outputs, 4 


P 

Parabolic function response, first-order (0;0,1) 
performance equations, ideal thermometer, 
186, Pg 31-3(187) 

second-order (0;0,1,2), performance equations, 
252, Fg 32-14(253) 

Parabolic plug valves. In 30-11(159) 

Parameters, performance, determination of, 

413 


0 

Octaves, 267 

Oil-pressure gages, 325, Fg 33-3(326) 
Oldenbourg, R. C., 27 

Open-chain systems, performance functions, 
graphical determination of, Pr 33-1(336) 

graphical manipulations, 339 

pressure measuring, 333 

performance functions, 335 

sensitivity ratio fractional deviations, 804, 

Dr 35-10(805) 

Operating components, (see Components) 
Operating frequency ranges, 370, Df 33-1(371) 
Operating ijq)ut8, 59 
Operating systems, (see Systems) 

Optical accelerometers, 643, Fg 35-7(644) 

Optical displacement indicators, 615, Fg35-5(618) 


for moving-coil instruments, 232 

second-order performance equations, Tb 32-1(237) 

Pass band. Of 33-1(371) 

Pendulums, 126, In 30-7(139) 

Perfect measuring instruments, 43 

Performance, generalized, 18 

electrical pressure-measuring system, applied 
to a Jet engine. PD 33-2(388) 

applied to an internal combustion engine 
PD 33-1(379) 

indicating mechanism, Df 29-1(41) 

pressure indicating mechanism, Df 29-1(42) 

steady-state sinusoidal, 20 

Performance analysis, direct and inverse, 271 

pressure-measuring systems, 320 

Performance characteristics, electromechanical 
measuring instruments, 234 

pressure-measuring instruments, determination 

CV« 4x« 
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Performance coefficients 
232 


moving-coil instruments, 


85 “"^^ concepts for components. 

performance function deviation function, 803 
Performance-describing equations and curves 

application to engineering problems, 271 ’ 

Performance description, generalized operatine 
components, 18, Df 28-7(19) ^ 

indicating instrument mechanisms, Df 29-1(40) 

measuring instruments, Df 29-2(44) 

components, Df 28.8{21), 

W ^-9(23) 


static, operating components, Df 28-6(14) 

Performance equation forms, integrators and 
differentiators, 489, 493 

PerformMce^e|jations, differentiator, ideal, 

electromechanical measuring instruments 
Dr 32-1(225) 


integrator, ideal. Dr 34-1(423) 

positional servo system, 596, Dr 34-27(580) 

pressure-receiving elements, 393, Dr 33-4(394) 

second-order parameters and coefficients 
Tb 32-1(237) 


second-order {0;0,1,2), displaced cosine function 
Fg'ssUnblO?’ 35-43(309), 


impulse function response, 236, Fg 32-1(238) 

Fg 32.2(239). Fg 32-3(240) 

sinusoidal response forms, 255, In 32-2(257} 

step function response, 238, Fg 32-4(241) 

Fg 32-5(242), Fg 32-6(243), Fg 32-7(245) 

second-order (1,0;0,1,2). displaced cosine pulse 
function response, 832, Fg 35-52(835). 

Fg 35-53(836), Fg 35-54(838) 

static, 13 

temperature receivers. 171, Dr 31-2(175), 180 

(See also Relating functions) 

Performance function deviation functions, 803, 808, 
Dr 35-11(809), 811, PD 35-1(812),'n>35.2(819) 

Performance functions, 18 


component, expressed as equations, 365 
design, 271 

equivalent to relating functions, 255 

first-order, expressed In terms of reference 
frequency ratio and break point, Dr 33-1(341) 

integrator, ideal, Dr 34-1(423) 

measuring system, 365 

(^en-chain systems, graphical manipulation, 339, 
PD 33-1(379) 

pressure-receiving elements, 399, Dr 33-5(400) 

profiles, logarithmic-scale, first-and second- 
order, 321 


Performance functions (cont.) 

^***832^”"^^*°*' evaluation of, 306, 

second-order, expressed in terms of reference 
irequency ratio and break point, Dr 33-2(347) 

damping only, 664, 

sinusoidal, 255 

temperature-measuring instruments. Dr 31-1(172) 
Performance parameters, moving-coU instruments, 

pressure-measuring systems, ejq)erimental 
determination, 413, In 33-1(414) 

Performance problems, associated with pressure- 
measuring systems, 334 



Performance requirements, measuring system for 
internal cooibustion engine cylinder-pressure 
records, 377 

Period, natural, Tb 32-1(237) 

Permanent-magnet motors and generators 126 
In 30-8(141) 

Permeability, electromagnetic, 108, Tb 30-1(110) 
In 30-4ai6) ■ y h 

Permeance, In 30-4(116) 

Permittivity, electrostatic, 108 

Phototubes, 131, In 30-9(151) 

Physical conversion, 103 

Physical problem time, 539, Fg 34-21(541) 

Physical representation terms, 13 

( See also Symbols) 

Pi Theorem, 196 

Pickups, vibration, 607 

Piezoelectric devices, 132, In 30-9(153) 

Piezoelectric displacement receivers, 635, 

Fg 35-5(623) 

Piezoelectric vibration receivers, 657, 

Fg 35-7(648) 

Pitot tubes, 134, In 30-11(158) 

Planck's radiation laws, 134, 169 

Plug valves, In 30-11(159) 

Potential energy, In 30-1(112), In 30-2(113), 

In 30-3(114, 115) 

Power, Tb 30-1(110) 

dissipated, In 30-1(112), In 30-2(113), 

In 30-3(114) 

Practical factors of pressure-recelving-element 
design, 411 

Prandtl number, 208, Dr 31-5(213) 

Precision, modulus of, 64 

Precision measures, scale reading quality, 

Tb 29-1(84) 
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Pressure, fluid (hydrostatic), 107, In 30>6(12I) 

Pressure-altltude-tcmperature relationships In 
a standard atmosphere, In 30-6(122) 

Pressure gages, 10, D( 26-5(11), 38 

Pressure Indicators, 38, Of 29-1(41), 223 

Pressure-measuring components, fluid, 134, 

In 30-11(157) 

Pressure-measuring Instruments, 38, Of 29-1(41), 
324-333 

high natural frequency, 416, Fg 33-17(415) 

performance characteristics, 412 

Pressure-measuring systems, 319-421 

electrical, applied to an internal combustion 
engine. 361, Fg 33-10(366), 378, PD33-1(379) 

applied to a jet engine, 385, Fg 33-13(386). 

PD 33-2(388), Fg 33-14(389} 

pressure record compared with theoretical 
cylinder pressure of an internal combustion 
engine. Fg 33-11(380) 

forcing functions for experimental determination 
of performance parameters, In 33-1(414) 

interfering and modifying effects, 391, 

Fg 33-15(392) 

open-chain, 333 

performance analysis of, 320 

performance problems, 334 

with Inadequate low-frequency performance. 

Fg 33-12(382) 

with input pressure described in Fourier 
series terms. Dr 33-3(387) 

Pressure-measuring system performance require¬ 
ments, for internal combustion engine 
cylinder-pressure records, 377 

Pressure pickup, 323 

Pressure receivers, Df 29-1(41), 325, Fg33-4(328) 

bellows-inductance-type, Fg 33-4(330) 

catenary-diaphragm-type strain-gage, 

Fg 33-4(328) 

design, practical features of, 411 

selection of design features and materials, 407 

determination of damping ratio and undamped 
natural frequency, DaA 33-1(418) 

diaphragm plezoelectrlc-type, Fg 33-4(329) 

flat-dlaphragmcapacltance-type, Fg33-4(328) 

Qat-dlaphragmcarbon-disc, Fg 33-4(328) 

magnetostriction-type rate-of-change-of- 
pressure, Fg 33-4(330) 

tuned-rlbbon-type, Fg 33-4(329) 

Pressure-receiving elements, catenary diaphragm 
■n> 33-1(408) / -r , 


Pressure-receiving elements (cont .) 
characteristics of, Tb 33-1(408) 

component performance functions, 399 

cylindrical, Tb 33-1(408) 

design, practical factors of, 411 

selection of design features and materials, 407 

dynamic deviation effect, and interference 
effects in, 403 

flat diaphragm, Tb 33-1(408) 

performance functions, Dr 33-5(400) 

interference effects, reduction of, 398, 408, 410 

interfering ijq>uts, Fg 33-16(393) 

modifying Inputs, 398 

performance equations, 393, Dr 33-4(394) 

spherical cap diaphragm, T)} 33-1(408) 

stretched membrane, Tb 33-1(408) 

Pressure-recording system, electrical, 361 

Pressure records. Internal combustion engine 
cylinder pressure, 377 

Primary quantities, 108 

Primary-standard instruments, 60, 325 

Probability and uncertainty, 63 

Process, 23 

Profiles, logarithmic scale, first- and second- 
order, 339 

Pulse functions, displaced cosine, 303, 840 

Fourier transforms, 303, Dr 32-3(305) 

used to test a recording oscillograph 313 
DaA 32-3(317) 

rectangular, 301 

Fourier transforms, 302, Dr 32-2(303) 

response erf a pressure-measuring system, 
experimental, 415, In 33-1(41^ 

Pulse response delay, 311 

Pulse strength, 301 

Pulse testing, 301 

Pumps, fluid, 135, In 30-11(160) 

Pyrometers, 134 

optical. 169, Ds 31-1(166) 

radiation, 170, Ds 31-1(167) 

Q 

Quality (see Performance quality) 

Quantities, indicated, 47 
primary, 108 

QuantUy of heat, Tb 30-1(110) 
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Radial pumps and motors, In 30-11(160) 
Radiation, heat, 106. In 30-5(119) 
Radiation heat flow, 174, Dr 31-2(176) 
into a receiver, 178 
Radius of gyration. In 30-2(113) 

Ramp-followed-by-step-function response 
second-order (0:0,1,2) performance ’ 
equation. 252, Fg 32-15(254) 


Ramp function response, first-order (0-0 1 ) 
of a thermometer, 183, Pg 31-2(184)’ 

performance equations 
244 Fg 32-9(247), Fg 32-10(248), 

Pg 32-11(249), Fg 32-12(250), Fg 32-13(251) 

Random error, 56 

Random variables, 63 

Rate-of-turn indicators, 223 


Rationalized systems of units, 109 

R-C filters. In 30-9(154) 

Receivers, 39, 0( 29-1(40) 

displacement (s^ Displacement receivers) 

pressure ( see Pressure receivers) 

relative motion ( see Relative motion receivers) 

synchro motor. In 30-8(147) 

temperature (s^ Temperature receivers) 

velocity (sge Velocity receivers) 

vibration ( see Vibration receivers) 

Recording system, linear vibration, performance 
function m terms of component deviation 
functions. 811, PD 35-1(812), Tb35-2(819) 

R'.'CordLng system, typical, performance function, 
in terms of component deviation functions. 
808. Dr 35-11(809) 

Rectangular pulse functions, 301 

Fourier transforms. 302, Dr 32-2(303) 

Rectifiers, In 30-9(150) 


semiconducting, 131 

Reference frequency ratios, in first-order 
performance functions, Dr 33-1(341) 

in second-order performance functions, 

Dr 33-2(347) 

Reference member, In vibration measurement, 
602 


Reference scale readings, 47 
Reference voltages, 127 
Reflectivity, In 30-5(119) 

Relating function deviations, 490-508 
Relating (unctions, 20, Df 26-7(19) 
dimensionless. In 32-2(259) 
equivalent to performance functions, 255 
first-order (0;0,1) equation, Dr 33-1(341) 


Relating functions (coni.) 


for integrator and differentiator 
equation forms, 493 


performance 


second-order {0;0,1,2) equation, Dr 33-2(347) 
{0;1,2) equation, 493, Dr 34-17(494) 

(1;1,2) equation, 493, Dr 34-18(496) 

(1,0;0,1,2) equation, 732, Dr 35-7(728) 

(2;0,1,2) equation, 664, Dr 35-2(666) 
Relative displacement, 659, Dr 35-1(660) 
Relative motion indicators, 613, Fg 35-5(618) 
Relative motion receivers, 613, Pg 35-5(618) 
electrical signal generating, 615, Pg 35-5(618) 
electrostatic capacity, 625, Pg 35-5(619) 
selection of, 637 


generator, 626, Fg 35-5(620) 
Reluctance, Tb 30-1(110), In 30-4(116) 
Repeated observations, Fg 29-1(48) 
Representation, pictorial ^ee Diagrams) 


Repulsion-induction motors, 127 

Repulsion motors, 127 

Resistance, Tb 30-1(110), In 30-3(114) 

Resistance-coupled thermometers. 168 
Ds 31-1(165) 


Resistance thermometers, 133, In 30-10(156) 

characteristic time, Tb 31-2(206) 

Resistance wire displacement receivers. 616 
617, Fg 35-5(618) 


Resistance wire linear vibration receivers, 
unbonded, 648, Fg 35-7(644) 

Resistivity, Tb 30-1(110), In 30-3(114) 


Resolution sensitivity, 69 

Response, eiqjerimental, of pressure-measuring 
systems, 413, In 33-1(414) 

first-order (0:0,1), of a thermometer, 181-203 


second-order (0;0,1,2), of measuring Instru¬ 
ments, 236-318 

second-order (1,0:0,1,2), of vibration isolation 
systems, 832 

Response characteristics, for ideal thermometers, 
180 

Response delay, of a thermometer, 185 

Response time, 217 

Restraining force. In 30-1(112) 

Restraining torque, In 30-2(113) 

Retentlvity, In 30-4(116) 

Reynolds number, 107, In 30-6(123), 198, 208, 

Dr 31-5(213) 

Rhodes, T.J., 168 

Rigid body, vibration measurement of, 819 
RLC series circuit. In 30-3(115) 
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Rotational Coulomb Jrlctlon cocfllclent, 

In 30-2(113) 

Rotational damping coefficient, Tb 30-1(110) 

Rotational elastic restraint coefficient, 

Tb 30-1(110) 

Kulatlonal mechanics, In 30-2(113) 

Rotational motion, 819, Fg 35-47(820) 

Rotors, of a-c motors, 127 

Roughness, scale reading, similar to uncertainty, 
49 

S 

Sartorius, H., 27 

Situratlon, of electrical components, 301 

Scalar quantities, 103 

f'cale characteristics, Fg 29-6(62) 

Scale factor, 43, 85 

Kcale readings, coefficients, 85 

corrections, 49, Fg 29-2(50), 70, 72, 

Df 29-5(74) 

deviations, 49, Fg 29-2(50) 

electromechanical measuring instruments, 235 

inaccuracy, uncertainty, and error, 47. 

Fg 29-1(48), Fg 29-2(50). Tb 29-1(81) 

performance quality-describing concepts, 47, 

Tb 29-1(01) 

probable uncertainty of, 63 
smoothed, 49 

uncertainty measures associated with the 
average of a set, 73, Tb 29-1(82) 

Scales. 60. Fg 29-6(62), 219, Dr 32-1(226) 

Scaling for analog-computer solution, 567 

Screws, 125, In 30-7(136) 

Secant sensitivity, 15 

Second-order elements, of electric circuits 
(In charge). In 30-3(115) 

of fluid mechanics, In 30-6(123) 

of rotational mechanics, In 30-2(113) 

of translational mechanics. In 30-1(112) 

Second-order eauations associated with integra¬ 
tion and dluerentiatlon, cutoff frequencies 
and bandwidth tolerances, 503, Tb 34-3(509), 
Tb 34-4(510) 

deviations, 503, Tb 34-2(504) 

relating functions, 493, Dr 34-17(494), 

Dr 34-18(496), Tb 34-1(499) 

Second-order profiles, 339 


Second-order response, of electromechanical 
measuring instruments, 234-283 

of operating components, 340, Dr 33-2(347) 

of selsmographlc systems, combined viscous 
and Coulomb damping, 704-739 

Coulomb damping only, 736, Dr 35-8(740), 

Fg 35-39(743) 

viscous damping only, 664-708 

Seismic elements, 126, In 30-7(140) 

Sejsmographlc systems, 605, Fg 35-3(608) 

as vibration receivers, 664, Dr 35-3(670) 

lightly damped, vibratory frequency-receiving 
characteristics, 682 

performance, 606, Fg 35-3(608) 

in the vibratory acceleration-receiving range 
(accelerometer range), 696, Dr 35-5(699) 

in the vibratory displacement-receiving range 
(vibromeler range), 678, Dr 35-3(670) 

In the vibratory velocity-receiving range 
(velocimeter range), 686, Dr 35-4(689) 

single-degree-of-freedom, generalized theory, 
658, Dr 35-1(660) 

with combined viscous damping and Coulomb 
damping. 704, 708, Dr 35-6(709), 722 

with viscous damping only, 664, Dr 35-2(666), 
704, Tb 35-1(706) 

Selection, performed by operating components, 
103 

Selenium diddes. In 30-9(150) 

Self-defining notation, 5 
compared with other systems of notation, 36 
Self inductance, In 30-3(115) 

Sclsyns, In 30-8(147) 

Semilogarithmic plots, step function response, 
193 

Sensitivity, 10. 13. Df 28-6(14), 15, Fg 28-1(16), 
Fg 28-2(17), 256, In 32-2(257) 

determined by a cathode-ray oscilloscope, 
measuring instruments, 291, Da 32-2(295), 
Fg 32-35(296) 

operating components, 783, Te 15-1(784) 

over-all, for measuring instruments, 256, 

In 32-2(257) 

resolution, 69 

static. 10-17, Df 28-6(15) 

electromechanical measuring instruments. 

Dr 32-1(227) 

indicating instruments, 39, Df 29-1(41) 

measuring instruments, 43. Df 29-2(45) 
tangent, chord, and secant, 15, Fg 28-1(16) 
threshold, 69 
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Sensitivity deviation graphs 
equation. 267-270 


(0:0, 1 , 2 ) performance 


Sensitivity graphs. (0;0.1.2) performance 
equation, 263-266 


Sensitivity ratio fractional deviations, for an 
open-chain system, 804, Dr 35-10(805) 

Sensitivity ratios, dimensionless, coay)onents of 

"'S' 

symbols and notation. 370, Df 33-1(371) 

Sensitnity - reference sensitivity curves of 
open-chain systems. Pr 33-1(336) ’ 

Sensor, 39. Df 29-1(40) 

Separately excited motors and generators 126 
In 30-8(141) 

Series motors and generators. In 30-8(141) 

Servomechanisms as coducers. 8. Df 28-3(7) 

Servo systems, positional, with tachometric 
feedbaclc. 567, Dr 34-27(577) 

Shock tubes, for determining characteristics of 
high natural-frequency pressure-measuring 
instruments, 416, Fg 33-17(417) 


Shunt motors and generators. In 30-8(141) 
Signal generators, fluid, 134 
Microsyns, In 30-8(149) 


Single-degree-of-freedom gyroscopes, 125 , 

In 30-7(139) 

Single-degree-of-freedom seismographic systems, 
(see Seismographic systems) 

Sinusoidal linkages. In 30-7(138) 

Sinusoidal performance functions, steady-state 
( see Performance functions) 

Sinusoidal relating functions, steady-state 
(see Relating functions) 

Sinusoidal response, steady-state, 20. Df 28-8(21). 
Df 28-9(23) 

differentiators. 427, Dr 34-2(428) 

electromechanical measuring instruments, 
252-270 

determination of parameters from, 282 

first-order (0:0,1), of a thermometer, 188-193 

special voltmeter X-l, 87. Sp 29-1(89) 

integrators, 422, Dr 34-1(423) 

oscillograph performance characteristics 
determined from, 289-297 

pressure-measuring sirstems, 333-421 

determination of performance characteristics, 
412, In 33-1(414) 

second-order (0:0,1,2) performance equations, 
252-271 

seismographic systems, 662 

viscous damping and Coulomb damping 
combined, 704-726 

viscous damping only, 664-706 


Sinusoidal response ( cont . 1 

temperature-measuring instruments, 188-193 
Smoothing, 49 

Solenoid, In 30-4(117) 

Solid conduction heat flow, 174 

Sound, velocity of. In 30-6(123) 

Specification, 85 

Ulustrative, for special high-damping voltmeter 
designation X-l, 87. S^aS^lSSr 

Specification form, illustrative, SpF 29-1(86) 

Split-phase motors, 127 

Spool valve, balanced pressure, In 30-11(159) 

Spring-and-piston, In 30-11(157) 

Spring-and-piston engine indicator 323 
Pg 33-1(322) ’ 

indicator cards, 352 


pressure record compared with theoretical 
cylinder pressure of an internal combustion 
engine. Pg 33-6(358), Fg 33-7(360), 

Fg 33-8(362), Fg 33-9(364) 

Spur gears, In 30-7(137) 

Squire, H.B., 214 
Squirrel-cage motors, 127 
Stagnation temperature, 207 
Standard atmosphere, In 30-6(122) 


Standard uncertainty, of scale reading, 64 

Static conditions, scale readings, 47 

for an operating component, 10 

Static performance, 13 

indicators, 39, Df 29-1(41) 

measuring instruments, Df 29-2(45) 

working variable symbols, 17 

Static sensitivity, 39, 43 

Static temperature, free-stream, 207 

Steady-state sinusoidal response ( see Sinusoidal 
response, steady-state) 

Stefan-Boltzmann law d radiation, 106, 134, 169, 
Dr 31-2(176) 


Step function response, first-order (0;0,1), d a 
thermometer, 181, Fg 31-1(183) 

semilogarlthmic curves, 193, Dr 31-3(195) 

integrators, 495, Pg 34-25(496) 

[(0:1).(0;0, DldeviaUon, Fg 34-25(498). 

Fg 34-26(500} 

pressure-measuring system, experimental, 415, 
In 33-1(414) 


determination of characteristic time, 194 
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step (unction response (cont .) 

second-order performance equations, 238-244 

temperature-measuring Instruments, 181, 193 

experimental, 199, ”n> 31-1(202) 

Summers, analog computer, 542, Dr 34-22(544) 

resistance • amplifier > (eedback-resistance, 

Dr 34-22 (549) 

resistance network. Dr 34-22(549) 

Summing linkages, In 30-7(138) 

Suppressed-zero scale. 62 

Symbols, 4-37 

comparison o(, Tb 28-1(37) 

dimensionless sensitivity ratio and dvnamlc 
response angle plots. Df 33-1(371) 

feedback control systems, Df 28-10(24) 

operating components, 6-23 

generalized performance, 18, Df 28-7(19) 

sinusoidal performance, Df 28-8(21), Df 28-9(23) 

static performance, 10, Df 26-6(14), 17 

(Iterating systems, 22-37 

self-defining, 5 

working variables, 17 

Synchronous motors and generators, In 30-8(144) 
Synchros, 129, In 30-8(147) 

System components, isolation of, 410 
Systems, operating, 4 
diagrams, 22-37 
representation, 8 

pressure-measuring (see Pressure-measuring 
systems) 

seismographic (see Selsmographlc systems) 

vibration Isolation (see Vibration isolation 
systems) 

vibration recording (gee Vibration recording 
systems) 


T 


Temperature, 108, Tb 30-1(110), In 30-5(119), 161 
absolute. In 30-6(121) 
input, 171 
stagnation, 207 
static, free-stream, 207 

Temperature gages (see Fluid-pressure-coupled 
thermometers. Resistance-coupled thermom¬ 
eters, a^ Thermocouple thermometers) 

Temperature Indicators, 162 

Temperature-measuring instruments, 161-217 
as indicators for recording and control, 170 
essential features of, 162 
high-speed fluid flow, 204-216 
illustrative diagrams, Ds 31-1(164) 
performance functions, Dr 31-1(172) 

Temperature receivers, 162 
for a moving fluid, Or 31-2(175) 
frequency functions, Dr 31-1(172) 
heat flow Into, 174 

performance equations, 171, Dr3l-l(172), 180, 
Dr 31-2(175) 

Terminology (see Names and symbols) 

Thermal conductivity, 108, Tb 30-1(110), 

Dr 31-2(175) 

Thermal quantities, Tb 30-1(110) 

Thermocouple probe, for temperature measure¬ 
ment in hi^-speed fluid flow, 206-214, 

Fg 31-13(211), Fg 31-14(214) 

Thermocouple thermometers, In 30-10(156), 168 
Ds 31-1(166) 

Thermocouples, 133, In 30-10(156) 

Thermometers, 133, In 30-10(155) 
air temperature, vapor-pressure type, 199-204 
bimetal, 133, In 30-10(156), 163, Ds 31-1(164) 
completely filled liquid, 133, In 30-10(155} 
experimental response, 201 
Quld-pressure-coupled, 163 
for fluids, 174 
for solids, 176 

gas pressure, 133, In 30-10(155) 


Tachometers, as differentiators, 431, 473, 478 
cenlrUugal, 128, In 30-7(140), 478 
used In integrators, 431, 463 
Tangent sensitivity, 15 
Taplln, J. F., 27 

Telephone receiver, as a transdiaer, 5, Df 28-3(7) 
Teletorques, In 30-8(147) 


Ideal response characteristics. 180-199 
Impulse function, 193 
parabolic function, 166 
ramp function, 163 
sinusoidal, 188 
step (unction, 181 


llquW-^ln-^ass. 133, In 30-10(155), 162, 
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Thermomenters (cotu.) 

optical pyrometers, Ds 31-1(166) 

radiation meters, 174 

radiation pyrometers, Ds 3l-l(167) 

resistance, 133, In 30.10(156) 

resistance-coupled, 168, Ds 31-1(165) 

thermocouple. In 30-10(156), 168, Ds 31-1(166) 

vapor pressure, 133, In 30-10(156), 199-205 

Thermometric characteristic time (seg Charac¬ 
teristic time, thermometric) 

Thermometric components, 133, In 30-10(155) 

Threshold sensitivity, 69 

Thyratrons, In 30-9(151) 

Time, 108, Tb 30-1(110) 

characteristic, 236, 239 

Time - characteristic time ratio, 182 

Timoshenko, Stephen, 163 

Tolerance limits lor deviations, amplitude ratio 
and dynamic response angle, 370, DI 33-1(371) 
Torque, Tb 30-1(110) 

buoyant, In 30-6(121) 

Coulomb friction. In 30-2(113) 

damping, In 30-2(113) 

inertia reaction, In 30-2(113) 

magnetic, In 30-4(117) 

resistive, In 30-6(123) 

restraining. In 30-2(113) 

Torque generators, 218, 223 

Microsyn, In 30-8(149) 

moving-coil instruments, 224, Dr 32-1(225) 

Torque summing members, 223 

Transducers, 4. Df 28-1(6), Df 28-2(6), Df 28-3(7), 
128, In 30-8(146) 

fluid-mechanical, 135 

magnetostriction, 130 

piezoelectric or electrostrlction, In 30-9(153) 

Transformers, In 30-8(146) 

Transients, in pressure-measuring Instruments, 
416, Fg 33-17(417), DaA 33-1(418) 

Transistors, 131, In 30-9(151) 

Translational mechanics. In 30-1(112) 

Transmitters, synchro control and synchro 
generator, In 30-8(147) 

Triodes, 130, In 30-9(150) 

gas, 130, In 30-9(151) 

Tubes, electronic, 130, In 30-9(150) 



Uncertainty, 38, 47, Fg 29-1(48), 56 63 
Df 29-4(65), Tb 29^(82) ’ ' 

and probability, 63 

scale-reading, 47, 57 

Units, 108, Tb 30-1(110) 

angles, 109 

for^temperature receiver, performance equations, 


V 

Vacuum diodes. In 30-9(150) 

Vacuum tubes, 130, la 30-9(150) 

(See also Electronic tubes) 

Valves, fluid, 135, In 30-11(159) 

Vapor pressure thermometers, 133, In 30-10(158) 
characteristic time, Tb 31-2(216) 
step function response, 201 
Variable-alr-gap velocity receiver, 628, Fg 35-5(621) 
Vectors, 103 
of angles, 104 

Veloclmeter range, of a selsmographic system, 

606, Fg 35-3(608), 673, 688, Dr 35-4(689) 

Veloclmeters, 606, Fg 35-3(608) 

Velocity, 103, Tb 30-1(110), In 30-1(112) 

angular, 104, In 30-2(113) 

of sound. In 30-6(123) 

Velocity profiles, fluid flow, of airfoils, 207 

Velocity receivers (velocimeters), 606, Fg 35-3(608), 
625-630, Fg 35-5(618) 

Venturi tubes, 135, In 30-11(158) 

Vibrating member, 602 

Vibration IsoUtion, 726, Dr 35-7(728), Dr 35-8(740), 
837-843 

Vibration measurement, 601 

angular, using linear vibration receivers, 822, 

Dr 35-12(823) 

of a recording oscillograph, 837 
of a rigid body, 819 

of an aircraft engine, 829, 840, DaA 35-1(843) 
slngle-degree-of-freedom, 602, Fg 35-2(604) 

systems, 642, Fg 35-7(644) 

Vibration receivers, 607, 641, Fg35-6(643) 

dial gage, 643, Fg 35-7(644) 

electrical signal generating, 610, Fg 35-4(012) 
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vibration receivers ( coni .) 

linear, calibration, 751, TR 35-1(753) 

used to measure angular vibration, 822, 

Dr 35-12(823) 

selection of, 656 

self-contained. 610. Fg 35-4(611). 648. Fg35.7(644) 

torsional, calibration, 773, TR 35-2(775) 

Vibration-receiving characteristics, of selsmographlc 
system, viscous damping only, 704, Tb 35-1(7(56) 

Vibration recording systems, performance function 
In terms of component deviation functions, 608, 
PD 35-1(612), Tb 35-2(819) 

Vibratory acceleration receivers (accelerometers), 

606, Fg 35-3(608), 643. Fg 35-7(644) 

Vibratory acceleration-receiving range, sels¬ 
mographlc systems, 673, 696, Dr 35-5(699) 

Vibratory displacement receivers (vlbrometers), 

607, Fg 35-3(608), 643, Fg 35-7(644), 664, 

Dr 35-3(670), 829 

Vibratory displacement-receiving range, seismo- 
graphlc systems, 664, 669, Dr35-3(o70), 678 

Vibratory force Isolation system, 742, 

Dr 35-9(745) 

Vibratory frequency-receiving characteristics, 
selsmographlc system, lightly damped, 682 

Vibratory motion indicators, 641, Fg 35-6(643) 

self-contained, 642, Fg 35-7(644) 

Vibratory motion isolation system, recording 
oscillograph, 837 

Vibratory motion receivers, 641, Fg 35-6(643) 

self-contained, 648, Fg 35-7(644) 

Vibratory torque isolation system, aircraft 
engine mount, 640, DaA 35-1(843) 

Vibratory velocity receivers (velocimeters), 

606, Fg 35-3(608) 

Vibratory velocity-receiving range, selsmographlc 
systems, 67o, 688, Dr 35-4(609) 

Vibrometer range, selsmographlc systems, 664, 

669, Dr 35-3(670), 678 

Vlbrometers, 607, Fg 35-3(608). 643, Fg35-7(644). 
664, Dr 35-3(670), 829 

Viscosity, 107, Tb 30-1(110), In 30-6(123) 

Viscous damping, In selsmographlc systems, 

664, Dr 35-2(666) 

coefficient, 659, Dr 35-1(661) 

combined with Coulomb damping, 704, 

Dr 35-6(709) 

Viscous flow. In 30-6(123) 
external reference, 607, Fg 35-4(611) 


Voltage, Tb 30-1(110) 
across Impedance, In 30-3(115) 
capacitive reactance. In 30-3(114) 

Induced, In 30-4(118) 

Inductive reactance. In 30-3(115) 

resistive, In 30-3(114) 

Voltmeters, 216 

electrostatic, 222, In 32-1(221) 

static sensitivity, Dr 32-1(226) 

special high damping, designation X-l, 87, 

Sp 29-1(89) 

static sensitivity. Dr 32-1(227) 

Volume. Tb 30-1(110) 

Volume meters, 135 
Vortex free-alr thermometer, 214 
Vortex tube, 214-216 
V-port valves. In 30-11(159) 

\N 

Wattmeters, In 30-8(145), 218 
static sensitivity, Dr 32-1(227) 

Webster's New Collegiate Dictionary, 53 
Working variable symbols, 13, 17, Dr 28-7(19) 
Worm-and-wheel gears. In 30-7(137) 

Wound-rotor motors, 127 

Y 

Young. A. D., 214 

Z 

Zero-order elements, electromagnetic. In 30-4(117) 
magnetic. In 30-4(116) 
of electric circuits. Incharge, In 30-3(114) 

In current, In 30-3(114) 
of fluid mechanics. In 30-6(121) 
rotational mechanics, In 30-2(113) 
translational mechanics. In 30-1(112) 


Kty. D. . S«««ao. 0*A - Do,c Anolyt,. Summer,, Or - S^mcrf. Df - Summer,. D» . D*,cnpi,cn 

Summer,. Fg . Figeft. In - hformeuee Summer,. PO - F.r(<.rmee<e Dele Summer,. P, . P.et.iu,, Summer,. Sp - SpeeifUetieu SpF 

- Fe,m. Tb - TebU. T< . TR - Ttel Rtporl. For euempU. lie eutrj 59^2. Of 29-1 (40) meeu, 

pj^t through 42; Definuioo SoonAry 2^1, ptge 40. 
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